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Abstract. The generator coordinate method (GCM) has been a well-known method to describe nuclear col-
lective motions. In this method, one a priori specifies collective degrees of freedom as inputs of the method
based on empirical and/or phenomenological assumptions. We here present an extension of the GCM, in which
both the basis Slater determinants and weight factors are optimized in a non-empirical manner. The result for
160 nucleus with the Skyrme functional suggests that a collective coordinate should be determined in a more

complex way than what has been assumed so far.

1 Introduction

Collective motions are characteristics of many-body sys-
tems. Typical examples in atomic nuclei include giant
resonances and low-lying surface vibrations with several
multipolarities. Furthermore, in collective phenomena
such as fission and shape coexistence, large amplitude mo-
tions play an essential role. It is one of the major goals of
the quantum many-body problems to describe such collec-
tive motions microscopically.

A widely used theoretical method for describing large-
amplitude collective motion is the generator coordinate
method (GCM) [1, 2]. In GCM, one a priori specifies
collective degrees of freedom (that is, collective coordi-
nates), such as nuclear deformations and distances be-
tween clusters, and superposes many Slater determinants
(SDs) within the selected collective subspace. The weight
coefficients of SDs are then determined according to the
variational principle. Many numerical calculations have
been performed using this method, which is often referred
to as the beyond-mean-field method [3-7].

However, GCM has a serious problem that there al-
ways exists arbitrariness in the choice of collective co-
ordinates, which one has to select in empirical and phe-
nomenological manners. With such choice, it is not trivial
whether the collective motion of interest can be optimally
described. Therefore, a description of collective motions
which avoids pre-set collective coordinates is always de-
sirable in order not to miss important degrees of freedom.

To discuss collective motion in a non-empirical way,
several methods have been developed. For example,
a stochastic selection of the basis is carried out with
anti-symmetrized molecular dynamics (AMD) [8-10] and
multi-reference density functional theory (DFT) [11, 12].
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Even though the basis is constructed in an unbiased way
with these methods, it is not obvious whether such basis is
optimal for the ground or low-lying excited states of a sys-
tem. Similar attempts have been taken in the Monte Carlo
shell model (MCSM), in which the optimization of the ba-
sis is performed not only stochastically, but also variation-
ally [13].

In this contribution, we introduce the optimized-basis
GCM (OptGCM) for multi-reference DFT that we recently
proposed in Ref. [14]. In our new method, a trial many-
body state is given by a superposition of SDs as in GCM,
but both the weights and the basis SDs are determined by
variation as in the MCSM [13]. The method thus avoids
pre-fixed collective coordinates. With this formulation, the
collective space covered by the basis states is automati-
cally optimized to the ground state of a system of interest.
Note that a similar technique was recently developed in the
context of AMD as well [15].

2 Ground state of '°0

Let us assume that the ground state wave function is given
by

M
¥ = > fula), (1)
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where |®,) are the basis SDs with the antisymmetrized
product of N orthonormal single-particle orbitals 905“)(1' =
1,..., N). We minimize the total energy for a given Hamil-
tonian H,
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where N, = (®,|D;,) and H,, = (D,|H|D,) are the norm
and Hamiltonian kernels, respectively. We take variation
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Table 1. The ground state energies, the quadrupole moments,
Q,, and the hexadecupole moments, Q,, obtained with the HF,
GCM and OptGCM methods. Taken from Ref. [14].

Method Energy MeV) O, (fm?) Q4 (fm%)
HF —142.024 0.000 0.000
GCM —142.407 0.179 4.662
OptGCM  -143.109 0.165 0.563

of E with respect to both 905“) and f, [14] and search for
the minimum of the total energy by the conjugate gradient
method [16].

In this work, the initial set of SDs are prepared with
Woods-Saxon potentials with different deformations, and
the initial values of the weight factors are set to be f, = 1
for all a. The SIII parameter set [17] of the Skyrme func-
tional is adopted for the energy density functional, while
the pairing correlation is not included. For simplicity, the
time-odd terms of the functional and the Coulomb interac-
tion are neglected. The single-particle states are expanded
on the axial harmonic-oscillator (HO) basis [18]. For sim-
plicity, the weight factors f, are restricted to be real num-
bers.

Let us apply the OptGCM to '°0 and compare our re-
sults with those of the conventional GCM, in which the
basis SDs are prefixed and only the weight factors f, are
optimized. For this purpose, the results for the 8 SDs
with 14 HO major shells are used as basis sets. Since
quadrupole collectivity is important for many nuclei, the
quadrupole moments are used in the GCM calculations
as the collective coordinates. That is, in the GCM cal-
culations, the basis SDs are the local ground state ob-
tained with constrained Hartree-Fock (CHF) method with
(@(Q5]0104(05")) = 0. Here,

A
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is the multipole moment operator with p and Yo being the
density operator and the spherical harmonics, respectively.
For Q(za), we take the eight values equally spaced between
—7.73 fm? and 8.36 fm?, which are the smallest and largest
values of the quadrupole moment of the optimized basis
SDs.

In Table 1, the ground state energies obtained with HF,
GCM and OptGCM are listed. In the case of GCM, the to-
tal energy is about 0.4 MeV lower than that of HF. On the
other hand, in OptGCM, the ground state energy is further
lowered from the GCM energy by about 0.7 MeV. This im-
plies that the optimized basis states gain more correlations
than the Q,-CHF basis states.

In order to understand the difference between Opt-
GCM and conventional GCM, the basis obtained with Opt-
GCM and Q,-CHF calculations are analyzed in Fig. 1.
Firstly, Fig. 1 (a) shows the eigenvalues of the norm ker-
nel. In the CHF case, the eigenvalues range from ~ 1 to
107!, The small eigenvalues of the norm kernel mean that
the basis SDs are not completely linearly independent. On
the other hand, in the case of OptGCM, all eigenvalues are
larger than ~ 107!, which indicates that the optimized ba-

sis set spans a larger subspace than the basis obtained in
the CHF calculation.

Figure 1 (b) shows the energies of each SD, E©@ =
E[p@] = (®,4|H|D,), as a function of the quadrupole mo-
ment for each SD, Q(za) = (®a|Q2|<Da>. It is worth men-
tioning that the optimized bases have higher energies than
those obtained using the CHFs. In other words, the opti-
mized bases correspond to excited states above the poten-
tial energy curve obtained with CHF. In particular, there
are some bases that reach energies more than 20 MeV
above the potential energy curve. This result indicates that
the excitations of nuclei should be taken into account in
determining collective coordinates. Even if the expecta-
tion values, that is, the diagonal components, of the Hamil-
tonian H with the OptGCM are larger than those with the
GCM, the off-diagonal components with different SDs are
larger either in the Hamiltonian or in the norm kernels,
which result in the lower value of the ground state energy.
This point will be discussed in the next section.

Figure 1 (c) shows the quadrupole moments Qg”) and
the hexadecupole moment QE‘“) = ((DG|Q4|(I>(1) for each of
the SDs on the two-dimensional (Q,, Q4) plane. The filled
and the open circles are for the SDs with the OptGCM and
the Q,-CHEF, respectively. In the OptGCM, Q4 fluctuates
significantly around the valley and takes both positive and
negative values compared to the Q,-CHF case. As aresult,
the total Q4 becomes smaller than the Q4 in the Q,-CHF.
This suggests that O, alone does not make a good collec-
tive coordinate and at least one needs to take into account
both Q, and Q4. A recent GCM calculation includes not
only Q5 but also Q4 as collective coordinates [19]. See Ta-
ble 1 also for the quadrupole and hexadecupole moments
of the total densities. The Q, values for GCM and Opt-
GCM are almost the same, while the Q4 value is smaller
in OptGCM.

Figures 1 (d) and 1 (e) show the neutron density distri-
butions of each SD obtained with the Q,-CHF and the Opt-
GCM, respectively. With the OptGCM, a variety of shapes
are obtained for the bases, that cannot be genearated with
the Q,-CHF.

3 Discussion

One of the major conclusions presented in the previous
section is that the optimized bases correspond to excited
states along a collective path, unlike the conventional
GCM which superposes only the local ground states. Here
we demonstrate the role of off-diagonal components in
lowering the ground state energy. To this end, we use the
case of two SDs. The Hamiltonian (in units of MeV) and
the norm kernels with the OptGCM read,
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Figure 1. The properties of the basis SDs obtained with the constrained-HF (CHF) and the OptGCM. (a) The eigenvalues of the norm
kernels plotted in the descending order. The CHF and the OptGCM results are shown by the blue open circles and the red filled circles,
respectively. (b) The expectation value of the Hamiltonian as a function of the expectation value of Q, for each SD. The meaning of
each symbol is the same as in the panel (a). (c) The quadrupole (Q,) and the hexadecupole (Q,) moments of each SD in the two-
dimensional Q,-Q4 plane. The meaning of each symbol is the same as in the panel (a). (d) The neutron density distributions of each
SD obtained with the CHF. (e) The same as the panel (d), but with the OptGCM. Taken from Ref. [14].

respectively, while those for the conventional GCM read

~139.64 ~115.18

Hocem (—115.18 —140.07)’ ©
100 0.79

Nacw (0.79 1.00)' ™

Here, the two configurations for the conventional GCM
were obtained with CHF, with the same values of Q, as
those obtained with OptGCM. One can see that both of
the diagonal components of Hoppr are significantly larger
than those of Hcyp. The ground state energy within the
collective space corresponds to the lowest eigenvalue of
H’ = N"Y2HN-Y2 This matrix reads,

. (-127.69  -1439

Hopr ( 1439 —128.69) ’ ®)
, ~129.89 -12.14

Hacw ( 12,14 —130.60) ’ ©)

from which the lower eigenvalue is obtained to be —142.59
and —142.40 MeV for the OptGCM and the conventional
GCM, respectively. Notice that the diagonal components
of Hé)pT are larger than those of H’GCM. Howeyver, the abso-
lute values of the off-diagonal components are also larger
in H{p than in H{ This results in the lower ground

GCM*
state energy with the OptGCM.

To further clarify the role of off-diagonal components
of the Hamiltonian matrix, we consider a simple model, in

which the Hamiltonian matrix is given by

- [H/GCM]H +tAE f- [H,GCM]lz

! [HE;CM]ZI [H/GCM]zz +AE
Figure 2 (a) plots the difference between the lower eigen-
value of H’, E’, and that for H{,\, EGqy» that is, E/ —
E{cy as a function of AE and f. One can see that the en-
ergy E’ is lowered than Ej,,, as long as f is large enough
even if AE is positive. This clearly indicates that the diago-
nal components of the Hamiltonian alone do not determine
the ground state energy, and one also needs to consider the
off-diagonal components as well. Figure 2(b) schemati-
cally shows this situation.

H . (10)

4 Conclusion

We have developed a method to optimize both the weights
and the basis SDs in GCM. We have performed numerical
calculations for the ground state of 'O with this method
using a Skyrme interaction. We have pointed out that
a multidimensional GCM calculation including not only
0O, but also higher moments is necessary to describe the
ground state of '°0. Furthermore, from the analysis of the
optimal basis obtained, we have suggested that it may not
be a good approximation to superpose the local ground
states along the collective coordinate as in the conven-
tional GCM calculation. Furthermore, we have demon-
strated that the off-diagonal components of the Hamilto-
nian as well as those of the norm kernels play an important
role in the ground state.
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Figure 2. (a) The difference between the lowest eigenvalue of Eq. (10) and that for H(,\, as a function of AE and f defined in Eq.
(10). (b) A schematic picture of energies. Even if the diagonal components are not optimized, the lowest energy may be lowered after

diagonalization due to the off-diagonal components.

It would be interesting to compare the collective space
obtained with this method to that obtained with exist-
ing other theories for collective motion, such as the self-
consistent collective coordinate method [20-23]. Since the
basis obtained in this work are local excited states with re-
spect to the collective coordinates, it would be also inter-
esting to discuss the relation between this method and the
dynamical GCM with collective momenta [24, 25].

It would also be of interest to extend the method of
optimizing the basis to time-dependent calculations and to
provide a microscopic description for fusion and fission.
A preliminary calculation with the AMD basis has sug-
gested that such calculations would have a capability of
describing many-body quantum tunneling [26]. Therefore,
it would be an interesting future work to clarify whether it
is possible to describe sub-barrier fusion and spontaneous
fission with such methods. In this regards, we mention
that several research groups have recently been working on
extensions of time-dependent GCM [27, 28], and further
prospects in these directions would be highly expected.
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