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Abstract. The role of three-nucleon forces on structure properties of nuclei is discussed within the realistic
shell model. Calculations are performed by employing effective shell-model Hamiltonians derived by way of
many-perturbation theory from chiral potentials including the nucleon-nucleon and three-nucleon components.
A sketch of the formalism in treating the three-nucleon force is given and some selected results for fp- and p-
shell nuclei are shown. Particular attention is devoted to the effects of the three-nucleon force on the monopole
component of the effective shell-model interaction by showing how relevant they are in correcting the monopole
interaction derived from the nucleon-nucleon force only and correctly describing the formation of shell structure
as well as the enhancement in the spin-orbit splitting. A decomposition scheme based on the rank of irreducible
tensors forming the three-nucleon force at the next-to-next-to-leading order is also presented to recognize their

impact on the spin-orbit enhancement.

1 Introduction

The shell model (SM) has long proved to be a main key to
the understanding of nuclear structure, providing the theo-
retical framework for a microscopic description of nuclear
properties. Within this model, the complexity of the nu-
clear many-body system is drastically reduced by consid-
ering a limited number of nucleons moving in a reduced
space and interacting via effective forces that account for
the missing degrees of freedom. While the SM has been
used predominantly in a phenomenological context, nowa-
days substantial progress has been achieved in deriving
effective SM Hamiltonians from realistic interactions be-
tween nucleons, especially by means of many-body per-
turbation theory (MBPT). The use of microscopically de-
rived effective interactions - without the need for ad hoc
phenomenological adjustments - may also impact on our
understanding of SM in terms of the underlying nuclear
forces.

Based on our long-standing experience on realistic SM
calculations with effective Hamiltonians derived from free
nucleon-nucleon (NN) potentials within MBPT [1-3], in
recent years we have started a research plan aimed at in-
cluding three-nucleon (3N) force contributions.

An important impulse in this direction was supplied
by the notable advances made in developing a new class
of nuclear potentials framed in the effective field the-
ory, which provides a systematic and unified approach to
constructing two-nucleon forces (2NFs) and three-nucleon
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forces (3NFs) on equal footing (see, for instance, Ref. [4]).
Within this class of potentials, nucleons interact via pion
exchanges and short-range contact interactions. The lat-
ter, being not resolved, are absorbed into contacts terms,
which include low-energy constants (LECs) fitted to few
nucleon data.

Furthermore, a convenient procedure, the so-called
normal-ordering approximation, was introduced to man-
age the computational difficulty of a full treatment of
3NFs. It consists in neglecting three-body term arising
from the normal-ordering decomposition of 3NF into a
sum of zero-, one-, two-, and three-body terms with re-
spect to a reference state [5]. A benchmark of this approx-
imation has been presented in Refs. [6, 7] and [5, 8] for
light- and medium-mass nuclei, respectively.

Starting from the work of Ref. [7] on the impact of
3NFs on the spectroscopy of p-shell nuclei, we have ex-
tended our calculations to nuclei belonging to fp shell
showing that these forces are essential to reproduce the
observed shell evolution of isotopic chains belonging to
this region [9-11]. In all these calculations, we employed
effective SM Hamiltonians derived from an NN chiral po-
tential at next-to-next-to-next-to-leading order (N3LO )
[12] plus one- and two-body components of a normal-
ordered 3N chiral potential at next-to-next-to-leading or-
der (N2LO). An update on the status of SM based on re-
alistic Hamiltonians derived from 2NFs and 3NFs can be
found in Ref. [13].

This contribution is devoted to give a brief overview of
our previous studies on the role of the 3NF within the SM
framework. In Sec. 2, we present the essentials of the the-
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oretical framework used to derive the effective SM Hamil-
tonian starting from a chiral NN+3N potential, focusing
primarily on the treatment of the 3NF. Then, some selected
results for p- and fp -shell are shown in Sec. 3, where we
also discuss the mechanism of chiral 3NFs in driving spin-
orbit splitting [14]. Summary and conclusions are given in
the last section.

2 Formalism

The effective SM Hamiltonian H.g, defined within a set
of single proton and/or neutron orbitals (valence space)
above an inert core, is derived by way of MBPT starting
from realistic NN and 3N forces, along with the Coulomb
contribution for protons. In particular, we employ the NN
potential developed by Entem and Machleidt [12] within
chiral perturbation theory at N3LO and the chiral 3N po-
tential at N2LO, which are both nonlocally regularized.
At N2LO, there are three 3NF topologies: two-pion ex-
change (2PE), one-pion exchange plus a NN-contact inter-
action (1PE), and pure 3N-contact interaction (CT), which

72

are reported in Fig. 1. The 2PE term comprises three dis-
tinct constituents associated with the pion-nucleon LECs,
c1, ¢3, and ¢4, which also appear at the level of the 2NF,
and are determined by the renormalization procedure de-
scribed in Ref. [4]. Only two new LECs, c¢p and cg, ap-
pear, which are associated with the 1PE and CT terms,
respectively. They are set as cp = —1.00 and cg = 0.34,
following the work of Ref. [15].

The formalism used for the derivation of H.g is based
on the Kuo-Lee—Ratcliff folded-diagram expansion [16].
More specifically, Heg is written in terms of the Q-box ver-
tex function, which is constructed by including one- and
two-body diagrams up to third order for the 2NF, and one-
and two-body diagrams up to first order for the 3NF, cor-
responding, respectively, to the normal-ordered one-body
and two-body terms of the usual expression of the 3NF in
the normal-ordered form with respect to a core state as a
reference state [5], as discussed in the Introduction. All
considered diagrams from the 2NF are explicitly given in
Ref. [2], while those from the 3NF, shown in Fig. 2, are
written as

J
SN = N (o) @ T Vand (hi, ) a5 i (M)
oo 2Ja
J?
VN = D) T 4@ by B Wanl (. B, @
hJ'

where the abbreviation J = V2J + 1 is used, the index h
refers to core orbitals and valence orbitals are labeled by
latin letters. The three-body matrix elements on the right
hand side of both equations, written in the proton-neutron
formalism, are antisymmetrized but not normalized. They
are explicitly given in the Appendix of Ref. [13].

We also discuss the effective-single particle energies
(ESPEs), which, as compared to the single-particle ener-
gies of the SM Hamiltonian, incorporate the mean effects
from other nucleons outer the inert core (see, for instance,
Ref. [17]), and are significantly affected by the 3NF. By
introducing the index 7 for proton or neutron, they are de-
fined as

ESPE(at) = €,; + Z vy, 3)
bt

with €,; and ng' representing, respectively, the single-
particle energy and the ground-state occupation number
of the corresponding proton/neutron valence orbital. The
matrix element V77’

v 2yQ2I+ 1atbt'; J | Ve | athbt’; J)
Vo =
g

is the monopole component of two-body component (Veg)
of the effective Hamiltonian, obtained by averaging on the
projection of the total angular momentum J, with J run-
ning over Pauli allowed values.

In the next section, we present some selected results
for fp and p nuclei which are obtained employing H.gs

“

derived from chiral potentials and containing the NN force
only and the complete NN+3N force. Calculations have
been carried out using the SM code KSHELL [18].

3 Results

In this section, we have collected some results already
published in previous works [7, 9, 13, 14] in order to give
a brief overview of the role of the 3NFs within the frame-
work of SM, including a discussion on their specific ef-
fects.

Let us start by reporting results for calcium and nickel
isotopic chains. Calculations are performed by consider-
ing valence protons and neutrons interacting in the space
composed by the 0f7,2, 0fs/2, 1p32, and 1py, orbitals
outside doubly magic “°Ca. The adopted effective Hamil-
tonians are derived within MBPT approach starting from
the chiral NN-only and NN+3N forces, as described in
the previous section. As for the proton-proton channel the
Coulomb force is added. We limit to consider nuclei from
N = 20 to 32 to avoid that our predictions are affected by
the choice of the adopted valence space, which does not
contain the Ogg/» and 1ds;; neutron orbitals. It it worth
mentioning that in these calculations we employ density-
dependent H.gs whose two-body matrix elements change
according to the number of valence nucleons and take into
account the interactions via two-body force of clusters of
three-valence nucleons with configurations outside the va-
lence space. This means that, in addition to genuine 3NFs,
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Figure 1. The 3NF at N2LO. From left to right: 2PE, 1PE, and contact diagrams

a c d

Figure 2. First-order one- and two-body diagrams with a 3NF
vertex. See text for details

we consider also induced 3N contributions, that come into
play for systems with more than two-valence nucleons (see
Ref. [13] for details).

In Fig. 3, experimental two-neutron separation ener-
gies (S,,8) and excitation energies of the yrast 2* state
(Ey;s) for Ca isotopes from N = 22 up to 32 are com-
pared with results obtained using the NN force only (re-
ported as H*N with blue lines) and the complete NN+3N
force (reported as H>N with black lines). The rather flat
experimental behaviour of the S,, up to N = 28 is well
reproduced by both calculations. Then, the experimental
values are overestimated by the NN force only, while the
3NF with its repulsive contribution introduces a quenching
that significantly improves the agreement with experiment.
As concerns the E2]+s, we see that the inclusion of the 3NF
leads to a good description of the observed shell closure
at N = 28, which is instead underestimated by about 700
keV by H?N. In Fig. 3, we have also reported results of
the Hamiltonian H™" (pink line), which is obtained by
replacing the monopole component of H*N with that of
H3N. We notice that pink and black curves almost overlap,
showing that the 3NF essentially affects the monopole in-
teraction which is mainly responsible for the S ;, evolution

and the N = 28 shell closure. As a matter of fact, our re-
sults validate the findings of previous works by Zuker and
coworkers [19, 20], where it was pointed out that prob-
lems arising when using H.g derived from NN potentials
by means of MBPT should be associated to deficiencies
in its monopole component that can be traced back to the
lack of 3NF.

Similar, and even more remarkable, conclusions arise
by examining the two-neutron separation energies and ex-
citation energies of the yrast 2* state in Ni isotopes, which
are reported in Fig. 4. As for the Ca chain, we see that
H3N and H™" give comparable results and are both able
to reproduce the drop from N = 28 to 30 in the S,,s and
the large N = 28 gap. This gap is instead underestimated
by about 2 MeV using the NN force only. Actually, the
2NF provides too much collectivity and cannot explain the
doubly closed nature of S6Ni, which corresponds to the
filling of the 0f;/, neutron orbital. This is due to ineffi-
ciency of the monopole component of H?N in producing
an adequate gap between the ESPEs of the 0f;/, and re-
maining orbitals. By comparing the ESPEs obtained with
H?N and H3N, which, as shown in Eq. (3), only depend on
the monopole interaction, we find that contributions of the
3NF induce a substantial expansion of the orbital separa-
tions with respect to the 2NF, and, in particular, an incre-
ment of the 0f7,» — 0fs/> spin-orbit splitting at N = 28 by
about 2 and 3 MeV for neutrons and protons, respectively.

To understand the reasons of this increase, we examine
the monopole matrix elements VZ};/Z of H™N and H°N used

specifically in the calculations of >°Ni, since, as mentioned
above, our Hamiltonians are density-dependent, Their val-
ues are reported in Table 1.

All matrix elements, regardless of the considered chan-
nel, receive a repulsive contribution from the 3NF, whose
size depends on the involved orbital. Changes range from
few tens of keV to about 200 keV, and, when multiplied
by the considerable occupation of the 0 f;/, orbital in °Ni,
give rise to significant modifications in the spacings be-



EPJ Web of Conferences 304, 04002 (2024)
HINPw7

https://doi.org/10.1051/epjconf/202430404002

' ' " Caisotopes ' @ Exp 4N
20 o A 2N g yMon |
—
S
[}
g 15 i
i~
o
1 — —
0 (@
4 1
S 3F B
()]
=
a2 :
1B ]
1 1 1 (b)

28 30 32

Figure 3. Experimental and calculated (a) two-neutron separation energies and (b) 27 excitation energies for calcium isotopes from
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Figure 4. Experimental and calculated (a) two-neutron separation energies and (b) 2] excitation energies for nickel isotopes from

N =20t032

tween the ESPEs. Furthermore, we note that the 3NF has
a greater impact on the non-diagonal matrix elements than
on the diagonal ones, which explains the increase in the
gap between the 0f;,, orbital and all the remaining or-
bitals in both the proton and neutron space. The especially
strong effect on \7;:/2 P gives rise on the 2(3) MeV increase
in the neutron (proton) 07/, — 05,2 spin-orbit splitting ob-
tained with H°N,

Results discussed above, although limited to two spe-
cific isotopic chains, show the relationship between chiral
3NFs and variations in shell structure observed when in-
creasing the number of valence neutrons as well as their
influence on the enhancement of the spin-orbit splitting.
A comprehensive list of references on this issue can be
found in the two review papers [13, 17].

The last part of this section is dedicated to recognize
the specific mechanisms driving this enhancement, namely

to analyze the contribution of the different components of
the chiral 3NF. In this connection we have decomposed
the 3NF at N2LO in terms of spherical tensors by coupling
the spin-tensor operators ($ ) with the corresponding rank
tensors in the momentum space (Q9). The 2PE, 1PE, and
CT terms of the 3NF, represented by the letter @, can be
schematically written as

no ) TS0, )
A

=0,1,2,3

where the symbol () indicates the scalar product and 7¢
the isospin part.

Such a decomposition leads to a categorization of the
3NF in terms of the number of exchanged pions and rank,
as shown in Fig. 5. The contact term consists of the rank-
0 (scalar) component only, the 1PE term has the rank-0
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Table 1. Neutron-neutron, proton-neutron, and proton-proton monopole components of Heg, V"%, V™

V and Vg}r , with and
7/2

afrpp’ Cafip’

without 3N force. Values are in MeV

4% v T
a H2N H3N H3N HZN H3N
0f72 | -0.234  -0.199 | -0.736  -0.724 | 0.105 0.138
0fs5,2 | -0.217 -0.012 | -0.985 -0.895 | 0.245 0.469
1ps3pp | -0.121  -0.023 | -0.528 -0.467 | 0.228 0.315
1pij | -0.167 -0.059 | -0.591 -0.543 | 0.194 0.284
ct
17 +ct
2m Rank 0 Rank 1 Rank 2 Rank 3

Figure 5. Classification of the chiral 3NF by the number of exchanged pions and rank of the irreducible tensors

and rank-2 (tensor) structure, and the 2PE term includes
components from 0 to 3 rank.

As a test case to investigate the role of the individual
rank components, we have chosen the p-shell nuclei, with
a valence space consisting in the Op;/, and Op3;, neutron
and proton orbitals outside *He. The effective SM Hamil-
tonian is derived within the same framework described
above. For details about the irreducible-tensor decompo-
sition, derivation of the effective SM Hamiltonian, and a
more complete discussion, we refer the readers to the re-
cent paper of Ref. [14]. Here we limit to analyze the
contributions arising from the different rank components
on the one-body term of the 3NF, which affect the single-
particle energies of the effective SM Hamiltonian. In Ta-
ble 2, we compare the neutron and proton Opz;» — Opy2
spacings derived from the 2NF with those obtained by
gradually adding rank-0, rank-1, rank-2 and rank-3 com-
ponents of the 3NF. The latter corresponds to the whole
N2LO 3NF. We see that rank-0 component leaves the gap
almost intact, while a significant change is rendered by the
rank-1 component, which arises exclusively from the 2PE
term. This component supplies an attractive and repulsive
contribution to the Op3/, and Op;, energies, respectively,
significantly enlarging the spin-orbit splitting. The rank-2
and rank-3 components of the 3NF yield smaller contri-
butions, respectively resulting in a 13% and 2% increase
of the splitting. Hence, the spin-orbit splitting induced by
the chiral 3NF at the single-particle level is primarily gov-
erned by its rank-1 component arising from the 2PE term.
It is therefore worth noting that our finding does not de-
pend on the choice of the LECs ¢p and cg introduced by
the 3NF.

4 Summary and Conclusions

In this contribution, we have given a short overview of
the role of chiral 3NFs on the nuclear structure properties
within the SM framework. We have introduced the main
steps involved in the derivation of the effective SM Hamil-
tonian by way of MBPT starting from chiral potentials in-
cluding the NN and 3N components. The adopted 2NF
and 3NF are developed within chiral perturbation theory
at N3LO and N2LO, respectively, and the normal-ordering
approximation is used for the treatment of the 3NF.

For illustrative purposes, some results are presented
for Ca and Ni isotopic chains evidencing that the 3NF af-
fects mainly the monopole interaction of the effective SM
Hamiltonian, its repulsive contribution being essential in
determining the evolution of the shell structure. The 3NF
contribution leads to modifications in the matrix element
of the monopole interaction that depend on the involved
orbital, thus producing substantial changes in the spac-
ings between the ESPEs, with a particularly significant en-
hancement of the 07/, — 0f5/2 spin-orbit splitting.

Focusing on p-shell nuclei, we have analyzed the ef-
fects of the one-body component of the 3NF on the single-
particle energies of the effective Hamiltonian. We have
shown that the enlargement of about 2 MeV in both neu-
tron and proton gaps between the Ops;» and Op;/, orbitals
induced by the 3NF is mostly due to the rank-1 compo-
nent, which arises only from the 2PE term. This result
does not depend on the new LECs introduced by the 3NF
since the 2PE diagrams are only associated with the pion-
nucleon LECs appearing at the level of the 2NF. It is worth
mentioning, however, that an extension of our study to
heavier-mass nuclei is required for a sound assessment of
this finding.
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Table 2. Proton and neutron gaps between the Op3,, and Op,, orbitals (in MeV). The results of "No 3NF” are only obtained with the
2NF, whereas the other results include the effect of the 3NF of rank A

No3NF 1=0 2=0,1

A=0-2 A=0-3

proton 3.1 3.1
neutron 3.7 3.6

4.5

4.8 4.9
53 54
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