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Relativistic fluctuations in stochastic fluid dynamics
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Abstract. The state-of-the-art theoretical formalism for a covariant description
of non-Gaussian fluctuation dynamics in relativistic fluids is discussed.

1 Introduction
Fluctuating hydrodynamics is a powerful tool for exploring complex and critical phenom-

ena in non-equilibrium systems that possess a small number of degrees of freedom. Such
scenarios are realized in relativistic heavy-ion collisions where a few thousand particles are
produced, especially when the hypothetical QCD critical point is approached. Therefore,
fully establishing the framework for relativistic fluctuating hydrodynamics is necessary for
interpreting observables in experiments that are sensitive to fluctuations and criticality. De-
veloping a covariant description of non-Gaussian fluctuation dynamics in stochastic fluids is
a crucial step toward achieving this ambitious goal.

In this proceeding, we will briefly formulate the essential theoretical development of de-
terministic fluctuating hydrodynamics from a general perspective. More specifically, we will
begin by reviewing the results of Ref. [1] in Sec. 2.1 and 2.2, where we presented the covari-
ant formalism for the non-equilibrium evolution of non-Gaussian fluctuations in relativistic
fluids. It on one hand follows the approach used in earlier work [2] and [3], where the covari-
ant dynamical description was developed but only for Gaussian fluctuations, and on the other
hand extends the subsequent work [4], where a generic formalism for non-Gaussian fluctu-
ation dynamics was established, yet it has not been implemented covariantly. In Sec. 2.3,
we will illustrate how the number of independent n-point correlation functions can be sig-
nificantly reduced, upon the use of certain approximation which facilitates easier numerical
implementation. We shall keep the formulation as general as possible, allowing it to be ap-
plied to arbitrary n and regimes not relying on the separation of relaxation time scales.

2 Theoretical framework
2.1 Fluctuation evolution equations

We start from the covariant Langevin equation for a set of stochastic fields ψi (such
as conserved quantities including charge density and energy-momentum density) where the
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subscript i labels different fields:

u · ∂ψi = Fi + ξi , (1)

where Fi is the drift force, ξi = Hi jη j is the multiplicative noise whose amplitude Hi j is related
to the Onsager matrix via Qi j ≡ HikHk j, with a Gaussian form 〈ηi(x1)η j(x2)〉 = 2δi jδ

(4)(x1 −
x2). One should keep in mind that the velocity u ≡ u(ψi) may or may not be chosen as one of
the independent variables in ψi.

The importance of fluctuations can be studied by the multi-point correlation functions.
The “raw” n-point correlation functions are defined by Gn ≡ Gi1...in ≡ 〈φi1 (x1) . . . φin (xn)〉
where φ = ψ − 〈ψ〉. The connected correlation functions Gc

n ≡ Gc
i1...in

, which are directly re-
lated to the experimental observables (such as cumulants of particle multiplicity distribution),
can be obtained via the relation

Gc
i1...in =

n∑
k=1

∑
{n1,...,nk}

(−1)k−1(k−1)!{n1, . . . , nk}! Gi1 . . . in1︸��︷︷��︸
n1

Gin1+1 . . . in1+n2︸����������︷︷����������︸
n2

. . .Gin−nk+1 . . . in︸��������︷︷��������︸
nk

∣∣∣∣∣
1...n
,

(2)
where {n1, . . . , nk}! ≡ n!/n1! . . . nk! k1! . . . kn!, the inner sum is over all ordered sets of integer
numbers {n1, . . . , nk}, such that n1 � n2 � · · · � nk and n1 + · · · + nk = n. Each set describes a
partition of the n indices i1, . . . , in into k groups in a way that each term in the sum in Eq. (2)
is different.

Using Eqs. (1) and (2), it shall be straightforward to derive the evolution equation for Gc
n.

However, this system of equations is rather complicated and not in a closed form. Following
Ref. [4] we expand and truncate these equations in two independent small parameters, ε and
εq, controlling the loop and gradient expansion respectively. The resulting power counting is
specified as

Gc
i1...in ∼ ε

n−1 , Li1, i2...in ∼ εq + O(ε2
q) , Qi1i2, j1... jm ∼ ε2

q ε , u · ∂ ∼ ε2
q , (3)

where indices following comma “ , ” denote the derivative with respect to the fields ψ. With
the help of Eq. (3), one finds the generic evolution equations for n-point connected correlation
function at leading order ε2

q ε
n−1:

u · ∂(x)Gc
i1...in (x1, . . . , xn) = n

[
− (y1 · ∂u) · ∂

∂x1
Gc

i1...in

+

n−1∑
k=1

∑
{n1,...,nk}

n1+···+nk=n−1

{n1, . . . , nk}! Li1, j1... jkG
c
j1 i2 . . .︸︷︷︸

n1

. . .Gc
jk . . . in︸︷︷︸

nk

+ (n − 1)
n−2∑
k=0

∑
{n1,...,nk}

n1+···+nk=n−2

{n1, . . . , nk}! Qi1i2, j1... jkG
c
j1 i3 . . .︸︷︷︸

n1

. . .Gc
jk . . . in︸︷︷︸

nk

]
1...n
, (4)

where the time derivative is taken in the rest frame of the fluid at midpoint x ≡ ∑n
i=1 xi/n,

yi ≡ xi − x is the separation vector, [. . . ]1...n is the “averaged” permutation over indices
labeled by i, and

Li, j1 j2... jn = Fi, j1 j2... jn − uµ, j1... jn
(∂µψi) −

[
nδi j1 uµ, j2... jn

∂
( j1)
µ

]
1...n

(5)

is a multilinear operator where the last two terms are consequence of u = u(ψi). The space-
time arguments for L, Q and Gc, associated with the indices of those quantities, are sup-
pressed on the right hand side. Eq. (4) can be more straightforwardly represented in diagrams
in Fig. 1. These diagrams can be categorized into two groups, one from drift force and the
other from the noise, corresponding to the second and third line in Eq. (4) respectively.
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Figure 1. Diagrammatic representation of the evolution equations for generic multipoint connected
correlation functions, with all possible combinatorial arrangements at tree level.

2.2 Confluent formalism

In Sec. 2.1 we have adopted an alternative strategy presented in Refs. [2] and [3] but gen-
eralize it to non-Gaussian fluctuations. This approach is more suitable to derive the Lorentz
covariant fluctuation evolution equations. In addition to rewriting the equation in a covariant
form with quantities measured in the local rest frame (like how it shall be done for a one-
point function), we also need to implement it for multi-point equal-time functions where the
confluent formalism is necessary to covariantly describe fluctuating fields at different points.

In the confluent formalism we first introduce the confluent n-point connected function

Ḡc
n ≡ Ḡc

i1...in (x1, . . . , xn) ≡ Λ j1
i1

(x1 − x) . . .Λ jn
in

(xn − x)Gc
j1... jn (x1, . . . , xn) , (6)

where Λ(xi − x) is a Lorentz boost defined by Λ(∆x)u(x + ∆x) = u(x). In Eq. (6) fluctuations
at different points are boosted into the same frame (chosen as the local rest frame at the
midpoint x). The separation four-vector yi(x) ≡ xi − x can be expressed in terms of the
local tetrad consisting of vector u(x) and triad ea(x) with a, b = 1, 2, 3: y(x) = ea(x)ya where
we have imposed the equal-time constraint u · y = 0. The generalized multi-point Wigner
transform is then defined as

Wn(x; q1, . . . , qn) =

∫ 
n∏

i=1

d3ya
i e−iqiay

a
i

 δ(3)


1
n

n∑
i=1

ya
i

 Ḡc
n(x + eay

a
1, . . . , x + eay

a
n) , (7)

where q = {qa} is the wavenumber conjugate to ya. This definition eliminates the dependence
on x of the transform kernel, making it convenient for a covariant theory. It is easy to check
that the derivative ∂̊ commutes with the Wigner transform, and ∂(yi)

a → iqia.
As the midpoint moves, only the changes respect the local rest frame of the midpoint

are measured, not the changes resulted from the change of frame itself, we thus boost Gc
n to

the frame before the movement to eliminate the kinematic change, at the same time keep the
equal-time constraint to preserve the relative positions of the n different points. Taking this
two issues into account the confluent derivative is given by

∇̄µWi1...in ≡ ∂̊µWi1...in − n
(
ω̄

j1
µi1

Wj1i2...in − ω̊a
µbq1a∂

(q1)
b Wi1...in

)
1...n
, (8)

where ω̄ j
µi = ui∂µu j − u j∂µui and ω̊a

µb = ea
ν∂µe

ν
b are connections, ∂̊ is a derivative with respect

to x with qa fixed, while ∂(q)
a is a derivative with respect to qa with x fixed.

The evolution equation of Wigner functions can be obtained by projecting Eq. (8) along
u(x) and using Eqs. (4) and (7):

u · ∇̄Wi1...in (x; q1, . . . , qn) =

∫ 
n∏

i=1

d3yi e−iqiay
a
i

 δ(3)


1
n

n∑
i=1

yi


{
u · ∂Gc

i1...in

− n
[(

uµω̄νµλy
λ
1∂

(y1)
ν δ

j1
i1
+ y
µ
1ω̄

j1
µi1

u · ∂ + uµω̄ j1
µi1

)
Gc

j1i2...in

]
1...n

}
= P[{W2, . . . ,Wn}] , (9)
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where in the last step one needs to perform the inverse Wigner transform of Eq. (7) in order
to obtain a set of local evolution equations for Wn, whose explicit form depends on Eq. (4)
that is to be substituted into Eq. (9).

2.3 Rotating-wave approximation

Although the evolution equations appear diagrammatically simple as in Fig. 1, the number
of equations rapidly increases with the number of independent components of fluctuating
fields, and the equations themselves also become more complicated. This complexity makes
the numerical implementation challenging when considering additional hydrodynamic fields
or higher-point functions. It is, therefore, instrumental to apply a method analogous to the
rotating-wave approximation, under which the modes with rapid oscillation are averaged out.

In this approximation, we first change fluctuation variables from the set we are using, say
φi, to a new set Φi defined in such a way that the linear operator L appearing in the linearized
ideal hydrodynamic equations is diagonal under linear transform φ = UΦ:

u · ∂ φi = Li j φ j → u · ∂Φi = Li jΦ j , Li j = (U−1LU)i j = λiδi j , (10)

where λi are the eigenvalues of L, the transformation matrix U can be constructed from the
eigenvectors of the operator L, since for each index j the vector with i′s component given
by Ui j is the left eigenvector of L:

∑
i LkiUi j = λ jUk j. The Wigner function transforms as

Wn ≡ Wi1...in = Ui1 j1 . . .Uin jnW j1... jn ≡ (U)nWn accordingly, and Eq. (9) becomes

u · ∇̄Wn =
(
(U)nu · ∇̄(U−1)n

)
Wn + (U−1)n P[{(U)2W2, . . . , (U)nWn}] =


n∑

m=1

λim

Wn + . . .

(11)

If λi1+ . . . λin � 0, Wn ≡ Wi1...in is identified as a fast-oscillating mode that can be averaged out
at a timescale much longer than the oscillation period. Consequently, we are left with only
slow modes (with λi1 + . . . λin = 0) whose evolution is described by relaxation-type equations.

3 Summary
In this proceeding we highlighted the essential ideas in the recent theoretical development

of fluctuating hydrodynamics from the bottom-up approach. It consists of three ingredients: a
closed system of equations for arbitrary n-point correlation functions, a formalism to describe
these equations covariantly in relativistic hydrodynamics, and a strategy to reduce the number
of correlation functions and simplify the resulting equations. The explicit full equations for
the correlation functions that are relevant for heavy-ion collisions especially for the critical
point search, as well as more detailed discussions will be presented in Ref. [5].
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[2] X. An, G. Başar, M. Stephanov, H.U. Yee, Phys. Rev. C 100, 024910 (2019),
1902.09517
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