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Abstract.
We test the capability of highest-weight (h.w.) irreducible representations (irreps) (λ, µ)hw determined in the
model scheme with proxy SU(3) symmetry to describe ground- and γ- collective bands and transition rates
in heavy even-even nuclei when applied within the vector boson model (VBM) with broken SU(3) symmetry.
We find that for nuclei with closely disposed ground- and γ-band energy levels the obtained root-mean square
(RMS) deviations between theory and experiment exceed those obtained in the original VBM application in
which the (λ, µ) f ree values are freely adjusted to data. In nuclei with a large ground-γ energy distance we find
that the quality of the (λ, µ)hw description coincides with that obtained by (λ, µ) f ree. This preliminary result
suggests that the proxy SU(3) symmetry may be realized in terms of the algebraic VBM.

1 Introduction

The model scheme with proxy SU(3) symmetry [1] was
proven to be very successful in giving parameter free de-
scription of a variety of important nuclear characteris-
tics and phenomena, such as shape deformations, elec-
tromagnetic transition rates, shape transitions and shape-
coexistence [2–4]. In this scheme “intruder” orbitals en-
tering given oscillator shell are replaced by the original
three-dimensional harmonic-oscillator orbitals of normal
parity pushed down to the lower shell due to the spin-orbit
(SO) interaction. In this way the original SU(3) symme-
try of the nuclear single-particle spectrum violated by the
SO interaction in heavy nuclei is restored in the form of a
new proxy SU(3) symmetry. As a result a new proxy shell
structure is obtained providing new valence shells filling
which is characterized by corresponding highest-weight
(h.w.) irreducible representations (irreps) (λ, µ) = (λ, µ)hw

of the group SU(3) [2–4]. A basic advantage of this ap-
proach is the unambiguous determination of nuclear SU(3)
symmetry characteristics in terms of the (λ, µ)hw irreps en-
tirely based on the microscopic shell structure of the nu-
cleus. At the same time the scheme is open for appropri-
ate algebraic realizations allowing for describing the col-
lective nuclear dynamics associated with the SU(3) sym-
metry. Such a convenient realization is provided by the
vector boson model (VBM) in which the energy spectrum
is generated through the reduction (breaking) of the SU(3)
symmetry to the symmetry of a rotor [5, 6]. In VBM the
ground- and the γ- collective bands of a deformed even-
even nucleus are described within a split SU(3) multiplet
determined by a given (λ, µ) irrep. Since there are no
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model restrictions on the possible irrep one determines the
(even) λ and µ so as to obtain best model description of
experimental energy and transition rates [6], i.e. treating
them as free parameters.

The purpose of this work is to check on few examples
how VBM model descriptions obtained through the use
of proxy SU(3) irreps (λ, µ)hw compare with results ob-
tained by the freely adjusted (λ, µ) f ree irreps. On this basis
we examine the possibility to determine a microscopically
well justified VBM solution from one side and to find ap-
propriate algebraic (VBM) realization of the proxy SU(3)
symmetry from another side.

In Sec. 2 we briefly recall the VBM concept. In Sec.
3 we discuss the results of few VBM calculations using
proxy SU(3) symmetry irreps while in Sec. 4 concluding
remarks are given.

2 The VBM approach

In VBM it is supposed that the low-lying excitations of
heavy even-even deformed nuclei can be described by two
types of elementary excitations—bosons—created by vec-
tor operators ξ̂+

ν and η̂+
ν (ν = 1, 0,−1), which satisfy boson

commutation relations [5]. The vector boson operators are
used as ingredients of the angular momentum operators L̂m

(m = 0,±1) and Q̂k (k = 0,±1,±2) (see Eqs. (6) and (7) in
[6]) which in turn altogether close the algebra of SU(3).

The model Hamiltonian has the form

HVBM = g1L̂2 + g2L̂ · Q̂ · L̂ + g3Â+Â , (1)

where the operators L̂·Q̂·L̂ and Â+Â with Â+ = (ξ̂+)2(η̂+)2−

(ξ̂+ · η̂+)2 represent rotation invariants which reduce the
SU(3) symmetry through the chain S U(3) ⊃ O(3) ⊃ O(2),

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0
(https://creativecommons.org/licenses/by/4.0/). 

EPJ Web of Conferences 304, 04001 (2024)   https://doi.org/10.1051/epjconf/202430404001
HINPw7



and g1, g2 and g3 are model parameters. The model en-
ergy spectrum and transition rates are obtained by diago-
nalizing Hamiltonian (1) in the SU(3) basis of Bargmann-
Moshinsky [7] for given (λ, µ) irrep and collective angu-
lar momentum L. The different eigenvalues obtained for
given L give rise to different energy bands. The set of
bands determined by the subsequent values of L in depen-
dence on λ and µ forms a SU(3) multiplet. The lowest two
bands in the SU(3) multiplet correspond to the ground-
and γ- collective bands of the nucleus (see Ref. [6] for
more details). By adjusting the parameters g1–g3 to ex-
perimental data one obtains the model description of the
two bands corresponding to the given (λ, µ) irrep (multi-
plet). Since the model does not impose limits on the pos-
sible λ and µ values the latter were determined so as to
provide best model description of data [6]. It appeared
that the result depends on the mutual disposition of the
ground- and γ- band characterized by the energy ratio
∆E2 = (E2+

2
−E2+

1
)/E2+

1
, where E2+

1
and E2+

2
are the 2+ ener-

gies in the ground- and γ- band, respectively. Thus, it was
found [6] that for the nuclei with closely disposed ground-
and γ- bands (weak multiplet splitting) with ∆E2 = 8−10,
such as 164Dy, 166Er and 168Yb a minimum in the RMS
deviation between theory and experiment is present for
SU(3) irreps with λ = 16 − 20 and µ = 2. In the nuclei
with large distance between the two bands, ∆E2 = 14−23,
such as 172Yb, 176Hf and 238U only a wide low limit for
λ ≥ 60 − 80 is determined with µ taking values between 2
and 8 providing practically the same quality of the model
description. In some intermediate cases, such as 178Hf
with ∆E2 ∼ 12, one finds λ ∼ 30 and µ = 2. (See Ta-
ble II in Ref. [6].)

3 Testing the proxy SU(3) irreps in heavy
even-even nuclei

So far it is clear that the original VBM application relies on
freely adjusted (λ, µ) f ree quantum numbers which entail at
least for the spectra with large ground–γ bands splitting an
ambiguity in the favoured SU(3) multiplet determination.

At this point the inclusion of the proxy SU(3) (λ, µ)hw

irreps which are unambiguously determined becomes of
special importance. The (λ, µ)hw irreps obtained for the
nuclei in the rare-earth and actinide regions are reported in
Table II of Ref. [2] and Table II of Ref. [3].

In this work we test in the VBM calculation the (λ, µ)hw

irreps of three nuclei representing the three different cases
of small, intermediate and large ∆E2 multiplet splitting,
namely: 166Er with ∆E2 = 8.8, 178Hf with ∆E2 ∼ 11.6
and 238U with ∆E2 ∼ 22.6. For each of them we perform
calculation for the ground- and γ- bands using the corre-
sponding (λ, µ)hw irreps and compare the obtained model
description with the one obtained for the freely adjusted
(experimentally favoured) (λ, µ) f ree irreps of Ref. [6]. In
all cases we include in the calculation the same data—
energy levels (typically up to L = 10) and transition rates
as in Ref. [6]. The result can be summarized as follows:

(i) In 166Er the favoured (λ, µ) f ree = (16, 2) irrep gives
RMS deviation of σE = 5.8 keV for the energy and σB =

0.47 for the B(E2) transition ratios. (See Eqs. (20) and
(21) in Ref. [6] for definitions of the B(E2) transition ratios
calculated, Eqs. (44) and (45) for the σ factors and the
relevant references in [6] for the data used). For the proxy
(λ, µ)hw = (52, 14) irrep, reported in Table II of Ref. [2],
our calculation gives σE = 19.1 keV and σB = 0.43.

(ii) In 178Hf the favored (λ, µ) f ree = (34, 2) irrep gives
σE = 7.0 keV and σB = 0.86, while for the proxy
(λ, µ)hw = (42, 20) irrep we obtain σE = 7.6 keV with
the same σB = 0.86.

(iii) In 238U the favored (λ, µ) f ree = (60, 2) irrep gives
σE = 1.7 keV with σB = 0.08 and the proxy (λ, µ)hw =

(90, 4) irrep, reported in Table II of Ref. [3], gives the same
quality of model description σE = 1.7 keV with σB =

0.08.
The above results show that with the increase of the

SU(3) multiplet splitting the quality of the proxy SU(3)
irreps (λ, µ)hw in the VBM description of ground- and γ-
bands approaches the one obtained through the (λ, µ) f ree

irreps. We note that in the case of large multiplet splitting
the two irreps have similar structure, such that λ is large
and µ � λ. On the other hand the latter indicates in terms
of the SU(3) symmetry the presence of larger quadrupole
deformation [8]. It is also known that the large distance
between the ground- and γ-bands can be associated with
weaker interband interaction and better developed rotation
structure of the spectra [9]. Indeed, looking in Table II
of Ref. [6] and Table II of [3], one can easily recognize
that the nuclei for which the given SU(3) irreps have the
aforementioned structure also have best developed rotation
structure of collective spectra.

In the nuclei with weaker SU(3) multiplet splitting the
rotation structure of the ground- and γ- bands is perturbed
by their stronger interband mixing [10], which implies the
presence of less pronounced axial quadrupole deforma-
tion. The latter is consistent with the large µ values ap-
pearing in the proxy SU(3) irreps (λ, µ)hw. On the other
hand, the lowest µ = 2 values found in the (λ, µ) f ree irreps
in VBM indicate that the good axiallity still may persist
longer aside of the region of best pronounced deformation.

The above results and the observations made suggest
that in the case of best deformed nuclei the proxy SU(3)
scheme well matches the capability of VBM to repro-
duce the corresponding ground–γ- band collective struc-
ture. Moreover the proxy (λ, µ)hw irreps allow one to fix
unambiguously the relevant SU(3) multiplet in the VBM
scheme without any loss of accuracy in the reproduction
of experimental spectra and B(E2) transition rates. There-
fore, the region of best axial deformations may be consid-
ered as the natural area for VBM realization of the proxy
SU(3) symmetry. On the other hand the region aside pro-
vides an interesting ground for the search in the (λ, µ)
space of areas where the two approaches, proxy SU(3)
and VBM, complement each other or perform consistently
with a reasonable compromise in the model description,
allowing one to get useful information about the evolution
of nuclear collectivity. This would, however, require much
more extended calculations in wide ranges of nuclei and
careful systematic analysis of the model descriptions.

2

EPJ Web of Conferences 304, 04001 (2024)   https://doi.org/10.1051/epjconf/202430404001
HINPw7



4 Conclusion
We have shown that by applying the (λ, µ)hw irreps de-
termined within the microscopically grounded scheme of
proxy SU(3) symmetry in the framework of the algebraic
VBM with broken SU(3) symmetry it is possible to outline
area(s) in the mass regions of well deformed even-even nu-
clei in which the former acquires a well suited realization
in terms of the latter. Vice versa, we show that the use of
the proxy SU(3) irreps in VBM provides microscopically
well justified application of the latter. The comprehensive
exploration of collective ground–γ band spectra along this
line may be subject of further work.
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