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Abstract. Sauter-Schwinger pair creation in electromagnetic fields is a funda-
mental prediction of QED and one of the motivations for the present efforts
in constructing super-strong lasers. I will give a historical review of the sub-
ject, and then focus on two recent developments. The first one is the worldline
instanton formalism, a sophisticated version of the WKB approximation that
makes it possible to calculate the pair creation rate for complicated field con-
figurations. The second one is an adaptation of the Dirac-Heisenberg-Wigner
formalism suitable for a detailed study of the formation of real particles in time
and space.

1 Historical review

In his famous 1931 paper “Über das Verhalten eines Elektrons im homogenen elektrischen
Feld nach der relativistischen Theorie Diracs 2" [1] Sauter solved the Dirac equation in a con-
stant electric field and found a certain probability for “a transition from positive to negative
impulses”. This was later to be interpreted as electron-positron pair creation by the field, or,
from a modern field-theory point of view, as “vacuum tunneling” of a virtual to a real pair:
due to a statistical fluctuation governed by the time-energy uncertainty relation, a virtual pair
separates out far enough to draw its rest mass energy from the field and become real (Fig. 1).2
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FIG. 1: Pair production as the separation of a virtual vacuum dipole pair under the influence of an external electric field.

building on earlier work of Sauter [18]. This result sets a basic scale of a critical field strength and intensity near
which we expect to observe such nonperturbative effects:

Ec =
m2c3

e h̄
≈ 1016 V/cm

Ic =
c

8π
E2

c ≈ 4 × 1029 W/cm2 (1.4)

As a useful guiding analogy, recall Oppenheimer’s computation [19] of the probability of ionization of an atom of
binding energy Eb in such a uniform electric field:

Pionization ∼ exp

[
−4

3

√
2mE

3/2
b

eEh̄

]
. (1.5)

Taking as a representative atomic energy scale the binding energy of hydrogen, Eb = me4

2h̄2 ≈ 13.6 eV, we find

P hydrogen ∼ exp

[
−2

3

m2 e5

E h̄4

]
. (1.6)

This result sets a basic scale of field strength and intensity near which we expect to observe such nonperturbative
ionization effects in atomic systems:

E ionization
c =

m2e5

h̄4 = α3Ec ≈ 4 × 109 V/cm

I ionization
c = α6Ic ≈ 6 × 1016 W/cm2 (1.7)

These, indeed, are the familiar scales of atomic ionization experiments. Note that E ionization
c differs from Ec by a factor

of α3 ∼ 4 × 10−7. These simple estimates explain why vacuum pair production has not yet been observed – it is an
astonishingly weak effect with conventional lasers [20, 21]. This is because it is primarily a non-perturbative effect,
that depends exponentially on the (inverse) electric field strength, and there is a factor of ∼ 107 difference between
the critical field scales in the atomic regime and in the vacuum pair production regime. Thus, with standard lasers
that can routinely probe ionization, there is no hope to see vacuum pair production. However, recent technological
advances in laser science, and also in theoretical refinements of the Heisenberg-Euler computation, suggest that lasers
such as those planned for ELI may be able to reach this elusive nonperturbative regime. This has the potential to open
up an entirely new domain of experiments, with the prospect of fundamental discoveries and practical applications,
as are described in many talks in this conference.

II. THE QED EFFECTIVE ACTION

In quantum field theory, the key object that encodes vacuum polarization corrections to classical Maxwell electro-
dynamics is the ”effective action” Γ[A], which is a functional of the applied classical gauge field Aµ(x) [22, 23, 24].
The effective action is the relativistic quantum field theory analogue of the grand potential of statistical physics, in
the sense that it contains a wealth of information about the quantum system: here, the nonlinear properties of the

quantum vacuum. For example, the polarization tensor Πµν = δ2Γ
δAµδAν

contains the electric permittivity εij and the

magnetic permeability µij of the quantum vacuum, and is obtained by varying the effective action Γ[A] with respect

Figure 1. Vacuum tunneling of an electron-positron pair in an electric field.

Twenty years later, Schwinger [2] computed the pair-production rate P for the constant-
field case using his novel effective action techniques. Assuming that the rate is small, it can
be approximately computed from the imaginary part of the action,

P ≈ 2ImΓ(E) . (1)
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In the constant-field case, the effective action is just the space-time integral of the Euler-
Heisenberg Lagrangian LEH(E), obtained by Heisenberg and Euler in 1936 [3], for whose
imaginary part Schwinger found the well-known expansion

ImLEH(E) =
m4

8π3 β
2
∞∑

k=1

1
k2 exp

[
−
πk
β

]
(2)

(β = eE/m2). We note that

• ImL(E) depends on E non-perturbatively, which lends support to the tunneling picture.

• The total pair creation rate is given by the leading k = 1 term (seeing this requires an
analysis of the corrections to (1)).

• The k ≥ 2 terms carry information on the coherent creation of k pairs in one Compton
volume.

• The corresponding formula for scalar QED differs from (2) only by the normalization and
sign changes from the difference between Bose-Einstein and Fermi-Dirac statistics,

ImLscal(E) =
m4

16π3 β
2
∞∑

k=1

(−1)k+1

k2 exp
[
−
πk
β

]
. (3)

For a constant field the pair creation rate is exponentially small for field strengths below
the critical field strength Ecrit,

Ecrit =
m2

e
≈ 1018V/m . (4)

This critical field strength is such that an electron will collect its rest energy from the field
on a distance of one Compton wave length. Present-day lasers are still two to three orders
of magnitude away from this (for reviews of the experimental situation, see [4–6]). To have
any chance at seeing pair creation soon, complicated laser configurations will have to be used
to lower the pair creation threshold. To mention here just two of the many proposals that
have been put forward over the last fifteen years, counterpropagating linearly polarized lasers
were proposed by Ruf et al. [7] and superimposing a plane-wave X-ray beam with a strongly
focused optical laser pulse by Dunne et al. [8] (for an overview see [6]).

2 Approximation methods for Schwinger pair creation

For the field configurations corresponding to most of these proposals an exact calculation
of the pair-creation rate is out of the question; reliable approximation methods are called
for. Until the eighties, virtually the only method available in this context was WKB [9–
12]. A more sophisticated version of WKB, better adapted to the relativistic nature of the
pair-creation process, is the worldline instanton formalism. It was introduced by Affleck
et al. [13] in 1982 for scalar pair-production in a constant field, but gained popularity only
following its generalization to fermions and non-constant fields by G.V. Dunne and the author
[14].

For purely time-dependent fields, the quantum kinetic approach was developed in the
early nineties, based on a Vlasov-type equation [15–18].

Even more recently, it has been found that the Dirac-Heisenberg-Wigner formalism, in-
vented by Wigner in 1932 [19] and further developed in [20–22] can provide a more detailed
picture of pair creation process [23–27].

In the following, we will discuss each of these three approaches in turn.
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3 Worldline instantons

The worldline instanton formalism is based on Feynman’s “worldline representation” of the
QED effective action. For scalar QED it reads [28]

Γscal[A] =

∫ ∞
0

dT
T

e−m2T
∫
Dx(τ) e−S [x(τ)] ,

S [x(τ)] =

∫ T

0
dτ
( ẋ2

4
+ ieA · ẋ

)
.

(5)

Here m and T are the mass and proper time of the loop scalar, and the path integral
∫
Dx(τ)

is over closed trajectories in Euclidean spacetime.
In 1982, Affleck, Alvarez and Manton [13] used this representation for an elegant red-

erivation of Schwinger’s formula (3) by simply replacing the path integral by a single sta-
tionary trajectory, the worldline instanton. For a constant electric field pointing into the z
direction, E⃗ = (0, 0, E) = const., this trajectory is given simply by a circle in the z − t place,

xcl
k (u) =

m
eE

(
x1, x2, cos(2kπu), sin(2kπu)

)
(6)

and it carries an index k for the number of times that the circle is traversed. The worldline
action evaluated on the instanton reproduces the exponent of the kth term in (3),

S [xcl] = kπ
m2

eE
(7)

and the prefactor determinant can (with a bit more of work) shown to provide the correct
normalization.

While in the constant-field case this method provides the exact answer (because here the
path integral is gaussian), for arbitrary electric fields it has the character of a semi-classical
approximation, closely related to the WKB approximation [29–31]. It can be summarized in
the remarkably simple formula

∫
x(T )=x(0)=x(0)

Dx(τ) e−S [x(τ)] ≈ eiθe−S [xcl](T ) 1
(4πT )2

√√√√√√√√√∣∣∣∣∣det
[
η(λ)
µ,free(T )

]∣∣∣∣∣∣∣∣∣∣det
[
η(λ)
µ (T )

]∣∣∣∣∣ (8)

where the extremal action trajectory xcl(u) is a periodic solution of the (euclidean) Lorentz
force equation, the η(λ)

µ are zero modes of the Hessian fluctuation operator around it, and the
phase factor eiθ is related to the Morse index of this operator.

For the well-studied cases of a time-like or space-like Sauter field the worldline instan-
tons can still be given in closed form. The time-dependent Sauter case, defined by the two-
parameter single-bump field E(t) = E sech2(ω t), has the simple trigonometric instanton so-
lution

xcl
k3(u) = −

1
ω

1√
1 + γ2

arcsinh
[
γ cos (2kπu)

]
xcl

k4(u) =
1
ω

arcsin

 γ√
1 + γ2

sin (2kπ u)


(9)
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As in the constant field case (25), this is a weak-field condition, although it also includes

the adiabaticity parameter γ, which cannot be too large for a given peak field E.

The periodic stationary worldline instanton paths are:

x3(u) =
m

eE

1

γ
√

1 + γ2
arcsinh [γ cos (2nπu)]

x4(u) =
m

eE

1

γ
arcsin

[
γ√

1 + γ2
sin (2nπ u)

]
(36)

These instanton paths are plotted in Figure 2 for various values of the adiabaticity parameter
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FIG. 2: Parametric plot of the stationary worldline instanton paths (36) in the (x3, x4) plane for

the case of a time dependent electric field E(t) = E sech2(ωt). The paths are shown for various

values of the adiabaticity parameter γ = mω
eE defined in (29), and x3 and x4 have been expressed

in units of m
eE . Note that in the static limit, γ → 0, the instanton paths reduce to the circular ones

of the constant field case shown in Figure 1.

γ. In the static limit, when γ → 0 with γ
ω ≡ m

eE fixed, we recover the circular stationary

paths of the constant field case. In the short-pulse limit, γ → ∞ with m
eE fixed, the paths

become narrower in the x3 direction, and shrink in size.

9

Figure 2. Plot of the worldline instanton paths in the (x3, x4) plane for E(t) = Esech2(ωt). The paths
are shown for various values of the adiabaticity parameter γ. x3,4 have been expressed in units of m

eE .

conveniently written in terms of the “adiabaticity parameter” γ ≡ mω
eE . In Fig. 2 we plot them

for various values of this parameter.
We note that the instanton exists for any positive γ. In the limit γ → 0 it turns into the

circular one of the constant-field case above, while with increasing γ it shrinks and becomes
elongated in the x4 direction. Calculating the stationary worldline action one finds

S [xcl
k ] = k

m2π

eE

 2

1 +
√

1 + γ2

 . (10)

The action decreases with increasing γ, therefore the pair creation rate increases.
The space-like Sauter case, which we define by E(x3) = Esech2(x3/d), is mathemati-

cally similar, but physically totally different. The instanton solutions now involve hyperbolic
functions:

xcl
k3(u) =

m
eE

1
γ̃

arcsinh
(
γ̃√

1 − γ̃2
sin(2kπu)

)
xcl

k4(u) =
m
eE

1

γ̃
√

1 − γ̃2
arcsin

(
γ̃ cos(2kπu)

)
(11)

with an “inhomogeneity parameter” γ̃ ≡ m
eEd . The trajectories are shown in Fig. 3.

Again they approach the constant-field instantons for small γ̃, but with increasing γ̃ they
grow instead of shrinking. Most importantly, they cease to exist for γ̃ ≥ 1! A simple calcula-
tion shows that the limiting case γ̃ = 1 corresponds to the virtual particles having to run from
x = 0 all the way to x = ±∞ to extract their rest-mass energies from the field. For larger γ̃ this
becomes impossible, so that there is no pair production, no matter how much energy the field
may contain; it cannot be dispersed (note the analogy with the photoelectric effect). Thus this
example provides a non-trivial prediction as well as confirmation of the vacuum-tunneling
picture. The instanton action is similar to (10), but with a crucial sign change:

S [xcl
k ] = k

m2π

eE

 2

1 +
√

1 − γ̃2

 . (12)
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FIG. 6: Instanton paths for the spatially inhomogeneous electric field E(x) = E sech2(kx) for

various values of the inhomogeneity parameter γ̃ defined in (60). As γ̃ → 0 we recover the circular

paths of the constant field case, but as γ̃ → 1 the loops become infinitely large.

the imaginary parts of the effective action in each case:

ImΓγ̃

ImΓ0
=

(
1− γ̃2

)5/4
exp

[
−m2π

eE

(
2

1 +
√

1− γ̃2
− 1

)]
(63)

This is plotted in Figure 8, and it compares very accurately with the numerically integrated

exact result of Nikishov [36] and with the recent numerical results of Gies et al (see Figure

3 in [32]).

17

Figure 3. Plot of the worldline instanton paths in the (x3, x4) plane for E(x3) = Esech2(x3/d). The
paths are shown for various values of the parameter γ̃. x3,4 have been expressed in units of m

eE .

Thus it increases with increasing γ̃, implying a decrease of the pair creation rate.

The Sauter field is considered a benchmark case for pair-production since there are other
representations for the exact pair-production rate suitable for numerical evaluation [32, 33].
Fig. 4 (taken from [34]) shows a comparison of results for the imaginary part of the effec-
tive action, normalized by the weak-field limit of the “locally constant field approximation”,
obtained by the worldline instanton approximation, a numerical evaluation of Nikishov’s rep-
resentation, and a direct numerical evaluation of the worldline path integral. Although the
instanton approach has the character of a large-mass approximation, it turns out to work well
in the full range of γ̃, which also leaves little doubt that the vanishing of the pair-production
rate for γ̃ ≥ 1 is an exact result and not an artefact of our semi-classical approximation.

The worldline instanton approach has also been applied to the following combination of
a strong space-like with a weak time-like Sauter field [35]:

E(t, x) =
( E

cosh2(kx)
+

E′

cosh2(ωt)

)
ex (13)
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FIG. 1: The dotted line plots the ratio of our semiclassical worldline instanton expression (4.7) to

the weak field limit of the corresponding locally constant field approximation (4.8). The dashed

line is the same ratio using a numerical integration of the exact expression, derived from Nikishov’s

exact result in [47] (see also [35]). The circles represent the numerical worldline results of Gies

and Klingmüller [38], which were evaluated for eE
m2 = 1. Note that the agreement is excellent, even

though it is far from the weak field limit.

• For the Minkowski electric field E(x3) = E cos(kx3), we have f(k x3) = sin(k x3), and

f �(kx3) = cos(k x3) =
�

1 − γ̃2 y2. Thus

g̃(γ̃2) =
2

π

� 1

−1

dy
�

1 − y2

�
1 − γ̃2 y2

=
4
�

1 − γ̃2

πγ̃2

�
E

� −γ̃2

1 − γ̃2

�
−K

� −γ̃2

1 − γ̃2

��
. (4.9)

The imaginary part of the Minkowski effective action is

ImΓsemi
Mink ≈ (V2T )Mink

√
2π (eE)3/2

64π2

(1 − γ̃2)
3/4

exp

�
−4m2

eE

√
1−γ̃2

γ̃2

�
E
�

−γ̃2

1−γ̃2

�
− K

�
−γ̃2

1−γ̃2

���

K
�

−γ̃2

1−γ̃2

��
E
�

−γ̃2

1−γ̃2

�
−K

�
−γ̃2

1−γ̃2

� .

(4.10)

• For the Minkowski electric field E(x3) = E

[1+(kx3)
2]

3/2 , we have f(kx3) = kx3√
1+(kx3)

2
, and

Figure 4. Comparison of the imaginary part of the effective action for the space-like Sauter field
obtained by the worldline instanton method (dotted line), a numerical evaluation of Nikishov’s integral
representation (dashed line), and the “Worldline Monte Carlo" method (circles).

where E′ ≪ E ≪ Ecrit. As seen in Fig. 5, for sufficiently large ω the weak temporal pulse
squeezes the worldline instanton in the x0 direction, leading to a significant enhancement of
the pair creation rate. 2

x1

� Π
2Ω

Π
2Ω

x0

b � 0

x1��x1�

(a) ω too small

x1

� Π
2Ω

Π
2Ω

x0

b � 0

x1��x1�

(b) Reflection at π/2ω

FIG. 1: Instanton trajectories

strengths are sub-critical E� � E � Ecrit = m2/q. Fur-
thermore, in order to be in the non-perturbative regime,
we assume slowly varying pulses ω, k � m. For conve-
nience, we introduce the spatial and temporal Keldysh
parameters via

γk =
mk

qE
, γω =

mω

qE
. (7)

The Euclidean vector potential reads

A0(x1) = i
E

k
tanh(kx1) , A1(x0) = i

E�

ω
tan(ωx0) ,(8)

with x0 = it and x1 = x as well as A2 = A3 = 0. As a
result, the instanton equations (5) assume the form

ẍ0 = +
qEa

m

�
1

cosh2(kx1)
− E�

E

1

cos2(ωx0)

�
ẋ1 ,

ẍ1 = −qEa

m

�
1

cosh2(kx1)
− E�

E

1

cos2(ωx0)

�
ẋ0 , (9)

and are analogous to the planar motion of a charged par-
ticle in a magnetic field B(r) = B(x, y)ez.

Due to E�/E � 1, the second term is negligible unless
cos2(ωx0) becomes very small near the poles of E(x0, x1)
at ωx0 = ±π/2. Away from these poles, we may omit the
second term and the above equations can be integrated

ẋ0 =
a

γk
tanh(kx1) + ab ,

ẋ1 = ±a

�
1 −

�
tanh(kx1)

γk
+ b

�2

. (10)

As mentioned after Eq. (5), the constant a is given by
ẋν ẋ

ν = a2 = const. The other integration constant b de-
termines the velocity ẋ0 just before (or just after) cross-
ing the x0-axis, see Fig 1

Near the poles ωx0 ≈ ±π/2, on the other hand, the
second term becomes important. Similar to the reflec-
tion of a charged particle at the region of a very strong
magnetic field, the instanton trajectory is basically re-
flected by the “wall” at ωx0 ≈ ±π/2 if it reaches out far
enough. Since this reflection occurs during a very short

proper time ∆s, we may neglect the regular terms in
Eq. (9) and keep only the divergent contributions. Then,
the equation for x1 can be integrated approximately to

ẋ1 ≈ qE�a
mω

tan(ωx0) + ẋin
1 , (11)

and thus the equation for x0 becomes

ẍ0 ≈ − (qE�a)2

m2ω

tan(ωx0)

cos2(ωx0)
∼ 1

(ωx0 ± π/2)3
. (12)

As a result, the perpendicular velocity ẋ0 is reversed by
that reflection while the parallel velocity ẋ1 has the same
value ẋin

1 before and after the reflection.

IV. TUNNELLING PROBABILITY

Again due to E � E�, the instanton action reads

S ≈ ma − qE

k

1�

0

ds tanh(kx1) ẋ0 . (13)

In order to calculate the above integral, we split the
closed loop into four quarters: from x1 = 0 to the spatial
turning point x∗

1, from x∗
1 to x1 = 0, from x1 = 0 to −x∗

1,
and finally back to x1 = 0, see Fig... Since each quarter
yields the same contribution, we get

S ≈ ma − 4m

γk

x∗
1�

0

dx1
tanh(kx1) (tanh(kx1) + γkb)�

γ2
k − (tanh(kx1) + γkb)

2
,(14)

where x∗
1 denotes the spatial turning point given by

tanh(kx∗
1) + γkb = γk , (15)

i.e., the zero of the square root in the integral in Eq. (14)
where dx1/dx0 = 0. The constant a is determined by
ẋν ẋ

ν = a2 and xµ(s = 0) = xµ(s = 1) which gives

a =
4

γk

x∗
1�

0

dx1�
γ2

k − (tanh(kx1) + γkb)
2

. (16)

The remaining integration constant b depends on the
frequency ω. If ω is too small and thus the poles at
ωx0 = ±π/2 are too far away, the instanton trajectory
is not reflected at all and thus we have b = 0. In case
of reflection, the integration constant b is non-zero and
determined by the implicit condition

4m

γk

x∗
1�

0

dx1
tanh(kx1) + γkb�

γ2
k − (tanh(kx1) + γkb)

2
=

π

2ω
. (17)

Together with the above equations for x∗
1, a, and b,

Eq. (14) is the main result of this paper.

Figure 5. Worldline instanton for the combination of a space-like and a time-like Sauter field. (a) shows
the instanton for ω < ωcrit and (b) for ω > ωcrit (for the definition of ωcrit see [35]).

This example also demonstrates a feature of the worldline instanton approach that is very
useful for the treatment of complicated fields involving a superposition of several compo-
nents: to see whether adding one more component will lead to an enhancement of the pair-
creation probability, in a first approximation one might just check whether it tends to diminish
or enlarge the instanton trajectory.

Moreover, this formalism has led to the following rules [14] that previously apparently
were not understood in full generality: (i) Inhomogeneity in space tends to reduce the pair
creation rate. An insufficiently extended field, no matter how intense, will not pair-produce.
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(ii) Inhomogeneity in time tends to enhance the pair creation rate. A purely time-dependent
field will always give a non-zero pair creation rate.

One of the advantages of the worldline instanton formalism over the closely related WKB
approximation is that it makes it straightforward to incorporate loop corrections involving the
internal exchange of photons. In [13] Affleck et al. already took advantage of this to arrive,
with very little effort, at the following generalization of the scalar QED Schwinger formula
(3), which now is restricted to the weak-field limit, but takes an arbitrary number of photon
exchanges between the two nascent particles into account:

ImL(all−loop)(E) β→0
∼ ImL(1)(E) eαπ . (14)

This result may seem counter-intuitive since it indicates an enhancement while, naively, one
might think that the attractive force between the two oppositely charged particles ought to
make it more difficult for them to separate out and thereby reduce the pair-creation rate. It
suggests that the interaction between the particles should not been taken into account before
they have turned from virtual to real. And indeed, in 1984 Lebedev and Ritus [36] showed
that, in the tunnelling picture, exactly the same enhancement is obtained by evaluating the
Coulomb interaction between the particles at the critical separation, and interpreting it as an
effective lowering of the energy that needs to be drawn from the field in the pair-creation
process. With other words, the separating out of the pair along the field lines would have to
be seen as a pure statistical fluctuation unrelated to the equations of motion.

4 The Vlasov equation

For purely time-dependent fields, there is the following Vlasov-type equation describing the
time-evolution of the density of created pairs Nk with fixed momentum k [15–17]

d
dt

(1 + 2Nk(t)) = Ω(−)(t)
∫ t

t0
dt′
[
Ω(−)(t′)(1 + 2Nk(t′)) cos(

∫ t

t′
dt′′Ω(+)(t′′))

]
(15)

where

Ω
(±)
k (t) :=

ω2
k(t) ± ω2

k(t0)
ωk(t0)

, (16)

and

ω2
k(t) = (k∥ − qA∥(t))2 + k2

⊥ + m2. (17)

Here t0 is the initial time (usually −∞) and the projections ∥,⊥ refer to the field direction.
The integro-differential equation (15) has shown itself to be very amenable to numeri-

cal evaluation, but is usually hopeless for attempts at an exact calculation. An exception is
[37–39] where an infinite family of analytic solutions was found related to the well-known
solitonic solutions of the Korteweg-de-Vries equation. The simplest one has the gauge po-
tential

qA∥(t) = k̃∥ −

√
k̃2
∥
+

2ω̃2
0

cosh2(ω̃0t)
(18)

where k̃ is a fixed reference momentum and ω̃0 =
√

k̃2 + m2. Like any purely time-dependent
field these “solitonic” fields have non-vanishing total pair creation rates, but there is no pair
creation at that particular momentum k̃. At intermediate timesNk̃(t) is non-zero, but it returns
to zero for t → ∞. The external field seems to excite the vacuum, but no particles materialize.
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5 How particles are born
The Dirac-Heisenberg-Wigner formalism, a previously little-used phase-space approach to
QED based on a gauge-invariant density operator, has in the last few years turned out to be
capable of providing new insights into the details of the pair-creation process [23–27]. Here
we can only show the following example of a time-like Sauter field in 1 + 1 dimensions,
localized in the space direction:

|e|E(t, x) = E0 sech2(t/τ)exp
(
−

x2

2λ2

)
ex (19)

where τ, E0 and λ are constants. A detailed study in momentum space [27] shows that there
are three time scales T1,T2,T3 involved in the pair-creation process. The process starts with
an early build-up of a narrow peak at p = 0. Around time T1, a side peak appears. Around
time T2, the side peak wave packet (now called “pre-particle”) starts to follow the classical
trajectory. Around time T3 the central peak has faded away, which concludes the pair-creation
process. Fig. 6 3 shows snapshots of the particle momentum density fp, particle space density
fx, charge momentum density qp and charge space density qx for two different times. The
separating out into two oppositely charged particles is clearly visible.
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Figure 6. Particle and charge momentum and space densities at two different times for the field (19).

6 Summary and outlook
I have discussed the Sauter-Schwinger pair-creation process with an emphasis on the question
of the interaction of the particles in formation with each other and the external field, an
issue that is not easily accessible in the standard formulation of QFT. The recent work of
[26, 27] on scalar QED demonstrates that the Dirac-Heisenberg-Wigner formalism is capable
of providing a detailed space-time picture of this process, involving three different time scales
and a complex gradual transition from virtual to real particles. It would be of great interest
to extend these studies to more general theories, in particular to gravity. Since conservation
laws require the interaction between the nascent particles and the field to be reciprocal, this
might also throw new light on the question why straightforward attempts at calculating the
contribution of the QFT vacuum to the cosmological constant so far generally have failed by
many orders of magnitude.

Acknowledgements: I thank Naser Ahmadiniaz and Christian Kohlfürst for discussions and
correspondence.

3I thank R. Alkofer and C. Kohlfürst for providing this figure.
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