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Abstract. First order phase transitions in the early universe may have left a va-
riety of experimentally accessible imprints. The dynamics of such transitions
is governed by the density perturbations caused by the propagation of the bub-
ble wall in the false vacuum plasma, conveniently described by a Boltzmann
equation. The determination of the bubble wall expansion velocity is crucial to
determine the experimental signatures of the transition. We report on the first
full (numerical) solution to the Boltzmann equation. Differently from traditional
ones, our approach does not rely on any ansatz. The results significantly differ
from the ones obtained within the fluid approximation and large differences for
the friction acting on the bubble wall are found. The wall velocity is calcu-
lated in a singlet extension of the Standard Model, including out-of-equilibrium
contributions from both the top quark and the electroweak gauge bosons.

1 Introduction

The recent observation of gravitational waves has fueled a lively interest in the study of
cosmological phase transitions (PhTs) and their dynamics. If a first order phase transition
towards the electroweak (EW) vacuum did occur in the early universe, the latter is expected
to have produced a source of gravitational waves that could be detected by future space-
based interferometers [1-8]. This would make theories of the EW phase transition (EWPT)
falsifiable and, combined with collider experiments, could play a key role in our quest for
beyond the Standard Model (BSM) physics. As it is well known, in fact, the Standard Model
cannot account for a first order EWPT, that can only be realized in BSM scenarios.

Besides the gravitational wave background, a first order PhT would have left many other
imprints, and could for instance be responsible for the abundance of dark matter, the matter-
antimatter asymmetry, and many other phenomena. In this respect, given a BSM model and
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the transition pattern from the high temperature vacuum to the EW one, an accurate modelling
of the PhT dynamics is crucial to quantitatively assess its impact. The transition is induced by
a non-trivial scalar profile that describes a spherically symmetric solution [9-11] where the
scalar field is close to its true vacuum value in a region of space and tends to its false vacuum
one at larger distances. When the energy difference between the two vacua is sufficiently
small, the scalar field varies rapidly in a small region, and the solution can be thought of as
describing a bubble of true vacuum separated by a wall from a false vacuum background. The
transition then proceeds by nucleation and expansion of these bubbles.

One of the fundamental quantities that characterizes the gravitational wave spectrum, as
well as other quantities of interest, is the expansion speed of the PhT front, typically referred
to as the bubble wall (terminal) velocity v,. In the steady state regime, the latter arises
from the competition of two different contributions: the external friction exerted by particles
in the false vacuum sea (modelled as a plasma) hitting the wall, and the internal pressure
caused by the potential difference between the false and true vacuum phases. The expanding
bubble drives the plasma out of equilibrium, inducing a backreaction that slows down its
propagation. This is not the only source of friction. In fact, the non-trivial spatial profile of
the plasma temperature and velocity hinders the acceleration of the bubble, irrespective of the
species in the plasma being out of equilibrium or not.

The wall velocity at equilibrium was first studied in [12] and has recently re-attracted a
large interest. Comparing the results obtained assuming local thermal equilibrium to those
found including out-of-equilibrium effects from the top quark for some benchmark points in
a singlet extension of the Standard Model (SSM), Ref. [13] advances that calculations of the
wall velocity at equilibrium may provide a good approximation to the full result. Although it
was later shown by some of the present authors that this expectation is not really fulfilled [14,
15], the equilibrium determination of v, certainly remains of interest, especially in connection
to the iterative procedure that some of us presented in [16], through which out-of-equilibrium
contributions can be systematically quantified. The wall velocity at equilibrium represents
the zeroth order approximation of this calculation, and can be used as a first estimate to scan
the parameter space of BSM theories [17].

As first shown in [18, 19], perturbations around equilibrium can be described by an effec-
tive Boltzmann equation. The authors developed an approach, dubbed here “old formalism"
(OF), where the perfect fluid ansatz is taken for distribution functions and the Boltzmann
equation is solved by taking suitable (weighted) moments that recast it into a system of or-
dinary differential equations. The fluid approximation has two main drawbacks, namely the
appearance of a singularity in the friction for sonic walls and an unphysical dependence on
the choice of weights: different weights lead to different results for the friction, and hence
for the out-of-equilibrium effects. It has been recently argued that the singularity at the speed
of sound is an artefact of the approximations used to solve the Boltzmann equation [20, 21],
leading the authors to conclude that no critical behaviour is related to a sonic bubble wall.

Although the “new formalism" (NF) developed in [20, 21] and an extended fluid approx-
imation [22, 23] successfully removed the unphysical singularity, both these strategies rely
on an ansatz to solve the Boltzmann equation. The dependence of the results on the various
ansatz urges to find a complete solution that does not rely on any assumption. In [16] some
of us presented for the first time a numerical solution to the full Boltzmann equation. To
deal with the collision integral that appears in the equation, technically its most challeng-
ing part, an iterative procedure was introduced. The efficiency of the numerical algorithm
was significantly improved in two subsequent works [14, 15], where it was observed that the
symmetries of the collision integral allow it to be interpreted as an Hermitian operator. In
turn, this makes it possible to study it through its spectral decomposition, where a hierarchy
between eigenvalues was observed and exploited to simplify the calculation.
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Figure 1. Left panel: Paths in the collisionless limit with constant energy E = /p? + p? + m*(z) and
transverse momentum in the z— p, phase space for m(z) oc 1 +tanh(z/L). The red, green and blue curves
denote three different classes of paths, as explained in the main text. The arrows show the direction of
propagation the phase space. Right panel: Schematic representation of the particle’s behaviour across
the domain wall (DW).

2 The Boltzmann equation

Large bubbles can be conveniently described taking a planar approximation for the wall.
Throughout this manuscript, we assume the dynamics has reached a steady state regime where
the wall moves at a constant velocity v,. Orienting the z-axis in the direction opposite to the
propagation of the PhT front, in the wall reference frame the Boltzmann equation for the
distribution function f of a particle of mass m(z) reads

(m* @) @)

—g |/ =~CIf1, D

LIf] = (pz

where £ is the Liouville operator and C is the collision integral that accounts for microscopic
interactions between particles in the plasma.

The collision integral ensures that at sufficiently large distances from the wall (local)
thermal equilibrium is restored, so that for z — =co the distribution function tends to the
Fermi or Bose—Einstein one,

1
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with v the fluid velocity, 8 = 1/T and y = (1 — v*)""/2. Deviations from equilibrium are
expected to be significant only close to the wall. When they are small enough, writing f =
fu + ¢ f, the Boltzmann equation can be linearized in ¢ f to give
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and C[df] denotes the linearized collision integral. The right hand side of (3), the source
term, gives sizable contributions close to the wall and rapidly decays away from it.
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Figure 2. Friction acting on the bubble wall as a function of the velocity v. The black curve shows the
solution to the full Boltzmann equation (FS), the green curves the results obtained with the old formal-
ism at order 1, 2 and 3, respectively, and the red curve the result obtained with the new formalism [21].

2.1 Flow paths and the collision integral

Along paths where both the transverse momentum p, and the combination p2 + m?(z) are
constant, the Liouville operator reduces to a total derivative,

. m?(z)) . d

£=(%o.- )y 2(;)) o) - BL. 5)
These paths are nothing but the trajectories in the (p_, p,,z) phase space in the collisionless
limit C — 0, along which both the energy and the momentum parallel to the wall are con-
served. Three classes of solutions are found for C = 0. They are schematically shown in
fig. 1, where, to simulate the case of a particle whose mass is generated by the field’s value
inside the bubble, m(z) was modeled as m(z) = my(1 + tanh(z/L)), with L the wall thickness.
Red curves describe particles that travel towards the bubble and have enough momentum to
cross the wall, p.(—o0) > myg. After crossing it, they lose part of their momentum in favour of
the mass m(z). Green curves describe particles that travel towards the wall with momentum
p.(—00) < mg and get reflected from it. Finally, blue curves describe particles that travel in
the opposite direction and exit from the bubble, gaining momentum as the mass decreases to
0 (p;(—o0) will thus be p,(—o0) < —my).

The collision integral for 2 — 2 processes is

1 &Pk dp’ PPk 5 .
=Y wm | Gt ar M Rk =K. ©

where P[ f] is the population factor (the + signs are for bosons and fermions, respectively)

P = f(p)fUO = f(pNA £ f(K) = f(p)fK )T = f(p)A £ fk), (N

N, are the degrees of freedom of the incoming particle with momentum p whose distribution
function we aim to calculate, k is the momentum of the other incoming particle, and p’, k’
are the momenta of the outgoing particles. The sum runs over all 2 — 2 scattering processes
with squared amplitude |M,|*>. As mentioned in the introduction, the expression (6) for the
collision integral can be greatly simplified by exploiting its symmetries to first write it as an
Hermitian operator, and to express its eigenfunctions in spherical harmonics. This allows to
swap the nine-dimensional integral for a matrix multiplication and to use a multipole expan-
sion to identify the eigenfunctions that truly contribute to the collision integral. For details,

4
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Table 1. First row: my, 4;, and A, individuate the benchmark points BP1 and BP2. T, and T are the
nucleation and critical temperatures, 7, and 7_ the temperatures in front and behind the DW. Second
row: terminal values of the parameters vy, o5, L;, L, for the two benchmark points. In each column, the
first number is the result found including both the top quark and EW gauge bosons out-of-equilibrium
perturbations. Numbers in square brackets are obtained neglecting the gauge bosons contribution,
while the numbers in parentheses are obtained neglecting out-of-equilibrium perturbations altogether.

| my(GeV) | Ans | A5 || Tu(GeV) | T (GeV) | T, (GeV) | T-(GeV)

BP1 | 1038 |072] 1 129.9 1325 130.1 129.9
BP2 | 80.0 |076] 1 95.5 102.8 96.7 95.5
| Dy | Ss | LT, | LT,
BP1 | 0.28 [0.39] (0.57) | 0.78 [0.79] (0.75) | 9.2 [9.7] (8.1) | 7.4 [1.7] (6.7)
BP2 | 0.41 [0.47] (0.61) | 0.81 [0.81] (0.81) | 5.1 [5.2] (4.7) | 4.2 [4.3] (4.1)

we refer the reader to [14, 15]. In passing, let us also note that in [15] a strategy to go beyond
the linear approximation (3) and deal with non-linear terms was presented and implemented.
We will refrain from discussing non-linear terms in this manuscript.

3 Numerical analysis

Writing as before f = f, + df, the collision integral can be split in two parts: one propor-
tional to df(p), and another one where d f depends on the integrated momenta k, p’, k. The
linearized Boltzmann equation then takes the form

d v v
d_(sf_@faf:aim ®)
4 pz f'v pz

where S is the ¢ f-independent source term (see (3)), and (5 f) collectively denotes all the
contributions where d f is integrated.

To solve the Boltzmann equation, a numerical iterative method was developed in [16],
where (0 f) terms are first ignored and, starting from n = 1, the solution at iteration n + 1 is
obtained inserting the solution for ¢ f found at iteration n in (6 f). The strategy was first tested
considering a single species in the plasma, the top quark, the state with the largest coupling
to the Higgs, and taking the tanh ansatz for the Higgs field

h(z) = h_zo (1 + tanh Li)’ ©)
h

where L is the thickness of the bubble wall and Ay is the Higgs VEV in the broken phase. The
numerical analysis in [16] was carried out fixing the transition temperature 7 = 100 GeV,
L, =5/T and hy = 150 GeV.

The out-of-equilibrium friction acting on the bubble wall (N are the degrees of freedom),

_dm? d’p
F(z) = d—szmef(P), (10)

was numerically evaluated. The result is reported in Fig. 2, where the integrated friction thus
found is shown as a function of the wall velocity (black curve) together with previous results
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Figure 3. Total pressure P;, + P, as a function of the wall velocity v, for the two benchmark points BP1
(left panel) and BP2 (right panel) in Table 1. The green curves are obtained assuming all species are
at equilibrium, the red ones including out-of-equilibrium effects from the top quark, and the black ones
including out-of-equilibrium effects from the top quark and EW gauge bosons.

(green and red curves). In particular, green curves show the integrated friction obtained in the
old formalism [19] when the fluid approximation is improved with higher-order corrections
(1, 2 and 3) [22]. The red curve shows the result obtained in the new formalism [21]. A fair
numerical agreement is found between all the solutions for v,, < 0.3. At higher velocities, the
OF’s solution develops peaks that correspond to zero eigenvalues of the Liouville operator.
The result for the full solution confirms that the latter are an artifact of the weight strategy.
The NF’s solution does not show these peaks but turns out to be in agreement with the full
solution only for small velocities v,, < 0.3.

The bubble wall velocity was later calculated in the SSM (for two benchmark points)
including the top quark perturbations only [14], and adding the EW gauge boson contribu-
tions [15]. Two-step phase transitions where the EW vacuum is reached from an intermediate
phase with non-vanishing singlet were analysed, and the tanh ansatz was taken for both the
Higgs and the singlet (s(z) = so (1 + tanh(z/Lg + d5)) supplements Eq. (9)). Hydrodynamic
equations are used together with the scalar equations of motion (EOM) to determine vy, the
tilt &, in the scalar profiles and the wall thicknesses L, and L, as the values that make the
pressure exerted on the wall and its gradient vanish, allowing for a steady state solution.
The pressure on the wall in the Higgs and in the singlet direction are denoted with P, and
Py, respectively. At zeroth order in the proposed iterative procedure, the calculation of the
wall velocity through the combined solution of the hydrodynamic equations and of the scalar
EOM coincides with the equilibrium determination of v,. The numerical algorithm we de-
veloped to solve these equations already allows, at this stage, to calculate the wall velocity at
equilibrium in the full parameter space of BSM theories in a fair amount of time [17].

The results for v,, are summarized in Fig. 3, where we plot the total pressure in terms of
vy, and in Table 1, where the chosen benchmark points are individuated through the values
of the singlet mass m; in the EW vacuum, of the portal coupling 4, and of the singlet’s
self-coupling A;. The impact of out-of-equilibrium contributions from both the top and the
EW gauge bosons can be appreciated.

4 Conclusions and Outlook

In [16] it was presented for the first time a numerical solution to the full Boltzmann equation
describing the distribution function of particles during a first order phase transition. Differ-
ently from other approaches in the literature, we did not rely on any ansatz for the out-of-
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equilibrium distribution functions. The results were critically compared with those found
using the traditional strategies put forward in the literature, namely the fluid approxima-
tion [19], its extended version [22, 23], and the new formalism [21]. The efficiency of the
algorithm developed in [16] was later improved in [14] and [15], where we also calculated
the wall velocity for benchmark points in the singlet extension of the Standard Model.

These results represent a great advancement toward a reliable characterization of the bub-
ble wall dynamics. The improved computational performances obtained with the refinements
in [14] and [15] of the algorithm proposed in [16] open the door to the possibility of scan-
ning the parameter space of BSM models and studying experimentally falsifiable signals
(gravitational waves, baryon asymmetry and so on) therein. This ambitious program will be
inaugurated by the equilibrium calculation of v, in several BSM models of phenomenological
interest [17].
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