EPJ Web of Conferences 313, 01003 (2024)

EC22

https://doi.org/10.1051/epjconf/202431301003

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution License 4.0

Nonlinear Landau damping of electron Bernstein waves in MAST-U

Mads Givskov Senstius'*, Simon Freethy?, Stefan Kragh Nielsen®, and Michael Barnes'

'Rudolf Peierls Centre for Theoretical Physics, University of Oxford, Oxford OX1 3NP, United Kingdom
2Culham Centre for Fusion Energy, UKAEA, Abingdon, 0X14 3DB, United Kingdom
3Department of Physics, Technical University of Denmark, Fysikvej, DK-2800 Kgs. Lyngby, Denmark

Abstract. The Mega-Amp Spherical Tokamak Upgrade (MAST-U) is preparing to investigate microwave based
current drive using an advanced wave coupling scheme known as O-X-B at high power. The main goal is to
assert if this is an efficient method for current drive in the future fusion demonstration power plant STEP. A
model for the nonlinear wave-particle interaction nonlinear Landau damping (NLD) is presented. A relativistic,
kinetic and electrostatic description is used. For MAST-U, NLD could lead to heating and current drive at the
upper hybrid (UH) layer or at the electron cyclotron (EC) resonance of a substantially downshifted daughter
wave produced by the wave-particle interactions. It is found that the typical treatment used for nonlinear wave-
interactions fails at two critical points in the vicinity of the UH layer.

1 Introduction

High power microwaves are commonly applied in magnet-
ically confined fusion devices for electron cyclotron (EC)
resonance heating (ECRH) and current drive (ECCD).
Whilst ECRH and ECCD have several favorable qualities
in a future fusion power plant, ECCD is generally not as
efficient at driving current as neutral beam injection (NBI)
or lower hybrid current drive. Older microwave experi-
ments indicate that electron Bernstein waves (EBWs) may
rival the current drive efficiency of NBI[1]. However, the
EBWs are excited from X-mode at the upper hybrid (UH)
layer, which is also associated with several nonlinear ef-
fects. Athigh power densities, nonlinear wave interactions
may degrade the performance of EBW based current drive
and heating.

Two gyrotrons are being installed at the Mega Amp
Spherical Tokamak Upgrade (MAST-U) to investigate the
viability of EBW operation. If high power EBWs are
found to drive current efficiently, the future UK Spher-
ical Tokamak for Energy Production (STEP) demonstra-
tion power plant is expected to use EBWs to achieve bet-
ter performance[2]. In preparation of EBW experiments at
MAST-U, fully kinetic particle-in-cell (PIC) simulations
have indicated that nonlinear effects may strongly interfere
with the linear excitation of EBWs at the UH layer[3]. The
previous study focused on the parametric decay instabil-
ity and stochastic electron heating, and whilst thresholds
from the literature for these effects appeared to agree with
observations in the simulations, it was not clear that they
alone accounted for the suppression of linear excitation of
EBWs. Because the UH layer is found between the sec-
ond and third EC frequency in MAST-U, another nonlinear
effect known as nonlinear Landau damping (NLD)[4, 5]
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is possible. NLD is a nonlinear wave-particle interac-
tion, and in a magnetized fusion plasma, NLD can cause
the desired EBWs to interact with the gyrating electrons,
transferring energy to them and generating an EBW signal
downshifted by the local EC frequency. The effect can also
be thought of as nonlinear EC damping or quasi-mode de-
cay. This can lead to electron heating and current drive to
occur at positions other than the target EC resonance. Be-
cause the impact of NLD depends nonlinearly on the am-
plitude of the gyrotron beam, it is necessary to understand
how NLD affects the power deposition profile in MAST-U.

In this paper, we derive an analytical model of the ex-
citation of a daughter wave downshifted in frequency rel-
ative to a gyrotron wave due to NLD in MAST-U. The
model is made to fit a geometry like in the 1D PIC simula-
tions in [3]. A number of challenges arise in this geometry.
Some are solved with a relativistic description, others can-
not easily be solved within the WKB approximation that
is typically used to model nonlinear wave interactions.

2 The electron Bernstein wave (EBW) and
O-X-B

2.1 Linear wave behavior

The EBWs are electrostatic waves which are a kinetic phe-
nomenon not captured by the cold plasma fluid model typ-
ically used for O- and X-mode waves. The EBWs are car-
ried by the gyrating electrons of the magnetized plasma
and exist in frequency bands between the harmonics of the
EC frequency. Part of the waves are forward propagating
and part of them are backward propagating, typically with
a group velocity much smaller than the speed of light. The
EBWs are strongly damped at harmonics of the EC res-
onance and are usually considered fully absorbed after a
single pass.
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Figure 1. Illustration of the O-X-B mode coupling scheme and
NLD as a two-wave-particle interaction. In MAST-U, O-X-B
takes place in the edge of the plasma as indicated by the flux sur-
faces in left side of the figure. The O-X-B is sketched in the top
right part of the figure; and injected O-mode beam couples to X-
mode at the plasma cutoff, which couples linearly to an EBW at
the UH layer and then turns around, propagating to higher den-
sity. At the UH layer, NLD can produce a daughter wave shifted
in frequency by interacting with gyrating particles as indicated in
the bottom right figure.

The EBWs cannot propagate in vacuum and can there-
fore not be excited by antennae outside a plasma to be in-
jected into it. Instead, they can be coupled to via different
mode coupling schemes. For MAST-U and STEP, the O-
X-B scheme[6] is planned to be employed and it is illus-
trated in figure 1. For this, gyrotrons will inject beams po-
larized as O-mode, which may couple linearly to X-mode
with high efficiency at the O-mode cutoff if aimed cor-
rectly. The X-mode waves continue beyond the O-mode
cutoff but are reflected at the L-cutoff after which it prop-
agates out to the UH layer. In the full electromagnetic ki-
netic model, the X-mode waves transition to electrostatic
EBWs near the UH frequency. The EBWs will eventually
become backward propagating, turning around once again
and propagating towards the core of the devices where a
harmonic of the EC resonance can be placed for the waves
to be absorbed at.

2.2 Nonlinearities commonly associated with the
upper hybrid (UH) layer

The turning point of the EBW is a caustic where the wave
field amplifies and the group velocity decreases. Both of
these effects make nonlinear wave interactions more likely
to occur. A wave instability commonly associated with the
UH layer is the parametric decay instability, which was
studied for MAST-U parameters previously[3]. The para-
metric decay instability is a low order wave-wave instabil-
ity where a large amplitude pump wave decays into two
daughter waves, which satisfy the resonant selection rules
wo = w1 + wy and kg = K; + k;. The study focused on the
injected X-mode wave at the UH layer, which couples to

a lower hybrid wave and a correspondingly downshifted
EBW. In addition to this, the study looked into stochas-
tic electron heating where the large amplitude longitudi-
nal field from the EBWs cause electron orbits to become
chaotic and the electrons then absorb energy rapidly. The
onset of both effects in PIC simulations were found to
agree with expressions for thresholds found in past liter-
ature and the linear excitation of EBWs was found to scale
poorly with injected power above the thresholds. How-
ever, it was not clear that these two effects were account-
able for all of the nonlinear losses.

2.3 The nonlinear Landau damping resonance
condition

Because of the plasma parameters at the UH layer in
MAST-U, a nonlinear wave-particle interaction, which is
higher order in the electric field, known as nonlinear Lan-
dau damping (NLD)[4, 7] is possible. This effect has also
been called two-wave-particle scattering and is described
as waves scattering on particles, producing a wave at a
different frequency with the difference in energy and mo-
mentum being transferred to the particles. In the geometry
of the PIC simulations in [3], all waves were propagating
perfectly perpendicular to the magnetic field in a magne-
tized plasma without drifts, and the resonance condition
for NLD can then be written as

Wy — W1 = Weg, (D

where r € Z is an integer and rw., = rq.B/(myy)
is a harmonic of the cyclotron frequency, g, and m,
are the charge and mass of particles of species o, B is
the magnitude of the background magnetic field, y =

\/ 1+ (pﬁ + pi)/(m(,c)2 is the relativistic Lorentz factor

with ¢ being the speed of light and p; and p, being the
parallel and perpendicular components of the momentum
of the particles that resonate with this process. We note
that equation (1) is the kj = O case of equation (1) in [4]
if y = 1. Although more complicated in reality, this pro-
cess can be thought of as a three-wave interaction where
one wave is the cyclotron motion of the particles of the
plasma. In the context of O-X-B in MAST-U, the UH
layer is found on the EBW branch between the second
and third harmonic of the EC frequency, and NLD can
therefore lead to the generation of EBWs downshifted by
the EC frequency. For an wy/(27) = 34.8 GHz gyrotron
pump wave in MAST-U, the resulting wave would be an
w1 /(2m) =~ 20 GHz EBW which could still be absorbed at
its EC resonance found in a different part of the plasma.
In figure 2, the first three harmonics of the EC frequency
are plotted for the low field side of an L-mode MAST-U
plasma. A wave at w; has its fundamental EC resonance
inside the plasma, but it is shifted from the second har-
monic of wy by a considerable distance and into the high
field side. Furthermore, the energy and momentum trans-
fer to the electrons may lead to heating and current drive
near the UH layer instead of at harmonics of the EC reso-
nance. This may lead to a highly gyrotron power sensitive
deposition profile.
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Figure 2. Locations of harmonics of the EC resonance in MAST-
U along with the UH frequency. The plasma parameters are taken
along the midplane in the low field side of the reactor. The pump
wave is marked by the horizontal dashed black line which would
couple to an EBW at the UH layer and be absorbed at the second
harmonic EC resonance. The daughter wave is marked by the
horizontal dashed yellow line, which reaches an EC harmonic at
a different position on the high field side instead. Note that yw,,
corresponds to the nonrelativistic EC frequency.

3 Obtaining a dynamic equation
3.1 Derivation of the nonlinear dispersion relation

The EBW and NLD are kinetic phenomena and the start-
ing point is therefore the Vlasov equation

o, of, Ofo
ey P O Ngs P sl %20
o myy ox mgy op
fy  0Ofs
where f; is the particle distribution function, X and =— ap

are the gradients of the distribution function in position
and momentum space, E is the electric field and B is the
magnetic field. A relativistic description of NLD is not
generally needed, however, the geometry of the PIC simu-
lations in [3] require this. The simulations are 1D with all
waves propagating perpendicular to the background mag-
netic field. With zero parallel wavenumber, the EC fre-
quency is a singularity which turns out to be problematic
even though wy # w.. # w;. In arelativistic model, the cy-
clotron frequency is modified by the Lorentz factor, caus-
ing the particles to resonate at a frequency which depends
on where the particles are in momentum space. We then
use a similar approach as has previously been explored in
[4, 7, 8] and assume that the electric field is a superposi-
tion of electrostatic waves, which is valid for the EBWs
and approximately so for X-mode near the UH layer. To
conform to the 1D PIC simulations, we align all waves
with the x-axis such that E = }; E;e®* /%, where &
is the unit vector in the x-direction, and E_; = E;‘ with
w-j = —wj, k_; = —k;. With this sum, we model the
electric field as a superposition of some arbitrary number
of waves. Each wave has an amplitude, E;, a wavenum-
ber, k;, and a frequency, w;, which are all referred to using

the subscript j. Note that it is fairly straight forward to
include propagation with a component of the wavevector
parallel to the magnetic field and that this will not change
later conclusions. We assume that there is no DC elec-
tric field. For the distribution function, we assume a sim-
ilar superposition but allow for a background distribution,
for = go+ X forje™* 1 where g, is the background dis-
tribution. Lastly, we assume that there are no oscillatory
contributions to the magnetic field, B = BZ where Z is the
unit vector pointing in the z-direction. As done in past lit-
erature, we will for now assume that there is no position
and time dependence other than the harmonic oscillations
of the complex exponentials. Collecting terms that oscil-
late alike and going to cylindrical coordinates around the
magnetic field lines in momentum space, a first order in-
homogeneous differential equation is obtained for f; ;. It
can be shown that the solution can be written as

0
qg— / / (990'
Joj = wc(rGg',j(g)f G, j(—6 )(Ej cos(f )GPT

Bfﬂ'j Sil’l(@’) Bfu—,j’ ,
+jZ¢jEj 7 [COS(G) . b o do

3)

k .

w0 - 22 sin(o)
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Weor

G j(0) = exp|i = oilaif-puk;sin@)]

“4)

where subscripts like in E;_; refer to the component that
oscillates like the difference in frequency and wavenumber
of indices j and j’, a; is a normalized frequency and p; is
the Larmor radius. The right hand side of f, ; contains f ;
which can be substituted in recursively to generate terms
with more products of the electric field amplitudes. Note
that the solution to f;; does not contain itself on the right
hand side as there is no zero frequency electric field. This
is inserted into Gauss’ equation with the density of species
o factored out of the distribution functions such that

Mmyw?,,
KEj= )" q" ffmjdp, (5)

where w,, = \qzn,/(egm,) is the plasma frequency of
species o, n, is the density of the species, € is the vac-

uum permittivity and the integral is over all of momen-
tum space. We now make the assumption that we are con-
sidering a background plasma that is perturbed by elec-
trostatic waves with amplitudes such that E; = 2, E;l),
E;I) > E;.{H) and E;])E;{’) ~ E%D where j=jandl=1
are also valid. That is, there are increasingly small nonlin-
ear corrections and the order of these corrections add up
when quantities are multiplied. Inserting the expression
for f5;, we get to first order in the electric field

2
Mmyw,,
ikE" = —”E<.”fG (0
4 j Z‘—: Oeor j D’,j()

0
Xf Gy (- 9’)005(9) dH’d 6)
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The most obvious choice for g, is a normalized Maxwell-
Jiittner distribution, however, it can be shown from our
Vlasov equation that the background distribution func-
tion must be independent of 6. Using the Bessel identity
elPiksin® = e " J(prk)e'™, the @ integral can be solved
and calculating the 27 average over 6, since we are going
to integrate over 2z in momentum space later, we get the
linear dispersion relation on a more compact form

s(wj, k -)E(,l) =0 (7
2 m(,—wp(, 6g(r > rJ,(kaj)z
Pwpk) =k + Zf pL Op. ,:Z_;X, wj - P
(8)

where J.(o k) is the " Bessel function of the first
kind. The interpretation is that only waves that satisfy
&(wj, kj) = 0 can have a nonzero amplitude to first order.
To second order, we get the same linear term along with
a three-wave coupling term which after several manipula-
tions can be written as

&(w), kEY = E M ELE )
j'#o
Z j Jo(pLk;)
J
Ly = ollto r k;
I/ =i qom pr'k ch‘0'|: Lk 3(pL )

o,F1,I,13

o[

r

1 "IJr,(,DLk Wy, oLk )ag(, P
Wy~ N, OpL P

(10)

where o = r3 — r, + r; and index @ referring to a zero
frequency and wavenumber wave. We note that this is a
crude form of the coupling coefficient, which may be sim-
plified. However, this form contains the features needed
in our later analysis. Importantly, the second order field
EE.Z) can be nonzero for &(wj, k;) # 0 which we refer to
as a virtual wave. Finally to third order, we again get a
linear term and a three-wave term but we now also get a
four-wave term which may be written as

s(w), k)ED = ZMH (B ED + E? ED)

J*+2
L p g0 p)
+ ) LipEDEDEY.

j#2.j"+2

(11)

Although the four-wave coupling coefficient can also con-
tribute to NLD, we will neglect it here and set L; ;» » = 0.
Instead, we focus on the three-wave coupling with the vir-
tual waves. We will justify this in section 4. Substituting
E;z) from the second order equation into the third order
equation, manipulating the sum indices and adding the 3

orders together assuming E;l) + E;.z) + Ef) =~ E; ~ E;l),
we get
Wi kDE;j = > M
J#o
My +Mjj-j
My i oy y) Ej-yEj-jEj
7
(12)

where j/ # @ and j” # @ for the first term of the numer-
ator on the right hand side while j* # j for the other term.
We note that substituting the second order fields is only
valid if they are virtual waves that do not satisfy the linear
dispersion relation.

3.2 The weakly inhomogeneous wave equation

The equations so far are assuming that the background
plasma is infinite, time stationary and homogeneous but
this assumption is not applicable for the MAST-U plasma.
In papers such as [4, 7], it is assumed that the linear part
of the dielectric tensor elements, i.e. the left hand side of
equation (12), may give rise to new terms when introduc-
ing the inhomogeneity but that corrections to the remain-
ing nonlinear terms are neglected as they would be even
higher order terms. Replacing the left hand side with a
general nonlocal linear dispersion relation in a time sta-
tionary medium depending only on the x-position whilst
keeping the right hand side but evaluating everything at
the x-position, we can write

00 /
X+ X

f L(wj,x—x',—
—oo 2

where L is a linear integration kernel, E;,(x,1) is the
wave electric field containing also its phase component
and N; contains all the nonlinear contributions along with
phase components as well. We assume that nonlocal ef-
fects are weak, i.e. L is sharply peaked in x — x’, and that
there is a only a weak dependence on x + x’, so we can
apply a WKB procedure similar to [9]. To first order in
the WKB expansion parameter 1/(kL), L being the length
scale over which a wave experiences a changing medium,
the dynamical equation for the electric field amplitude can
be written as

[ .68/' 0 i 62.9,
€j

)E jror(XNdx" = Nj(x), (13)

_ Ne—l[kx w/t]

Bk ox ZBk ax (14)

where we have suppressed all explicit x-dependence and
&, is short-hand notation for &(wj, k;) evaluated for param-
eters at the x-position.

4 Application to MAST-U
4.1 Dynamical equation in a two-wave system

We now apply this formula to a two-wave system consist-
ing of a pump wave (wy, kp) and a daughter wave (w, k;),
as well as the complex conjugate waves. The pump wave

is the gyrotron wave with wy ~ wyy = [y*w?, + a)2 >
2yw.. The daughter wave is also in the electron frequency
range and contributions from much slower ion dynamics
are neglected. We assume that the waves satisfy the real
part of the dispersion and the linear damping of waves is
then accounted for by the ¢;E; = Im(g;)E; term of the
dynamical equations for the waves. In principle, many

interactions are possible, but we are assuming that only
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E.o and E. exist to first order. The dielectric tensor el-
ements are complicated to evaluate numerically, in partic-
ular because some elements must be evaluated at the cy-
clotron frequency. It may be done using an approach like
in [10], however, this is outside the scope of the present pa-
per. Inspecting instead the quadratic coupling coefficient
M; ; analytically, we see that there are poles in momen-
tum space whenever either of w;, w; are an integer times
the relativistic cyclotron frequency. Whilst the pump and
daughter waves are assumed to satisfy the linear disper-
sion relation, the virtual waves need only exist to second
order and should not satisfy the dispersion relation. For
this reason, virtual waves with frequencies close to mul-
tiples of yw,, should produce the strongest coupling. We
therefore assume wy — Wy = —YWee = Y|wee|, Which is
the NLD resonance condition. The other third order term
which was neglected earlier, L; j ;», is not expected to con-
tribute as strongly to this effect since none of the 4 interact-
ing waves can be virtual waves near cyclotron harmonics.
The double sum in equation (12) can then be handled us-
ing a search algorithm. We note that upshifted waves at
wo + Y|we.| may also contribute in a way similar to w; but
no EBWs satisfy the dispersion relation at that frequency
for the parameters used in [3], so we neglect these waves
here. Typically, EBWs do not propagate at the upshifted
frequency when the pump frequency is very close to the
UH frequency, and an EBW daughter wave downshifted
by the EC frequency is only possible when wg > 2y|wcel.
All in all, we get the following dynamical equation for
wave 1

OE, _ (e, B i(Ml—o,—o+M1—o,1)(M1,1—o+M1,o)|E 2
Ox Ok, E(YWee, k1 — ko) 0
My_o+ Mpo) |Eol? + (Mg + Mg |E1|?
+iM1,1( 2,-0 @,0)' 0| ( 2,-1 @,1)| 1|
Eg
1 6281
—ig; - = —2|E,. 15
! 2<9x<9k1] ! (1)

The First term on the right hand side is the term that we
attribute to NLD where a virtual wave at the cyclotron fre-
quency gives rise to the NLD resonance condition. The
second term in this expression is the coupling to zero fre-
quency and wavenumber structures, which we will not ex-
plore further in this study. The remaining terms are rem-
nants of the weakly inhomogeneous corrections to the lin-
ear dispersion relation. An entirely analogous expression
is obtained for E but we leave it out here for brevity.

4.2 Trouble in wave trajectories

The trajectory of the pump wave in the 1D PIC simula-
tions in [3] is shown in (x, k)-space in figure 3 along with
the wavenumber of the daughter wave as well as the differ-
ence in wavenumber, corresponding to that of the virtual
wave. To generate the part of ky corresponding to X-mode,
we have added a term to the linear dispersion relation asso-
ciated with the electromagnetic dispersion relation as also
found in [11]. This modification affects the low kq part
which then behaves like cold X-mode would. Firstly, it can
be seen that the turning point of the pump wave is found

| Returning EBW
o —

Injected X
= e &

0 5 10 15
2 [mm]

Figure 3. Wavenumbers of a pump wave, ky, and a daughter
wave, ki, as well as the difference in the vicinity of the UH layer
for a 1D geometry similar to the PIC simulations in [3]. The
point where wy = wyy is marked by the dotted vertical line, the
turning point of the pump wave is marked by the dashed vertical
line and the point where (k; —ko) = 0 is marked by a circle. These
points are problematic within this type of framework.

beyond wy = wyy. This happens because the UH layer is
found between the second and third harmonic of the EC
resonance. The turning point results in a fold type caustic
and is a well known problem of the WKB approximation
because the lengthscale that the wave changes over van-
ishes when the slope of the (x, k)-trajectory diverges. In
our equations, this problem manifests itself in the de/dk
which goes through zero at turning points, leading to di-
vision by zero. Consequently, the linear part of the wave
equation for the pump wave causes the amplitude to di-
verge and the NLD term in the equation for E; therefore
also diverges. There are ways to deal with this problem.
If it is assumed that the pump wave is undepleted, then
its amplitude profile can instead be obtained by alterna-
tive models such as metaplectic geometric optics[12, 13].
This should be sufficient in order to determine a threshold
provided that the daughter wave does not also encounter a
turning point.

A more severe problem turns out to be the point where
the difference in wavenumbers (k; —ky) — 0. This is prob-
lematic for several reasons. The most obvious issue is that
the point violates the WKB assumption as the expansion
parameter, 1/(kL), diverges for the virtual wave. How-
ever, it can be argued that the virtual wave was factored
out and does not really appear in the equations that the
WKB approximation was applied to. Another issue is that
&(w, 0) = 0, which means that the substitution of E? into
the NLD coupling becomes invalid as the left hand side of
equation (9) then vanishes and EE.Z) diverges in this limit.
We further investigate this issue by checking if the limit
of the coupling coefficent at (k; — ky9) — 0 is finite or not.
To do this, we use the series form of the Bessel function
=y, O O e e 10 and 1, () =
J(x) = Zj:O m (E) when r € and J_,(x) =
(-1)"J(x) for negative integers of r. As k; —ky — O,
the leading term in the linear dispersion relation given by
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equation (8) goes as &(wWee, k1 — ko) ~ (ky — ko)?. Simi-
larly, from equation (10) we get M_o; ~ (ki — ko)! and
Mo~ (ki - ko)°. This means that the total NLD cou-
pling coefficient in equation (15) goes as ~ (k; — ko)™'
when (k; — k) — 0. One might argue that the terms with
poles near the EC resonance dominate, however, the poles
lead to finite contributions and the coupling will diverge
when the difference in wavenumber is sufficiently small.
If we instead of substituting the homogeneous second or-
der field into the third order equation used the weakly in-
homogeneous wave equation to get a set of coupled equa-
tions for Ey, E; and Eﬁz_)o, the results would still diverge.
Oe(w, k)
ok k=0
the (k; — ko) = O point is a caustic for the virtual wave.
As discussed earlier, the WKB approximation is not valid
here. Unlike at the turning point for £, metaplectic ge-
ometrical optics cannot reconstruct E(lz_)O properly in this
point because the virtual wave has nonlinear contributions
which presently has not yet been incorporated into meta-
plectic geometrical optics.

Mathematically, the problem is that = 0 so

5 Discussion and conclusion

We have presented the typical framework for modeling
weakly nonlinear wave dynamics of microwaves in fusion
plasmas and applied it to NLD in MAST-U with the intent
of studying the impact of NLD on the coupling from X-
mode to an EBW at the UH layer in 1D PIC simulations.
The problem turns out to be complicated for a number of
reasons. Firstly, the derivation had to be relativistic even if
the interactions occur in the edge of the plasma where the
electron temperature is so low that relativistic corrections
would normally be disregarded. This is because the sim-
ulation geometry would otherwise lead to a singularity at
the EC frequency. A simple fix could have otherwise been
to allow all waves to propagate with a small wavenumber
parallel to the magnetic field, but this should be equiva-
lent in the limit of no parallel wavenumber where it di-
verges. This seems to imply that an arbitrarily strong cou-
pling could be obtained by picking the parallel wavenum-
ber intentionally in a non-relativistic model. Physically,
the difference is that the entire distribution function can
resonate with the EC frequency at the same time in a non-
relativistic model but the frequency becomes dependent on
the momentum of the particles in the relativistic model,
thereby avoiding a singularity.

Having dealt with this problem, other issues arise in
the way that weakly inhomogeneous media are typically
modeled with the WKB approximation. Two points in the
vicinity of the UH layer are identified as problematic. One
is the caustic at the EBW turning point and the other is
the point where the difference in wavenumber between the
injected pump wave and an EBW downshifted by the EC
frequency vanishes. Whilst methods exist to handle the
caustic, the other point requires an even more careful treat-
ment. Simply adding inhomogeneous corrections to the
nonlinear part of the dispersion relation the same way that
the linear part was modified will not solve the model as the
small WKB parameter diverges for the virtual wave. An

approach not relying on WKB might be necessary, how-
ever, the tensor elements would likely be much more com-
plicated. Ultimately, a large part of the region of interest
for nonlinear effects like NLD cannot be treated with stan-
dard methods and attempting to do so might falsely indi-
cate a devastating impact of NLD on O-X-B in MAST-U.

It is important to mention here that the existence of the
point where (k; — kp) = 0 is not a coincidence of the ge-
ometry where waves propagate perpendicular to the mag-
netic field. Due to the large range of wavenumbers that the
pump wave attains during the coupling to EBWs as indi-
cated in figure 3, this is likely to occur somewhere during
O-X-B. Although the divergent behavior is unphysical a
strong coupling could still occur in such points. A strong
coupling could lead to modifications to the current drive
profiles, generating a current also at the UH layer and at
the EC resonance of the daughter wave.
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