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Abstract. The concentration of emissions related to traffic in urban areas
is influenced by meteorological factors, particularly horizontal wind shear
and the temporal and spatial dependence of wind velocity magnitude. We
have developed a two-dimensional mathematical model to address the traffic
flow/pollution coupled problem, where pollution source is generated by the
density of vehicles. Its numerical solution is calculated using an algorithm that
combines the Lagrange Galerkin method for spatial discretization and the Char-
acteristic method for temporal discretization. A single direction and varying
wind velocity magnitudes are examined in order to determine how the presence
of an obstacle affects the distribution of pollutant concentration in a bifurca-
tion topology traffic. We have also studied the temporal evolution of pollutant
concentration at several pertinent locations within the domain for two wind ve-
locities. Different transport pollution regimes have been observed depending on
time and wind direction.

1 Introduction

Road traffic is a major source of air pollution and greenhouse gas emissions, particularly
in densely populated cities like Paris, where highways run close to residential areas. Un-
derstanding pollutant transport dynamics in urban settings is crucial for effective air quality
management [1].

Computational Fluid Dynamics (CFD) simulations have been widely used to study traffic-
related pollution, analyzing its dispersion at intersections, the influence of avenue trees, and
the role of meteorological factors like wind shear (see for example [2]). Wind shear signifi-
cantly affects pollutant dispersion, with moderate shear enhancing vertical mixing and strong
shear creating turbulence, leading to complex dispersion patterns. While much research has
focused on vertical wind shear, horizontal shear remains underexplored, despite its impact on
long-range pollutant transport and nocturnal ozone pollution [3].

Recent CFD advancements, combined with experimental approaches, have improved ur-
ban air quality modeling. Studies have also assessed how green infrastructure mitigates pol-
lution under varying traffic and wind conditions, informing urban planning strategies (see [4],
[5], [6]). However, they do not directly account for the significant influence of instantaneous
wind dynamics and their impact on sensor-based monitoring analysis.

This study expands on existing research by examining horizontal wind shear effects on
pollutant dispersion through a two-dimensional traffic flow model. Unlike conventional meth-
ods with predefined pollution sources, this approach directly links emissions to traffic dy-
namics, offering a more realistic representation of pollution patterns. This work introduces a
traffic obstacle to simulate congestion, with the primary goal of analyzing pollutant disper-
sion over time and space, as well as assessing concentration levels at varying distances from
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the source. A secondary objective is to investigate the characterization and effects of eddies
on pollutant transport.

The paper is organized as follows. Section 2 describes the coupled model traffic
flow/pollution whose pollution source is generated by the density of vehicles. Section 3
is devoted to expose the numerical methods and approximations used to solve the coupled
spatio-temporal equations. In Section 4, the results of numerical simulations are presented
and analysed for a portion of road before concluding in section 5.

2 Mathematical formulation of the problem

2.1 2D traffic flow model

We consider a metropolitan region where the road network is sufficiently dense to be ap-
proximated as a continuum, allowing cars to go at any location (x, y) on the two-dimensional
network. Ω and Γ represent this road network and its border, respectively. Here, the in-
flow boundary is represented by Γin, the outflow boundary by Γout, and the boundary of
inaccessible areas or barriers by Γ0. L is the road network’s characteristic length. Thus,
Γ = Γ0 ∪ Γin ∪ Γout similar to the one shown in Figure 1.

outΓ

Γ 0

Γ in

obstacle

L

road Ω 

Figure 1. Road network Ω (road + bifurcation).

2D continuous and dynamic models, based on a conservation law, can be used to simulate
the dense traffic in urban areas. The traffic density ρ(x, y, t), that varies with time t, is repre-
sented as a variable on a plane (x, y) ∈ Ω . The dynamic advection-diffusion equation with its
conditions allowing to compute this density is given by [7, 8]:



∂ρ

∂t
+ ∇.F = 0 in Ω × (0, T ),

F = ρv − k∇ρ in Ω × (0, T ),

v = vmax

(
1 − exp

(
c
vmax

(
1 − ρmax

ρ

)))
dθ in Ω × (0, T ),

ρ(x, y, 0) = ρ0(x, y) in Ω,

k
∂ρ

∂n
= fin + ρ v.n on Γin × (0, T ),

k
∂ρ

∂n
= 0 on (Γout ∪ Γ0) × (0, T ),

(1)

where F [in veh/km/h] is the traffic flow vector, k is a positive diffusion coefficient,
vmax is the maximum velocity, c is a velocity that determines how rapidly the velocity
magnitude decreases with increasing density, ρmax is the maximum density, dθ(x, y) =
(cos(θ(x, y)), sin(θ(x, y))) is the direction vector with θ the angle between dθ and the x-axis,
ρ0 is the initial density, fin(x, y, t) is the vehicle flow rate at Γin, n is the outward unit normal
vector to the boundary ofΩ, T is the duration of the simulation and v is the velocity of vehicle
flow verifying v.n = 0 on Γ0, v.n < 0 on Γin and v.n > 0 on Γout.

The displacement of vehicles at their velocity v is described by the advective flow ρv.
Road traffic density affects this velocity, which is calculated a priori using the third expression
of (1). Additionally, −k∇ρ denotes a diffusive flow that was included to mitigate the abrupt
variations in velocity and density between the various regimes. It describes how cars adjust
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their velocities to the traffic circumstances around them. Therefore, it can be said that the
diffusion phenomenon in urban traffic is consistent with user behavior [8].

Under certain regularity conditions, the first two equations of (1) can be written in the
following form :

∂ρ

∂t
+ v.∇ρ + ρ∇.v − k∆ρ = 0 in Ω × (0, T ). (2)

Note that equation will be used for numerical approximation in section 3. The constant
k represents the amount of flow variation as a function of the density gradient. Its value
depends mainly on many traffic parameters, the weather and the driver’s behavior. The value
of the parameter c is significantly affected by the critical density ρc. The third equation of
1 represents the concave Macroscopic Fundamental Diagram proposed by Newell [9] and
Francklin [10]. For k = 0, we find the two-dimensional LWR model introduced by Mollier
[11].

2.2 Macroscopic pollution model

To visualize the distribution of the traffic-related air pollution outside of Ω, we consider a
larger region denoted by Ωp (including Ω) of boundary Ωp, of characteristic length L and
width W (see figure 2). The model of traffic flow is coupled with a macroscopic air pollution

L
S+

S
_

area

area

area

road

Wind Direction

Ω W

Figure 2. Region Ωp including the road network Ω

model whose pollution source is generated by density of vehicles. The density ρ and the traffic
flow norm ‖F‖ are the main factors which affect the source of pollution Q [in kg/km2/h] on Ω
defined as the Radon measure by:

Q(., t) : C(Ω) −→ R

v �−→ 〈Q(., t), v〉 =
∫
Ω

(ηρ(x, y, t) + ν‖F‖) v(x, y)dΩ,
(3)

for each t ∈ (0, T ), where C(Ω) is the set of continuous functions equipped with the usual
scalar product 〈, 〉, and η and ν are parameters representing contamination rates. For more
details on the Radon measure, we refer the reader to the book of [12] in section 4.1.5.

To simulate traffic-related air pollution, we use a mathematical model proposed in [13].
The spatial and temporal evolution of the pollutant concentration φ(x, y, t) can be computed
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by solving the convection diffusion pollution model which is written as :



∂φ

∂t
+ u · ∇φ + σφ − µ∆φ = Q in Ωp × (0, T ),

φ(x, y, 0) = φ0(x, y) in Ωp,

µ
∂φ

∂n
= φ u · n on S −,

µ
∂φ

∂n
= 0 on S +,

(4)

where the field u(x, y, t) is the wind velocity, σ > 0 is the extinction rate, µ > 0 is the
molecular diffusion coefficient [14], φ0(x, y) is the initial concentration, S − = {(x, y, t) ∈
Γp × (0, T ) such that u.n < 0} represents the inflow of Γp and S + = {(x, y, t) ∈ Γp ×
(0, T ) such that u.n ≥ 0} is the outflow of Γp with Γp = S − ∪ S + as explained in Figure 2.

3 Numerical approach

The coupled space-time equations (1)-(3)-(4) are solved numerically by an algorithm that
combines the P1 Lagrange-Galerkin method for the spatial discretization with the charac-
teristics method for the temporal discretization [15]. The interval (0, T ) is divided into N
subintervals of length ∆t = T/N. Then, ρn is the density of traffic and φn the pollutant con-
centration at time tn for n = 0, . . . ,N.

We consider a triangular discretization ofΩp and two finite element spaces: Uh for density
and Vh for concentration [16]. Let ρ0

h ∈ Uh and φ0
h ∈ Vh, we must find ρn+1

h ∈ Uh and
φn+1

h ∈ Vh, for n = 0, . . . ,N − 1, such that

∫
Ω

ρn+1
h − ρn

h ◦ Xn
h

∆t
uh dΩ +

∫
Ω

ρn+1
h

(
∇.vn

h

)
uh dΩ +

∫
Ω

k∇ρn+1
h .∇uh dΩ

−
∫
Γin

(
f n+1
in + ρn+1

h vn
h.n
)

uh dΓin = 0, ∀uh ∈ Uh,

(5)

and ∫
ΩP

φn+1
h − φn

h ◦ Xn
h

∆t
vh dΩP +

∫
ΩP

σφn+1
h vh dΩP +

∫
ΩP

µ∇φn+1
h .∇vh dΩP

−
∫

S −
φn+1

h un+1.n vh dS − =
∫
ΩP

(
ηρn+1

h + ν‖F‖
)
vh dΩP, ∀vh ∈ Vh,

(6)

where Xn
h is an approximation of Xn(x, y) = X(x, y, tn+1; tn) defining the position of the particle

at instant tn that was in (x, y) at the instant tn+1, vn
h is an approximation of vn and uh and vh

are the test functions in the finite element spaces Uh and Vh, respectively. The software
FreeFem++ is used to calculate the solutions ρn+1

h and φn+1
h [17].

4 Numerical results

For simulations, we choose a portion of the northern ring road of Paris ("Périphérique de
Paris") Ω of characteristic length L = 1 km. The inflow boundary Γin measures 14.10−3 km.
Γout measures 14.10−3 km for the exit at the top and 7.10−3 km for the exit at the bottom. To
have a sufficiently dense traffic, we have implanted an rectangular obstacle in the middle of
the network at 0.4 km of Γin and of dimension 12.5.10−3 × 9.10−3 km2 as explained in Figure
1. The simulation is carried out between 8 a.m. to 9 a.m., i.e., t ∈ (0, 1) with ∆t = 0.001 h,
ρ0 = 0, ‖v(ρ0)‖ = 0, vmax = 70 km/h, c = 40 km/h, ρmax = 800 veh/km2 and k = 1 km2/h.
The direction of road traffic is fixed in Γin per d0 = (1, 0) (for θ = 0). The vehicle flow rate
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function fin is computed by fin(x, y, t) = fmax × f (t), where fmax = 9408 veh/km/h is the
maximum flow rate and f (t) is a positive continuous function defined by:

f (t) =



5t if t ∈ (0 h, 0.2 h
)

1 if t ∈ (0.2 h, 0.4 h
)

−3(t − 0.6) + 0.4 if t ∈ (0.4 h, 0.6 h
)

0.4 if t ∈ (0.6 h, 1 h
)
.

(7)

In this paper, we are interested in carbon monoxide (CO) generated by road traffic. The
characteristic width W of Ωp is equal to 0.5 km. The chosen wind direction is −π/4 (see
Figure 2). The physical parameters used are φ0(x, y) = 0 kg/km2, σ = 0.6.10−2 h−1,
µ = 3.5.10−8 km2/h, η = 3.16.10−5 kg/veh/h and ν = 10−6 kg/veh/km [18].

In the following, we will study the effect of wind on the pollutant transport.

4.1 Stationary wind : ‖u(x, y, t)‖ = 2 km/h

The peak of the CO concentration, generated before the obstacle, is observed at t = 0.4 h.
This is due to a high density of vehicle produced at this time. This density is controlled by
the function f defined in equation (7). Density and concentration decrease over time.

(a) t = 0.2 h (b) t = 0.4 h (c) t = 0.6 h (d) t = 1 h

Figure 3. Concentration distribution at different times t.

4.2 Gaussian Model wind: ‖u(x, y, t)‖ = 2. exp(−x2 − y2) km/h

This system is usually located between two rows of buildings. The temporal evolution of the
concentration distribution for this system is presented in Figure 4. A significant accumulation

(a) t = 0.2 h (b) t = 0.4 h (c) t = 0.6 h (d) t = 1 h

Figure 4. Concentration distribution at different times t.

of pollutants, before the obstacle, compared to Figure 3 is observed at t = 0.4 h and t = 0.6 h.
The behavior of the CO concentration is the same after one hour. This shows the effect of the
Gaussian model on the evolution of pollutants. The importance of wind shear properties in
the development of pollution patterns is highlighted by this study.
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4.3 Temporal dependence wind velocity

For this study, we choose a sudden change in the magnitude of the wind velocity, the mathe-
matical formulation of which is:

g(t) =



1 if t ∈ (0 h, 0.4 h
)

4 if t ∈ (0.4 h, 0.6 h
)

1 if t ∈ (0.6 h, 1 h
)
.

(8)

Figure 5 shows the evolution of the concentration distribution for wind coming from the −π/4
direction over a short period T = 1 h. Despite a low density of road traffic at t = 0.4 h and

(a) t = 0.2 h (b) t = 0.4 h (c) t = 0.6 h (d) t = 1 h

Figure 5. Concentration distribution for ‖u(x, y, t)‖ = g(t) at different times t.

t = 1 h, a high concentration of CO is observed before the obstacle and which spreads after.
This is due to a low wind speed as indicated by the function g(t). The concentration becomes
greater at t = 0.4 h, in particular in the southern part of the road, due to a greater density.
We can note that wind shear generally has a substantial impact on the horizontal transport of
pollutants by extending and tilting polluted plumes. This can change how contaminants are
carried from their source, as well as how far they go. Under unstable atmospheric conditions,
wind shear can cause eddies to form. That can lead to uneven mixing patterns and possibly
higher levels of pollutants in certain areas.

4.4 Pollutant concentration over time

In this section, we focus on the study of the temporal evolution of CO concentration at several
locations in the domain Ωp. The positions of these locations are denoted by Ai, Bi, Ci, and
Di for i = 1, 2, 3, 4, as shown in Figure 6. Figure 7 shows the evolution concentration over

DCBA
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1
2
3

4
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50
 m

10
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30
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Figure 6. Position of Ai, Bi, Ci and Di for i = 1, 2, 3, 4.
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Figure 7. Evolution of concentration with ‖u(x, y, t)‖ = 2 (a, b, c, d) and ‖u(x, y, t)‖ = g(t) (e, f, g, h).

time for two wind models : stationary, i.e., ‖u(x, y, t)‖ = 2 (a, b, c, d) and sudden change, i.e.,
‖u(x, y, t)‖ = g(t) (e, f, g, h).

To properly analyze the curves, we have divided each one and for each model, into three
different regions. For the stationary wind graphics (a, b, c, d), the regions are classified as:

• for t ∈ (0 h, 0.2 h
)

nonlinear growth: A nonlinear evolution is observed for each curve
whose shape depends on the position of the chosen points. It is regular thanks to a station-
ary wind direction and speed.

• for t ∈ (0.2 h, 0.6 h
)

saturation: A stationary concentration is observed due to a significant
density in the selected locations.

• for t ∈ (0.6 h, 1 h
)

decrease: The pollutant leaves the area with a characteristic time that is
highly dependent on the distance from the obstacle, especially downstream of the conges-
tion, as shown in the graph’s last section.

For the abrupt wind change graphics (e, f, g, h), the regions are classified as:

• for t ∈ (0 h, 0.2 h
)

nonlinear growth: The evolution is similar to the first model but with
peaks of higher concentration. This is due to a significantly lower wind speed.

• for t ∈ (0.2 h, 0.6 h
)

rapid decrease: We observe a significant and instantaneous decrease in
the concentration of pollutants. This is explained by the fact that the wind speed multiplies
by 4 during this period. This speed quickly diffuses the pollutants from the selected areas.
The evolution is non-linear.

• for t ∈ (0.6 h, 1 h
)

increase: The wind returns to its previous laminar state during this time.
The pollutant concentration rise to a particular point.

5 Conclusion

In this paper, we have developed a new model of traffic-related air pollution whose pollution
source is generated by density of vehicles where the wind velocity magnitude is an input
that can vary. The coupled equations are computed via an algorithm combining the charac-
teristics method with the Lagrange-Galerkin method. With this model, we can take account
the meteorological conditions. Here, we are specifically interested in studying the problem
of horizontal wind shear and the temporal and spatial dependence of wind velocity magni-
tude. Starting with a laminar, stationary, unidirectional wind, we have easily compared two
scenarios of wind magnitudes : Gaussian and sudden shifts over time. The pollutant concen-
tration distribution show that the wind shear significantly affects the horizontal transport of
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pollutants. The study of the time evolution of pollutant concentration confirms the nonlinear
features behind pollutant diffusion. This work is a first step and could be a reference before
adding real wind dynamics by using meteorological databases.
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