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Abstract. Fission product yields (FPYs) play a crucial role in various aspects of nuclear science and technol-
ogy, including nuclear structure and reactions. However, the inherent constraints of traditional computational
methods used in theoretical models, and lack of experimental access to key observables pose challenges in
obtaining accurate and comprehensive fission data. Neural Networks (NNs) present a promising solution to
address these challenges by effectively modeling and acquiring energy-dependent fission yields. Mixture Den-
sity Networks (MDNs) enable learning from available data, predicting unknowns, and quantifying uncertainties
simultaneously. Our study demonstrates the effectiveness of MDNs in evaluating fission product yields, partic-
ularly in scenarios where experimental data are incomplete. Machine learning algorithms like Gaussian Process
Regression (GPR) can capture the distribution of single-fission yields and generate high-quality samples. These
samples serve as valuable inputs for MDN networks. This study introduces an MDN approach for evaluat-
ing energy-dependent fission mass yields. The results of MDN evaluations indicate satisfactory accuracy in
determining both the distribution positions and energy dependencies of FPYs.

1 Introduction

Investigating the mechanisms of nuclear fission is highly
beneficial for advancing various sectors of nuclear physics,
including nuclear structure, nuclear reactions, and nuclear
technology [1–3]. In practical applications, nuclear fis-
sion data are indispensable for energy production, radia-
tion shielding, waste management, and isotope generation.

Experimental studies, especially for neutron-induced
fission, face challenges due to sparse data, requiring novel
methods to manage errors and uncertainties. Major nu-
clear data libraries like ENDF [4], JENDL [5], JEFF [6],
and CENDL [7], mainly provide fission yields at specific
neutron energies, leaving data gaps at other energies. Ac-
cess to key observables remains limited, prompting many
experiments to acquire reliable nuclear data for reactor de-
sign and operation.

Achieving a deep understanding and accurate simu-
lation of nuclear fission is a major challenge in nuclear
physics. Traditional macroscopic-microscopic and phe-
nomenological models may become insufficient as fission
modes evolve, particularly with scarce experimental data.
Two microscopic frameworks, nuclear Time-Dependent
Density Functional Theory (TD-DFT) [8] and the Time-
Dependent Generator Coordinate Method (TD-GCM) [9–
11], have been used to examine collective time-dependent
processes in nuclei, but both have limitations in reproduc-
ing observed data accurately.

Machine learning (ML) offers valuable tools for han-
dling large datasets and complex patterns. ML techniques
are crucial for predicting fission yields without solely
relying on experimental data. Notable ML models in-
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clude Bayesian Neural Networks (BNNs) [13–17], Mix-
ture Density Networks [18, 19], k-nearest-neighbor algo-
rithms combined with GEF models [20], and tensor de-
composition algorithms [21]. These models enhance the
accuracy and reliability of fission yield predictions but
face challenges due to limited experimental data.

Our study proposes using Gaussian Process Regres-
sion to generate samples from experimental datasets and
combining these with a Mixture Density Network ap-
proach to improve model training. This integration allows
the MDN to learn effectively from the augmented dataset,
enhancing predictive performance and robustness. Results
demonstrate improved predictive quality of the MDN, cap-
turing underlying distributions and correlations more ac-
curately, leading to more reliable and robust predictions
in nuclear fission yield analysis. In this contribution we
briefly present our approach and results. Further details
can be found in Ref. [19].

2 Machine learning models

2.1 Mixture Density Network

Neural networks are powerful tools for solving complex
problems that traditional algorithms struggle with. They
consist of layers of neurons, each with a weight and bias.
The input layer receives data, the output layer delivers re-
sults, and hidden layers in between perform transforma-
tions. A deep neural network has at least two hidden lay-
ers.

The learning process involves optimizing weights and
biases to map inputs to outputs, typically using loss func-
tions based on maximum likelihood estimation (MLE).
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Determining optimal hyper-parameters, like the number
of layers and nodes, is often done through trial and error.
While deeper networks improve training accuracy, caution
is needed to avoid overfitting, where the network fails to
generalize beyond the training dataset.

MLE-based algorithms handle deterministic mappings
well but struggle with probabilistic mappings, common in
nuclear physics due to measurement uncertainties. To ad-
dress this, we propose a Mixture Density Network [22],
which approximates mass distributions as a sum of Gaus-
sians and returns their parameters. The conditional proba-
bility density function of an MDN is:

p(y|x) =

M∑
i=1

πi(x)N
(
y | µi(x), σ2

i (x)
)

(1)

where πi(x) are mixing coefficients, µi(x) are means,
and σ2

i (x) are variances of the Gaussian distributions.
The log-likelihood loss function for an MDN is:

L = −

N∑
n=1

log

 M∑
i=1

πi(xn)N
(
yn | µi(xn), σ2

i (xn)
) (2)

We use a feedforward neural network with ten hidden
layers: nine with Rectified Linear Unit (ReLU) activation
functions and one with a hyperbolic tangent (tanh) activa-
tion function. The number of neurons in each layer bal-
ances complexity with dataset size.

Input features include the charge number Zi, neutron
number Ni, mass number Ai, and excitation energy Ei of
the fission nucleus. The excitation energy Ei is the sum
of the neutron incident energy ei and neutron separation
energy S i.

For uncertainty quantification, we provide a 95% con-
fidence interval (CI) to account for data uncertainties and
ensure robust predictions.

2.2 Gaussian Process Regression

Gaussian Process Regression is a supervised learning al-
gorithm used for predicting continuous outcomes in re-
gression tasks. It is a non-parametric, kernel-based
method that establishes a distribution over a potentially in-
finite array of functions, allowing it to fit data points effec-
tively.

A key feature of GPR is the use of kernel methods,
which map input data into a higher-dimensional feature
space. This enables the model to perform linear regres-
sion in a more complex space. Kernel functions define
the covariance between pairs of random variables in the
Gaussian process, significantly impacting the model’s per-
formance and its ability to generalize.

In this analysis, the choice of kernels is deliberate, as
each plays a critical role in predicting the bimodal distri-
bution of fission yields:

• Constant Kernel:

k(x, x′) = σ2

where σ2 is the constant variance.

Figure 1. GPR mass yield distributions of neutron induced fis-
sion. Experimental data are taken from the JENDL library. The
shadowed area corresponds to the 95% confidence interval (CI).

• Radial Basis Function (RBF) Kernel:

k(x, x′) = exp
(
−
‖x − x′‖2

2σ2

)
where ‖x − x′‖ is the Euclidean distance, and σ is a
length-scale parameter.

• Rational Quadratic Kernel:

k(x, x′) =

(
1 +
‖x − x′‖2

2αl2

)−α
where l is the length-scale parameter, and α is a positive
constant.

• ExpSineSquared Kernel:

k(x, x′) = exp

−2 sin2
(
π ‖x−x′‖

p

)
l2


where p is the period of the sinusoidal component, and
l is the length-scale parameter.
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Figure 2. MDN-GPR learning ability of neutron induced fission mass yields. The shadow region corresponds to the CI estimated at
95%.

By integrating these kernels and fine-tuning their hy-
perparameters, GPR can achieve highly accurate predic-
tions even with limited data. This approach enhances the
model’s ability to capture complex patterns and relation-
ships, improving its predictive power and robustness.

3 Results

The prediction of local correlations in mass yields is cru-
cial for assessing data quality. GPR models complex, non-
linear relationships in data, facilitating the augmentation
of fission yields based on experimental measurements and
quantifying inherent uncertainties with a 95% confidence
interval. Initially, we used GPR to extract 10,000 sam-
ples for each evaluated experimental neutron-induced fis-
sion product yield of 30 nuclei from the JENDL library,
including: 227Th, 229Th, 232Th, 231Pa, 232U, 233U, 234U,
235U, 236U, 237U, 238U, 237Np, 238Np, 238Pu, 239Pu, 240Pu,
241Pu, 242Pu, 241Am, 243Am, 242Cm, 243Cm, 244Cm, 245Cm,
246Cm, 248Cm, 249Cf, 251Cf, 254Es, and 255Fm.

Figure 1 shows the GPR-augmented data for the mass
yield distributions of neutron-induced fission of 235U at 14
MeV, 242Cm at 0.5 MeV, and 255Fm at thermal neutron

energies. The GPR-generated samples demonstrate high
quality, accurately capturing the overall shape and specific
features of the fission yield distributions. The minimal un-
certainties around the peaks and in the mass number range
110-130 highlight GPR’s precision in handling complex
data and generating reliable augmented datasets, crucial
for accurate modeling and prediction of fission yields.

Next we developed and trained an MDN model to learn
the fission mass yields of 29 nuclei, excluding 235U for
validation. MDN-GPR was trained using GPR-generated
samples, with JENDL experimental data serving as the
validation set. Training results are shown in Figs. 2. The
MDN-GPR model demonstrates a remarkable ability to re-
produce the overall evaluated fission yields, evidenced by
the small confidence interval. To quantify the learning per-
formance, the normalized sum of squared errors is given
by:

χ2 =
1
N

N∑
i=1

(ti − f (xi))2

where ti represents the target values and f (xi) represents
the predicted values. The MDN-GPR model achieved a to-
tal learning χ2 of 2.00×10−6, which is smaller compared to
the χ2 reported in Ref. [13], where a BNN+TALYS model
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Figure 3. MDN-GPR predictions of fission yields of n +235 U
compared with JENDL, with neutron incident energies at (a)
0.025 eV (b) 0.5 and (c) 14 MeV. The shadow region corresponds
to the CI estimated at 95%.

was used to predict fission mass yields using JENDL
data. This comparison highlights the effectiveness of the
MDN approach, especially with GPR-generated samples,
in achieving high accuracy and reliability. The MDN-
GPR model’s more precise predictions with narrower con-
fidence intervals suggest that the GPR-augmented dataset
offers a comprehensive representation of the data distribu-
tion, allowing the MDN-GPR model to better capture the
complexities of fission yields.

A key evaluation of the MDN approach is its valida-
tion for neutron-induced fission of n +235 U, as shown
in Figure 3. The results demonstrate that MDN predic-
tions are satisfactory for n +235 U at thermal neutron en-
ergies, 0.5 MeV, and 14 MeV. Notably, the uncertainties
are smaller with the MDN-GPR model compared to the
BNN+TALYS model from Ref. [13]. The total valida-
tion χ2 of the MDN-GPR model is 6.57 × 10−6, whereas
the BNN+TALYS model shows χ2 of 1.134 × 10−5. This
outcome is expected due to the MDN-GPR model’s better
learning capacity from a larger, augmented dataset gen-
erated by GPR. The MDN-GPR model captures finer de-

tails and complexities more accurately, leading to higher
predictive performance with narrower confidence intervals
and smaller χ2 errors.

The main objective of our MDN approach is to es-
timate incomplete experimental FPYs using knowledge
from comprehensive evaluations of other nuclei and neu-
tron energies. Figure 4 illustrates the MDN-GPR results
for fission yields of n +235 U at energies of 1.37, 4.49, and
8.9 to 14.8 MeV. Given the absence of complete evalu-
ations in existing libraries and limited experimental data
[23], these predictions are particularly valuable.

The MDN model provides reasonable evaluations of
fission yields, performing better at energies close to 0.5
MeV and 14 MeV, which are near the energies included
in the training set. However, evaluations at 4.49 MeV and
8.9 MeV are more challenging, resulting in larger confi-
dence intervals. This indicates that while the MDN mod-
els can accurately predict FPYs at certain energies, there
is room for improvement in handling energies with sparse
experimental data. Nonetheless, the MDN-GPR’s ability
to generalize from available data highlights its robustness
and effectiveness in estimating fission yields where direct
measurements are incomplete or unavailable.

4 Summary

In this study, we applied Gaussian Process Regression
and Mixture Density Networks to predict fission product
yields, especially where direct measurements are difficult
or incomplete.

GPR effectively predicted local correlations of mass
yields, generating high-quality augmented datasets from
limited experimental data with a 95% confidence inter-
val. GPR samples for 30 nuclei from the JENDL library
showed minimal uncertainties and reliable data augmenta-
tion.

The next step was to use the GPR-generated samples
to train an MDN network. This MDN-GPR model demon-
strated superior learning capabilities, with smaller confi-
dence intervals and more accurate predictions compared
to BNN+TALYS models. The model effectively captured
the structure of experimental data and the energy depen-
dence of FPYs.

The primary goal was to estimate incomplete exper-
imental FPYs using comprehensive evaluations of other
nuclei and neutron energies. The MDN model provided
reasonable evaluations for n+235 U at 1.37, 4.49, and 8.9 to
14.8 MeV, performing better at 0.5 MeV and 14 MeV. The
model showed larger confidence intervals at 4.49 MeV
and 8.9 MeV. The study found that in the valley region,
fission yields increased with higher neutron incident en-
ergies, while the peaks of asymmetric fission modes de-
creased. The MDN model captured the transition from
asymmetric to symmetric fission modes as excitation en-
ergy increased.

In conclusion, integrating GPR with MDNs provides
a robust framework for predicting FPYs in nuclear fission.
The GPR-augmented MDN model offers enhanced predic-
tive power and accuracy, making it a valuable tool for an-
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Figure 4. MDN-GPR predictions of fission yields of n +235 U with neutron incident energies at (a) 1.37, (b) 4.49, (c) 8.9, and (d) to
14.8 MeV. The shadow region corresponds to the CI estimated at 95%.

Figure 5. The compiled evaluations of the MDN-GPR model of
n +235 U fission mass yields at different incident energies. The
evaluations at 0.5 and 14 MeV are taken from JENDL.

alyzing complex nuclear fission data and addressing the
limitations of incomplete experimental datasets.
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