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Abstract. We report on progress in full quantum understanding of thermaliza-
tion in non-Abelian gauge theories. Specifically, we test the eigenstate thermal-
ization hypothesis for (2+1)-dimensional SU(2) lattice gauge theory.

1 Introduction
How highly excited states in QCD thermalize is an interesting theoretical question, relevant
for heavy ion collisions. Previous studies have mainly used classical or semiclassical meth-
ods, which omit or approximate essential properties of quantum mechanical systems. An
alternative paradigm of understanding thermalization of an isolated quantum system is the
eigenstate thermalization hypothesis (ETH), which states that matrix elements of local ob-
servables O in the energy eigenstate basis can be written as (see a recent review [1])

⟨Eα|O|Eβ⟩ = ⟨O⟩mc(E)δαβ + e−S (E)/2 fO(E, ω)Rαβ , (1)

where the diagonal part is the microcanonical ensemble expectation value and the off-
diagonal part is exponentially suppressed by the system’s entropy S (E) with a modulation
given by the spectral function fO(E, ω). Here E = (Eα + Eβ)/2, ω = Eα − Eβ and the Rαβ
values vary radically with zero mean and unit variance. Under the ETH, one can show that
the system will look like thermal when probed through the observable O after some time,
even though the whole system is still a pure state.

It is generally expected that nonintegrable systems obey ETH, and so do non-Abelian
gauge theories. However, an explicit demonstration of the ETH for non-Abelian gauge the-
ories is still missing. Here we report on progress in testing the ETH for (2+1)-dimensional
SU(2) lattice gauge theory by numerical exact diagonalization of three lattice setups: (a) a
linear plaquette chain with the electric field basis limited to j = 0, 1

2 , (b) a two-dimensional
hexagonal lattice with the same Hilbert space constraint, and (c) a chain of only three pla-
quettes but such a sufficiently large electric field Hilbert space ( j ≤ 7

2 ) that convergence of all
energy eigenvalues in the analyzed energy window is observed.
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Figure 1. Examples of lattice shapes considered: a linear chain of 5 square plaquettes (left) and a 3 × 3
plane of hexagonal plaquettes (right).

2 Hamiltonian of 2+1D SU(2) lattice gauge theory

In our studies, we consider two different lattice shapes: a linear chain of square plaquettes and
a hexagonal plaquette plane, as shown in Fig. 1. Throughout this article, we assume periodic
boundary conditions. The discretized Kogut-Susskind Hamiltonian can be written as
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g2
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3∑
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(Ea)2 − 2
a2g2
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plaquettes

� , H =
3
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3g2

4
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3∑
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(Ea)2 − 8
√

3
9g2a2

∑
plaquettes

� , (2)

for square lattices (a is the square side length) and hexagonal lattices (a is the honeycomb
side length) respectively. � is the trace of the product of four Wilson lines (link variables)
along the four edges of a square plaquette while � is that of six Wilson lines along the edges
of a honeycomb plaquette.

We use the electric basis to describe states on links. If a link is in | j⟩ state, its electric
energy is give by

∑3
a=1(Ea)2| j⟩ = j( j+1)| j⟩. Physical states satisfy Gauss’s law at each vertex,

which means they transform as SU(2) singlets. The advantage of a hexagonal lattice in 2D is
that physical states at a vertex are uniquely determined by the three j values on the three links
attached to the vertex. In the electric basis, matrix elements of the plaquette terms between
physical states can be worked out for both the linear chain and the hexagonal lattice.

With a given lattice size and truncation of the local electric basis (i.e., jmax), the physical
Hilbert space is finite and the matrix representation of the Hamiltonian can be obtained,
which allows one to exactly diagonalize the system and study its various properties. The
calculations can be greatly simplified when jmax =

1
2 since a map into spin systems can be

constructed [2, 3]. For calculations of physical observables, one must take the continuum and
infinite volume limits, as well as remove the electric basis truncation.

3 Level statistics in energy spectrum

The energy spectrum of a quantum system whose classical counterpart is chaotic exhibits
level repulsion: The energy gap between nearest states obeys the Wigner-Dyson statistics
featuring a vanishing distribution at zero energy gap, rather than the Poisson statistics, in
which the distribution at zero energy gap is nonvanishing.

From exact diagonalization, we obtain the eigenenergies Eα and compute their nearest
gaps δα = Eα+1 − Eα. We also calculate the restricted gap ratios rα ≡ min[δα,δα−1]

max[δα,δα−1] as an ad-
ditional sensitive measure of the level statistics. Some of our results are shown in Fig. 2,
where we also compare with predictions from the random matrix theory Gaussian orthogo-
nal ensemble (GOE). Our results are consistent with the GOE predictions within statistical
uncertainties, which implies our systems are chaotic and expected to obey the ETH.
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Figure 2. Energy level statistics of the three lattice setups considered: (a) restricted gap ratio distri-
bution in the k = 2π

N momentum sector on a N = 19 plaquette chain with jmax =
1
2 , (b) energy gap

distribution in the kx =
2π
Nx
, ky = 2π

Ny
momentum sector on a Nx ×Ny = 5× 4 hexagonal lattice, where the

directions of x and y are as shown in Fig. 1, and (c) gap distribution of converged energies in the zero
momentum sector with positive left-right and top-bottom reflection parity on a N = 3 plaquette chain
with jmax =

7
2 [4]. The distributions are compared with GOE predictions depicted in solid lines.
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Figure 3. Averaged deviation of the diagonal matrix element from the microcanonical ensemble for
varying lattice sizes. Left: linear chain with jmax =

1
2 [2]. Right: honeycomb lattice with jmax =

1
2 [4].

The analyses are performed with a fixed coupling: g2 = 1.2 for setup (a), g2 = 0.75 for
setup (b) and g2 = 0.8 for setup (c) in lattice units. At a fixed lattice size which is limited by
our computing resources, certain choices of coupling values work better to demonstrate the
ETH. However, we expect any nonzero value will suffice when the lattice is big enough. We
will use the same set of coupling values in the following.

4 Diagonal and off-diagonal matrix elements

We then study how much the diagonal matrix elements of local operators such as 1-plaquette
O1 and 2-plaquette O2 operators differ from the microcanonical ensemble expectation val-
ues. To this end, we introduce a proxy of the microcanonical ensemble expectation value
by averaging over matrix elements of nearby 21 states and define the deviation as ∆i(α) ≡
⟨α|Oi|α⟩− 1

21
∑α+10
β=α−10⟨β|Oi|β⟩. If the system obeys the ETH, the deviation will decrease expo-

nentially with the system size, since the entropy in Eq. (1) is extensive. We take the magnitude
of ∆i(α) and average over all states in the middle of the spectrum and obtain results as shown
in Fig. 3 for varying lattice sizes. Exponential decreases in the deviation are observed for
both the plaquette chain with jmax =

1
2 and the honeycomb lattice with jmax =

1
2 .

Finally, we study off-diagonal matrix elements of the electric energy operator Hel, which
is the first term in the Hamiltonian (2). We first study the magnitudes of the off-diagonal
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Figure 4. Spectral function of the electric energy operator in several energy windows for the plaquette
chain with N = 19, jmax =

1
2 (left) and N = 3, jmax =

7
2 (right). The lines on the left and the dashed line

on the right are fits with Lorentzian functions [4].

matrix elements |⟨α|Hel|β⟩| and find they follow Gaussian distributions in small ω windows
with a given E. By either calculating the second moment of the distribution or fitting with
a Gaussian function, we obtain the width σ of the Gaussian distribution, which allows us to
calculate the spectral function via fel(E, ω) = σ

√
ρ(E), where ρ(E) = eS (E) is the state density

at energy E. Our results are shown in Fig. 4 for setup (a) and (c), where we see the spectral
function in each case develops a transport peak at small ω, which can be well-described by a
Lorentzian shape.

5 Conclusions

We report on progress in testing the eigenstate thermalization hypothesis for 2+1D SU(2)
lattice gauge theory. In particular, we showed that the eigenenergy levels exhibit Wigner-
Dyson statistics and both diagonal and off-diagonal matrix elements of local operators in the
eigenenergy basis follow the ETH ansatz. Future studies will be extended to the SU(3) case,
higher dimensions and the inclusion of dynamical fermions. We will also study the onset of
GOE behavior shown in the off-diagonal matrix elements in more detail [4]. These studies
will provide a full quantum understanding of thermalization in non-Abelian gauge theories.
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