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The enhancement of deformation in odd-even nuclei around A = 100
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Abstract. In this contribution, the shape coexistence phenomenon near the Z=40 proton sub-shell closure
is analyzed for both even-even and odd nuclei around neutron number N=60. The onset of deformation is
compared in even and odd nuclei using the intrinsic state formalism of the Interacting Boson Fermion Model
with configuration mixing, which is presented for the first time in this contribution. The Nb isotopes are studied
in detail showing that the onset of deformation can be explained in terms of the crossing of two configurations
leading to a Type II Quantum Phase Transition.

1 Introduction

Shape coexistence is a phenomenon observed not only in
many regions of the nuclear mass table but also in other
systems, such as certain molecules, where it is manifested
as molecular isomerism. In the atomic nuclei, shape co-
existence is mainly associated to the areas near neutron as
well as proton shell or sub-shell closures [1, 2], but re-
cently it has been suggested to be present in many other
areas [3].

The most traditional explanation for shape coexistence
is based on the fact that in nuclei near a shell closure, there
is a tendency to sphericity, and, therefore, particle-hole ex-
citations (p-h) will become energetically costly because of
the existence of a large energy gap. However, the energy
of these excitations can be significantly reduced due to
the enhanced quadrupole and pairing residual interactions,
brought about by the presence of more effective valence
nucleons [1]. Consequently, these excitations correspond
to more deformed states. This effect becomes particularly
significant when protons are near a shell closure, while
neutrons are situated in the middle of a shell, or vice versa.
In this scenario, shape coexistence arises in nuclei due to
the coexistence of regular states (0p-0h excitations) with
intruder ones (2p-2h excitations) within the same energy
range despite having distinct deformations. Particularly
interesting are the extreme cases where intruder states can
even have lower energies than regular states [4].

In this contribution, we will approach what is the ef-
fect of adding an unpaired proton to an even nuclei around
Z=40 and N=60. First, we will analyze the experimental
systematics of radii and two-neutron separation energies
(S2n), setting apart odd and even neutron number cases.
Secondly, we will present the so called intrinsic state for-
malism of the Interacting Boson Fermion Model (IBFM)
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[5] with configuration mixing (IBFM-CM), which is intro-
duced here for the first time. This new formalism will be
applied to the positive parity states of the Nb isotopes.

2 The onset of deformation: differences
between even and odd nuclei

Figure 1. Experimental mean-square radii for Sr, Y, Zr, Nb, and
Mo isotopes as a function of the neutron number. a) Even number
of neutrons. b) Odd number of neutrons.

The region around N=60 and Z=40 is highly known
for the sudden appearance of deformation. This fact was

EPJ Web of Conferences 324, 00027 (2025) https://doi.org/10.1051/epjconf/202532400027
NSD2024

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution  
License 4.0 (https://creativecommons.org/licenses/by/4.0/).



Figure 2. Experimental S2n for Sr, Y, Zr, Nb, and Mo isotopes as
a function of the neutron number. a) Even number of neutrons.
b) Odd number of neutrons.

nicely explained in [6] in terms of the simultaneous oc-
cupation of neutrons and protons of spin-orbit partners,
namely 1g9/2 for protons and 1g7/2 for neutrons, leading
to proton 2p-2h excitations highly favored thanks to the
spin-orbit partner interaction. This phenomenon has been
also explained more recently in [7] in terms of the nuclear
tensor interaction.

Nuclear deformation is not a direct observable but it
can be extracted, on the one hand, in a quite direct way
studying the systematics of the nuclear radii. On the other
hand, the study of the S2n also provides an indirect way to
analyze the evolution of the nuclear deformation over an
isotope chain. Because of the strong pairing component of
the nuclear deformation, it is expected that odd and even
nuclei will behave distinctly, hence, we have decided to
present results for radii and S2n separately for even and
odd neutron number.

In Fig. 1, the radii are presented. In the case of even
number of neutrons, panel a), it is clearly marked N=60,
where there is a sudden increase in the radius. This is re-
markable in Sr and Zr (even proton number) but specially
in Y and Nb (odd proton number). Finally, in Mo a smooth
trend is observed, which marks the end of the area of the
onset of deformation [8]. When moving into the odd neu-
tron number case, panel b), one observes a remarkable re-
semblance with the even case, with a rapid increase of the
radius at N=60. Note that in the case of Y and Nb the nu-
clei are odd-odd and that for Mo there is no data for the
central area. In summary, there are not noticeable differ-
ences differences between the even and the odd neutron
number cases in the case of the radius.

In Fig. 2, the S2n is depicted, separating, once more,
the cases of even and odd neutron numbers. In both panels,
one can easily note a sudden change in the slope of S2n at
N=60, being much more abrupt in the case of odd neutron
number (panel b)). As a matter of fact, even in the case
of Mo it is observed the flattening of the slope at N=60
for odd neutron number. In general, no differences are
observed between the even and odd proton cases.

Hence, the onset of deformation in this area is a little
more strong in the odd neutron case. Note that this is also
so in Y and Nb isotopes that are also odd in the proton
number. In other words, nuclei with either even or odd
neutron number behave similarly regardless their proton
character. This suggests that in this mass region the fastest
changes appear for odd number of neutrons.

It is worth noting that this behavior observed in S2n

is also connected with the existence of a Quantum Phase
Transition (QPT) [9]. The nature of the QPT can be con-
nected with coexistence of two minima in an energy sur-
face (Type I QPT) [9] or to the crossing of two different
configurations (Type II QPT) [10].

3 The formalism

The IBFM [5] is a natural extension of the Interacting
Boson Model (IBM) [11], where the nuclear system, de-
scribed in terms of bosons with angular momentum L=0
(s) and L=2 (d), is coupled to the unpaired nucleon, either
neutron or proton. The number of bosons, N, will corre-
spond to half the number of valence nucleons (excluding
the unpaired one). Here, we will deal with IBFM enlarged
with the integration of 2p-2h excitations, i.e., with config-
uration mixing (IBFM-CM) [12, 13].

The Hamiltonian of the IBFM is written is terms of a
boson, a fermion and a boson-fermion part,

Ĥ = ĤB + ĤF + V̂BF . (1)

The inclusion of 2p-2h excitations implies the use of a bo-
son space [N] ⊕ [N + 2] and, therefore,

Ĥ = P̂†N ĤN P̂N+ P̂†N+2

(
ĤN+2 + ∆N+2

)
P̂N+2 +V̂N,N+2

mix , (2)

where ĤN stands for the regular Hamiltonian, ĤN+2 for
the intruder one, V̂N,N+2

mix is the mixing term and ∆N+2 the
offset between both configurations. P̂X (P̂†X) stands for the
projector into the corresponding space. For a detailed de-
scription of the IBFM-CM Hamiltonian terms, we refer to
[14, 15].

The proposed intrinsic state formalism of the IBFM-
CM is constructed in terms of the original intrinsic state of
the IBM [9, 16, 17],

|N; β, γ⟩ = 1
√

N!

(
1√

1 + β2

(
s† + β cos γ d†0

+
1
√

2
β sin γ (d†2 + d†−2)

))N
|0⟩,

(3)

but adding a fermion that can be in any of the available
shells, therefore, for taking into account the fermion de-

gree of freedom, a matrix form is introduced,

HIBFM(N, β, γ) =
∑
j,m

(
EB(N, β, γ) + ϵ j

)
a†j,ma j,m

+
∑

j1,m1, j2,m2

EBF(N, β, γ) j1,m1, j2,m2

× (a†j1,m1
a j2,m2 + a†j2,m2

a j1,m1

)
.

(4)

Where a j,m(a†j,m) are the fermion operators, ϵ j the fermion
single-particle energies, EB(N, β, γ) stands for the matrix
element of ĤB with the intrinsic state (3) (see [16]), and
EBF(N, β, γ)m1,m2 is the matrix element of V̂BF (see [18] al-
though only for a single j shell). This formalism needs
to be expanded to consider the regular and the intruder
configurations as was introduced for the case of bosons
in [19, 20],

HCM
IBFM(N, β, γ) =

(
HIBFM(N, β, γ) ΩBF(β)
ΩBF(β) HIBFM(N + 2, β, γ)

)
,

(5)
where ΩBF(β) is written as

ΩBF(β) =
∑
j1,m1

Vmix(β) a†j1,m1
a j1,m1 , (6)

the expression of Vmix(β) can be found in [19] and the ma-
trix (6) is diagonal with a dimension of

∑
j(2 j + 1). The

matrix (5) has a dimension of 2 × ∑ j(2 j + 1). Its diago-
nalization provides 2×∑ j(2 j+1) eigenvalues that depend
on β and γ. Each of them should be minimized having,
in principle, a different set of equilibrium deformation pa-
rameters (β0, γ0).

This new IBFM-CM intrinsic state formalism allows to
analyze energy surfaces in nuclei with an odd number of
nucleons including two different 2p-2h configurations, be-
ing possible to consider fermions in a single- or a multiple-
j shell. The triaxial degree of freedom, γ, is explicitly
taken into account. In section 4, this formalism will be
used to study the onset of deformation and the mean-field
energy surfaces in the Nb isotopes.

4 The results

Nb isotopes have been studied in detail in the framework
of the laboratory frame of the IBFM-CM in Refs.[14, 15],
where a complete quantum analysis was carried out ob-
taining the values of the Hamiltonian parameters and pro-
viding a global description of the isotope chain 93−103Nb
(see [14, 15] for the parameter values). We will use those
Nb Hamiltonian parameters as well as apply the IBFM-
CM intrinsic state formalism. In this contribution, the fo-
cus will be on the axial case of the positive parity states
while the general case will be presented elsewhere [21].
The positive parity states correspond to placing the odd
proton in the 1g9/2 shell.

To start the analysis, it is very convenient to study the
eigenstates of (5) corresponding to the unmixed case, i.e.,
using Vmix = 0. In Fig. 3a, the energy of the states is de-
picted, separating between regular (full lines) and intruder
states (dashed lines) as a function of the projection of the

Figure 3. a) Unperturbed axial energies as a function Kπ, full
lines for regular while dashed ones for intruder states. b) β value
for the lowest states of each Kπ value. In both panels the boson
curves are depicted

angular momentum, K, over the symmetry axis, assuming
axial symmetry. As a reference, it is also plotted the reg-
ular and the intruder boson energies (cyan line with stars).
In Fig. 3b the value of β that minimizes the energy of the
lowest state for each projection K is plotted regardless of
its regular or intruder nature. This figure clearly confirm
the crossing in the ground state of two configurations with
rather different deformation. As a matter of fact, the sud-
den onset of deformation is due to such a crossing. Note
that for Kπ = 1/2+, 3/2+, 5/2+, 7/2+ the onset of deforma-
tion appears before than for the boson system, while for
Kπ = 9/2+ the deformation remains quite stable along all
the isotope chain.

In Fig. 3a, it is also noticeable that the lowest state
for 93−99Nb has Kπ = 9/2+, which is in agreement with
the experimental ground state j = 9/2+. In 101−103Nb, the
lowest state has Kπ = 5/2+, but it is almost degenerated
with Kπ = 3/2+ and 1/2+, once more in correspondence
with the experimental ground state j = 5/2+. Note that
this calculation does not include the mixing term.

In Fig. 4, the axial energy surfaces in term of Kπ are
detailed, considering in this case Vmix � 0. The regular and
intruder unmixed boson energy surfaces are provided as a
reference. Note that the presented energy curves have a
certain mixing between regular and intruder components.
In the lightest isotopes there is a clear separation in two
groups that can be proved to correspond to essentially pure
regular (the lowest ones) and pure intruder states (the high-
est ones). When moving to heavier nuclei, clearly the two
sets of configurations start mixing and crossing. When the
heaviest isotopes (101−103Nb) are reached, the lowest state
for each K value presents a deformed minimum, having a
large intruder character.

2
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Figure 2. Experimental S2n for Sr, Y, Zr, Nb, and Mo isotopes as
a function of the neutron number. a) Even number of neutrons.
b) Odd number of neutrons.

nicely explained in [6] in terms of the simultaneous oc-
cupation of neutrons and protons of spin-orbit partners,
namely 1g9/2 for protons and 1g7/2 for neutrons, leading
to proton 2p-2h excitations highly favored thanks to the
spin-orbit partner interaction. This phenomenon has been
also explained more recently in [7] in terms of the nuclear
tensor interaction.

Nuclear deformation is not a direct observable but it
can be extracted, on the one hand, in a quite direct way
studying the systematics of the nuclear radii. On the other
hand, the study of the S2n also provides an indirect way to
analyze the evolution of the nuclear deformation over an
isotope chain. Because of the strong pairing component of
the nuclear deformation, it is expected that odd and even
nuclei will behave distinctly, hence, we have decided to
present results for radii and S2n separately for even and
odd neutron number.

In Fig. 1, the radii are presented. In the case of even
number of neutrons, panel a), it is clearly marked N=60,
where there is a sudden increase in the radius. This is re-
markable in Sr and Zr (even proton number) but specially
in Y and Nb (odd proton number). Finally, in Mo a smooth
trend is observed, which marks the end of the area of the
onset of deformation [8]. When moving into the odd neu-
tron number case, panel b), one observes a remarkable re-
semblance with the even case, with a rapid increase of the
radius at N=60. Note that in the case of Y and Nb the nu-
clei are odd-odd and that for Mo there is no data for the
central area. In summary, there are not noticeable differ-
ences differences between the even and the odd neutron
number cases in the case of the radius.

In Fig. 2, the S2n is depicted, separating, once more,
the cases of even and odd neutron numbers. In both panels,
one can easily note a sudden change in the slope of S2n at
N=60, being much more abrupt in the case of odd neutron
number (panel b)). As a matter of fact, even in the case
of Mo it is observed the flattening of the slope at N=60
for odd neutron number. In general, no differences are
observed between the even and odd proton cases.

Hence, the onset of deformation in this area is a little
more strong in the odd neutron case. Note that this is also
so in Y and Nb isotopes that are also odd in the proton
number. In other words, nuclei with either even or odd
neutron number behave similarly regardless their proton
character. This suggests that in this mass region the fastest
changes appear for odd number of neutrons.

It is worth noting that this behavior observed in S2n

is also connected with the existence of a Quantum Phase
Transition (QPT) [9]. The nature of the QPT can be con-
nected with coexistence of two minima in an energy sur-
face (Type I QPT) [9] or to the crossing of two different
configurations (Type II QPT) [10].

3 The formalism

The IBFM [5] is a natural extension of the Interacting
Boson Model (IBM) [11], where the nuclear system, de-
scribed in terms of bosons with angular momentum L=0
(s) and L=2 (d), is coupled to the unpaired nucleon, either
neutron or proton. The number of bosons, N, will corre-
spond to half the number of valence nucleons (excluding
the unpaired one). Here, we will deal with IBFM enlarged
with the integration of 2p-2h excitations, i.e., with config-
uration mixing (IBFM-CM) [12, 13].

The Hamiltonian of the IBFM is written is terms of a
boson, a fermion and a boson-fermion part,

Ĥ = ĤB + ĤF + V̂BF . (1)

The inclusion of 2p-2h excitations implies the use of a bo-
son space [N] ⊕ [N + 2] and, therefore,

Ĥ = P̂†N ĤN P̂N+ P̂†N+2

(
ĤN+2 + ∆N+2

)
P̂N+2 +V̂N,N+2

mix , (2)

where ĤN stands for the regular Hamiltonian, ĤN+2 for
the intruder one, V̂N,N+2

mix is the mixing term and ∆N+2 the
offset between both configurations. P̂X (P̂†X) stands for the
projector into the corresponding space. For a detailed de-
scription of the IBFM-CM Hamiltonian terms, we refer to
[14, 15].

The proposed intrinsic state formalism of the IBFM-
CM is constructed in terms of the original intrinsic state of
the IBM [9, 16, 17],

|N; β, γ⟩ = 1
√

N!

(
1√

1 + β2

(
s† + β cos γ d†0

+
1
√

2
β sin γ (d†2 + d†−2)

))N
|0⟩,

(3)

but adding a fermion that can be in any of the available
shells, therefore, for taking into account the fermion de-

gree of freedom, a matrix form is introduced,

HIBFM(N, β, γ) =
∑
j,m

(
EB(N, β, γ) + ϵ j

)
a†j,ma j,m

+
∑

j1,m1, j2,m2

EBF(N, β, γ) j1,m1, j2,m2

× (a†j1,m1
a j2,m2 + a†j2,m2

a j1,m1

)
.

(4)

Where a j,m(a†j,m) are the fermion operators, ϵ j the fermion
single-particle energies, EB(N, β, γ) stands for the matrix
element of ĤB with the intrinsic state (3) (see [16]), and
EBF(N, β, γ)m1,m2 is the matrix element of V̂BF (see [18] al-
though only for a single j shell). This formalism needs
to be expanded to consider the regular and the intruder
configurations as was introduced for the case of bosons
in [19, 20],

HCM
IBFM(N, β, γ) =

(
HIBFM(N, β, γ) ΩBF(β)
ΩBF(β) HIBFM(N + 2, β, γ)

)
,

(5)
where ΩBF(β) is written as

ΩBF(β) =
∑
j1,m1

Vmix(β) a†j1,m1
a j1,m1 , (6)

the expression of Vmix(β) can be found in [19] and the ma-
trix (6) is diagonal with a dimension of

∑
j(2 j + 1). The

matrix (5) has a dimension of 2 × ∑ j(2 j + 1). Its diago-
nalization provides 2×∑ j(2 j+1) eigenvalues that depend
on β and γ. Each of them should be minimized having,
in principle, a different set of equilibrium deformation pa-
rameters (β0, γ0).

This new IBFM-CM intrinsic state formalism allows to
analyze energy surfaces in nuclei with an odd number of
nucleons including two different 2p-2h configurations, be-
ing possible to consider fermions in a single- or a multiple-
j shell. The triaxial degree of freedom, γ, is explicitly
taken into account. In section 4, this formalism will be
used to study the onset of deformation and the mean-field
energy surfaces in the Nb isotopes.

4 The results

Nb isotopes have been studied in detail in the framework
of the laboratory frame of the IBFM-CM in Refs.[14, 15],
where a complete quantum analysis was carried out ob-
taining the values of the Hamiltonian parameters and pro-
viding a global description of the isotope chain 93−103Nb
(see [14, 15] for the parameter values). We will use those
Nb Hamiltonian parameters as well as apply the IBFM-
CM intrinsic state formalism. In this contribution, the fo-
cus will be on the axial case of the positive parity states
while the general case will be presented elsewhere [21].
The positive parity states correspond to placing the odd
proton in the 1g9/2 shell.

To start the analysis, it is very convenient to study the
eigenstates of (5) corresponding to the unmixed case, i.e.,
using Vmix = 0. In Fig. 3a, the energy of the states is de-
picted, separating between regular (full lines) and intruder
states (dashed lines) as a function of the projection of the

Figure 3. a) Unperturbed axial energies as a function Kπ, full
lines for regular while dashed ones for intruder states. b) β value
for the lowest states of each Kπ value. In both panels the boson
curves are depicted

angular momentum, K, over the symmetry axis, assuming
axial symmetry. As a reference, it is also plotted the reg-
ular and the intruder boson energies (cyan line with stars).
In Fig. 3b the value of β that minimizes the energy of the
lowest state for each projection K is plotted regardless of
its regular or intruder nature. This figure clearly confirm
the crossing in the ground state of two configurations with
rather different deformation. As a matter of fact, the sud-
den onset of deformation is due to such a crossing. Note
that for Kπ = 1/2+, 3/2+, 5/2+, 7/2+ the onset of deforma-
tion appears before than for the boson system, while for
Kπ = 9/2+ the deformation remains quite stable along all
the isotope chain.

In Fig. 3a, it is also noticeable that the lowest state
for 93−99Nb has Kπ = 9/2+, which is in agreement with
the experimental ground state j = 9/2+. In 101−103Nb, the
lowest state has Kπ = 5/2+, but it is almost degenerated
with Kπ = 3/2+ and 1/2+, once more in correspondence
with the experimental ground state j = 5/2+. Note that
this calculation does not include the mixing term.

In Fig. 4, the axial energy surfaces in term of Kπ are
detailed, considering in this case Vmix � 0. The regular and
intruder unmixed boson energy surfaces are provided as a
reference. Note that the presented energy curves have a
certain mixing between regular and intruder components.
In the lightest isotopes there is a clear separation in two
groups that can be proved to correspond to essentially pure
regular (the lowest ones) and pure intruder states (the high-
est ones). When moving to heavier nuclei, clearly the two
sets of configurations start mixing and crossing. When the
heaviest isotopes (101−103Nb) are reached, the lowest state
for each K value presents a deformed minimum, having a
large intruder character.
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Figure 4. Axial energy curves as a function of K+ for 93−103Nb
isotopes, including Vmix � 0. The unperturbed boson energy
curves are depicted as a reference.

5 Conclusions

In this contribution we have explored the experimental val-
ues of nuclear radii and S2n of nuclei around Z=40 and
N=60 in order to see whether there is a difference in sys-
tematics when studying separately even and odd number
of neutrons. In the case of radii, only tiny differences are
observed between odd- and even-neutron numbers, but in
the case of S2n, more drastic changes are observed in the
slope of S2n in the odd-neutron case, showing even a clear
dip at N=60.

Furthermore, we have presented the new intrinsic state
formalism of the IBFM-CM and we have shown some re-
sults using realistic Hamiltonians for Nb isotopes. We
have proved that there is a crossing of two configurations
at N=60, that finally is at the origin of a QPT [10, 22] of
Type II in Nb, also known in Zr. The odd Z value in Nb
seems to enhance the abruptness of the QPT.
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Figure 4. Axial energy curves as a function of K+ for 93−103Nb
isotopes, including Vmix � 0. The unperturbed boson energy
curves are depicted as a reference.

5 Conclusions

In this contribution we have explored the experimental val-
ues of nuclear radii and S2n of nuclei around Z=40 and
N=60 in order to see whether there is a difference in sys-
tematics when studying separately even and odd number
of neutrons. In the case of radii, only tiny differences are
observed between odd- and even-neutron numbers, but in
the case of S2n, more drastic changes are observed in the
slope of S2n in the odd-neutron case, showing even a clear
dip at N=60.

Furthermore, we have presented the new intrinsic state
formalism of the IBFM-CM and we have shown some re-
sults using realistic Hamiltonians for Nb isotopes. We
have proved that there is a crossing of two configurations
at N=60, that finally is at the origin of a QPT [10, 22] of
Type II in Nb, also known in Zr. The odd Z value in Nb
seems to enhance the abruptness of the QPT.
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