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Abstract. Chiral currents influence the parity-odd sector of CFT correlators
in momentum space, playing a crucial role in the evolution of the quark-gluon
plasma in the early universe. We demonstrate that these parity-odd interactions,
which couple quarks and gluons to gravitons, can be fully determined in terms
of their anomaly content by solving the conformal constraints in momentum
space. This process involves a single nonlocal, massless axion-like interaction
in the longitudinal channel, which remains protected against thermal and finite
density effects.

1 Introduction

Interest in studying anomalies in chiral matter, particularly the Adler-Bell-Jackiw (ABJ)
anomaly, has grown significantly over the past two decades. This growth spans both con-
densed matter theory and high-energy physics, focusing on the study of matter under high
densities and its behavior in transport. Experimental work, such as heavy ion collision
studies, has observed and confirmed anomalous behavior in matter when exposed to strong
fields and finite density chiral backgrounds. The chiral interaction indicates that for massless
fermions interacting with electric and magnetic fields (�E, �B), the chiral fermion number N5 is
not conserved. Instead, it is altered due to the anomaly, expressed as

dN5

dt
=

e2

2π2

∫
d3x E · B. (1)

Axial-vector currents associated with global anomalous U(1) symmetries can couple to glu-
ons through quark loops, and to gravitons via both quark and gluon loops, facilitated by chiral
anomaly interactions. These interactions are crucial in shaping the dynamics of the quark-
gluon plasma and become particularly significant in chirally asymmetric environments, where
they can intensify chiral asymmetries, especially in the early universe.
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The phenomenon can be integrated into the magnetohydrodynamic (MHD) equations gov-
erning the early universe plasma, leading to the generation of a chiral magnetic cascade. A
prominent example of a related phenomenon is the chiral magnetic effect (CME) in the quark-
gluon plasma. The CME is characterized by the generation of an electric charge separation
along an external magnetic field, driven by an imbalance in chirality caused by the anomaly.
In this context, the chiral current is introduced as

�J5 =
e2µ5

2π2
�B, (2)

where µ5 = µL − µR represents the chiral chemical potential, defined by the difference
between the chemical potentials of left-handed (L) and right-handed (R) Weyl fermions in
the initial state, and �B is the magnetic field. The current �J5 acts as an external source that
triggers an anomalous response at the quantum level, leading to the generation of an electric
field �E, which is aligned with the magnetic field.
This macroscopic phenomenon induces a collective motion within the Dirac sea. The
topological nature of the imbalance (µ5 � 0) imparts a distinctive quality to the CME current,
ensuring its non-dissipative behavior even in the presence of radiative corrections. The
presence of a topological protection of the anomaly has been explictly shown in [1, 2].

1.1 Connection with axion physics

The analysis of parity-odd interactions in the conformal setting may involve pseudoscalar
operators, naturally coupled to pseudoscalar fields in a conformal phase of the early universe.
Since their introduction as a possible solution of the strong CP-problem in QCD within the
Peccei-Quinn theory, pseudoscalar fields, particularly those coupled to gravity, can leave
distinctive signatures in the stochastic gravitational wave background. Their interaction can
be investigated in conformal field theory in momentum space (CFTp). For axion-like fields,
their coupling to gauge fields can induce spin-1 helicity asymmetries before any spontaneous
symmetry breaking occurs. A correlator like 〈TTO〉, where O is a pseudoscalar coupled to
an axion-like field φ, is directly linked to a gravitational anomaly. The local effective action
in the infrared, when a conformal symmetry-breaking scale Λ is present, takes the form

Laxion ⊃
φ

Λ
RµνR̃µν, (3)

where Rµν is the Ricci tensor. This correlator describes the interaction between the pseu-
doscalar and two gravitational waves at a semiclassical level in an effective vertex in the
forms of local realization. This interaction is analogous to the familiar (φ/ f )FF̃ coupling in
axion physics, which is associated with the 〈JJO〉 correlator.

2 Anomalies and CFTp: Non-Lagrangian formulations

Of all the anomalies, the chiral and conformal ones are among the most discussed. The viola-
tion of the chiral symmetry at the quantum level manifests as a breakdown in the conservation
of the axial current Jµ5 = ψ̄γ

µγ5ψ

∇µJµ5 = a1 ε
µνρσFµνFρσ + a2 ε

µνρσRαβµνR
β
αρσ (4)

where a1 and a2 are numerical coefficients, Fµν is the electromagnetic tensor and Rαβµν is
the Riemann tensor. Initially discovered in the context of high-energy physics, the chiral

anomaly’s significance extends far beyond. Its implications span from cosmology [3] to
condensed matter physics [4], with phenomena such as the quantum Hall effect, the chiral
magnetic effect and applications to topological insulators.
On the other hand, the violation of conformal symmetry at the quantum level is reflected by
the energy-momentum tensor’s failure to be traceless

gµν 〈T µν〉 = b1E4+b2CµνρσCµνρσ+b3∇2R+b4FµνFµν+ f1εµνρσRαβµνR
αβ
ρσ+ f2εµνρσFµνFρσ (5)

where Cµνρσ is the Weyl tensor, E4 is the Gauss-Bonnet term and bi and fi are numerical
coefficients. The last two terms on the right-hand side of the equation are parity-odd and
have been the center of recent discussions (see for example [5–9]). The anomalous laws
described above translate into Ward identities that dictate the behaviour of various three-point
correlation functions. We are going to present a short overview on parity-odd correlation
functions which are affected by such anomalies in the conformal limit.
The idea of using conformal Ward identities (CWIs) to determine the structure of three-point
functions in momentum space was presented for the first time independently in [10] and
[11], the second of which outlines a method that includes the tensor case. Investigations into
parity-odd CFT correlators have only recently emerged [12–17].
CFTp, especially with broken parity, finds applications in cosmology, condensed matter
physics, holography and the conformal bootstrap program. Indeed, the recent discovery of
applications to topological insulators and Weyl semimetals has sparked new interest in the
topic [18].

3 Decomposition of the correlators

The chiral and conformal Ward identities describe the behavior of the longitudinal and trace
part of correlators, respectively. It is therefore useful to decompose a current Jµ and the
energy-momentum tensor T µν in terms of their transverse-traceless part and longitudinal-
trace one (also called "local")

Jµ(p) = jµ(p) + jµloc(p), T µν(p) = tµν(p) + tµνloc(p) (6)

where
jµ(p) = πµα(p) Jα(p), jµloc(p) =

pµ pα
p2 Jα(p),

tµν(p) = Πµναβ(p) Tαβ(p), tµνloc(p) = Σµναβ(p) Tαβ(p),
(7)

having introduced the transverse (π), transverse-traceless (Π) and longitudinal-trace (Σ) pro-
jectors, given respectively by

π
µ
α = δ

µ
α −

pµpα
p2 , Π

µν
αβ =

1
2

(
π
µ
απ
ν
β + π

µ
βπ
ν
α

)
− 1

d − 1
πµνπαβ,

Σ
µν
αβ =

pβ
p2

[
2δ(να pµ) − pα

(d − 1)

(
δµν + (d − 2)

pµpν

p2

) ]
+
πµν(p)
(d − 1)

δαβ.

(8)

As an example, we now consider the 〈JJJ5〉 correlator, built with two vector currents J and
one axial current J5. The vector currents are conserved, while the axial one is not. Therefore,
the conservation Ward identities are given by

p1µ1 〈Jµ1 (p1)Jµ2 (p2)Jµ3
5 (p3)〉 = 0, p2µ2 〈Jµ1 (p1)Jµ2 (p2)Jµ3

5 (p3)〉 = 0
p3µ3 〈Jµ1 (p1)Jµ2 (p2)Jµ3

5 (p3)〉 = −8 a1 i εp1 p2µ1µ2
(9)
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where the last equation follows directly from the chiral anomaly formula (4). Due to the
equations above, the longitudinal components of the vector currents vanish and the correla-
tor consists only of a transverse part and an anomalous longitudinal part in J5. Using the
projectors mentioned above, we can express the general form for this correlator as

〈Jµ1 (p1)Jµ2 (p2)Jµ3
5 (p3)〉 = 〈 jµ1 (p1) jµ2 (p2) jµ3

5 loc(p3)〉 + 〈 jµ1 (p1) jµ2 (p2) jµ3
5 (p3)〉

= −8 i a1
pµ3

3

p2
3

εp1 p2µ1µ2 + π
µ1
α1 (p1)πµ2

α2 (p2)πµ3
α3 (p3) Xα1α2α3

(10)

where the transverse-traceless component is parametrized by an undetermined tensor Xα1α2α3 .
In general, by imposing (anomalous) Ward identities such as those given in equations (4) and
(5), we can fully determine the longitudinal-trace part of a correlator. Specifically, correlators
affected by an anomaly exhibit a pole in the anomalous momentum within the longitudinal-
trace part. On the other hand, the transverse-traceless component of a correlator is not directly
constrained by these Ward identities. In order to fix such component, we need to impose the
conformal constraints following from the invariance under dilatations and special conformal
transformations. In the next section, we will briefly outline the procedure.

4 Conformal Ward identities

The conformal constraints consist of differential equations that a correlator needs to satisfy.
By solving such equations, we can determine the most general expression of a correlator in
CFTp.
Consider an arbitrary n-point correlator 〈. . .〉 with the overall delta function for momentum
conservation removed. In momentum space, the invariance of a correlator under dilatations
is reflected in the following first-order differential equation


n∑

j=1

∆ j − (n − 1)d −
n−1∑
j=1

pαj
∂

∂pαj

 〈. . .〉 = 0 (11)

while the invariance under special conformal transformations leads to a second-order differ-
ential equation

0 = K κ 〈. . .〉 (12)

where

K κ ≡
n−1∑
j=1

2
(
∆ j − d

) ∂
∂pκj
− 2pαj

∂

∂pαj

∂

∂pκj
+
(
pj

)
κ

∂

∂pαj

∂

∂pjα

 +K κspin (13)

The expression of the operator K κspin depends on the tensorial structure of the correlator [11].
The general solution of these equations can be expressed in terms of integrals involving a
product of three Bessel functions (‘3K integrals’)

Iα{β1β2β3} (p1, p2, p3) =
∫

dxxα
3∏

j=1

pβ j

j Kβ j

(
p jx
)

(14)

where Kν is a modified Bessel function of the second kind

Kν(x) =
π

2
I−ν(x) − Iν(x)

sin(νπ)
, ν � Z

Iν(x) =
( x
2

)ν ∞∑
k=0

1
Γ(k + 1)Γ(ν + 1 + k)

( x
2

)2k (15)

p3

p1

p2

Aµ3

Vµ2

Vµ1

Figure 1. Feynman diagram for the chiral anomaly interaction 〈JJJ5〉
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Figure 2. Topologies of Feynman diagrams contributing to the gravitational anomaly interaction
〈TT J5〉.

Details can be found in [11], including the connection to ordinary Feynman integrals for free
field theory realizations. The analysis of the parity-odd sector in the presence of chiral and
conformal anomalies is discussed in [14–17].

5 Solution of the CWIs: The correlators 〈JJJ5〉, 〈TT J5〉 and 〈J5J5J5〉

We now focus on the correlators that are affected by the chiral anomaly given in eq. (4). The
first term on the righ-hand side of this equation can be analyzed by looking at the 〈JJJ5〉. By
imposing the conformal Ward identities described in the previous section, we can completely
fix the correlator in the following form

〈Jµ1 (p1) Jµ2 (p2) Jµ3
5 (p3)〉 = −8 i a1

pµ3
3

p2
3

εp1 p2µ1µ2+

π
µ1
α1 (p1) πµ2

α2 (p2) πµ3
α3 (p3) 8 i a1

[
I3{1,0,1} p2

2 ε
p1α1α2α3 − I3{0,1,1} p2

1 ε
p2α1α2α3

] (16)

On the other hand, if we want examine the effect of the second term in eq. (4) we need to
consider the 〈TT J5〉 correlator. By solving the conformal Ward identities, we can determine
its general expression

〈
T µ1ν1 T µ2ν2 Jµ3

5

〉
= 4ia2

pµ3
3

p2
3

(p1 · p2)
{[
εν1ν2 p1 p2

(
gµ1µ2 −

pµ2
1 pµ1

2

p1 · p2

)
+ (µ1 ↔ ν1)

]
+ (µ2 ↔ ν2)

}
+

Π
µ1ν1
α1β1

(p1)Πµ2ν2
α2β2

(p2) πµ3
α3 (p3)

[
A1ε

p1α1α2α3 pβ12 pβ23 + A2ε
p1α1α2α3δβ1β2 +

({
p1, α1, β1

}↔ {p2, α2, β2
})]

(17)
with

A1 = −4 i a2 p2
2 I5{2,1,1}

A2 = −8 i a2 p2
2

(
p2

3 I4{2,1,0} − 1
)
.

(18)

Let us now comment on the equations (16) and (17).
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• Both formulas include, in their first row, an anomalous term in the longitudinal sector of
the correlator, characterized by an anomalous pole 1/p2

3. In their second row, the formu-
las feature the transverse-traceless component, which is fixed in terms of 3K integrals by
imposing conformal invariance.

• At first glance, one might assume that the chiral anomaly only affects the longitudal com-
ponent of correlators, expecially when looking at equations like (9). However, this assump-
tion does not hold true in a CFT, where the transverse component can indirectly depend on
the anomaly content. This occurs because the conformal equations couple the longitudinal
and transverse sectors, thereby leading to the appearance of the anomalous coefficients a1
and a2 in the transverse-traceless component as well.

• The correlators are fully determined by the anomalous coefficient a1 or a2, with no addi-
tional degrees of freedom. This is unusual for parity even 3-point correlators in a CFT
which typically depend on multiple unfixed constants. Here, the parity-odd correlators are
generated entirely by an anomaly and they vanish if the anomaly is absent (a1 = 0, a2 = 0).

• An alternative approach for studying this topic is given by the perturbative realization of
CFT correlators which allows us to handle more simplified expressions proceeding with
analyzing an ordinary Feynman expansion (see Fig. 1 and 2). The perturbative analysis
serves as an important independent check for the non-perturbative conformal methods de-
scribed in this paper and it also provides information on the emergence of the conformal
and chiral anomalies. As demonstrated in [14, 16], the equations (16) and (17) are in
perfect agreement with the perturbative results.

One can repeat the calculations for different correlators. In the case of the 〈J5J5J5〉, where all
the currents are anomalous, solving the conformal Ward identities yields the following result

〈
Jµ1

5 Jµ2
5 Jµ3

5

〉
=

1
3

[ 〈
Jµ1

5 Jµ2 Jµ3
〉
+
〈
Jµ1 Jµ2

5 Jµ3
〉
+
〈
Jµ1 Jµ2 Jµ3

5

〉 ]
(19)

where the explicit form of the terms on the right-hand side can be obtained by appropriately
permuting the indices and momenta in equation (16).
The methodology described in this paper can also be applied to correlators affected by trace
anomalies. Such phenomena are discussed in [15].

5.1 Conclusions and outlook

In recent years, it has become increasingly clear that chiral anomalies—resulting from the
breaking of classical global symmetries by quantum corrections—play a pivotal role in the
dynamics of fundamental interactions. This influence extends not only to the vacuum case
(µ = 0), but also to scenarios involving chiral chemical potentials, as demonstrated in the
context of the chiral magnetic effect. The potential for experimental verification of these in-
teractions, which could reveal the nature of the pseudoparticles emerging from virtual correc-
tions, as predicted by recent and past analyses, should be taken seriously at the experimental
level. We have briefly outlined how conformal symmetry and a nonlocal interaction in a lon-
gitudinal channel determine the interactions underlying chiral and gravitational anomalies in
gauge theories.
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