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Abstract.

The High-Luminosity Large Hadron Collider (HL-LHC) will significantly in-
crease the number of simultaneous proton-proton interactions per bunch cross-
ing, making efficient track reconstruction increasingly challenging. This study
explores the Adaptive Hough Transform (AHT) as an alternative approach to
track finding, optimizing the balance between computational efficiency and
memory usage. AHT refines parameter space dynamically, reducing the need
for a fixed-resolution grid. A stack-based implementation improves perfor-
mance, making it suitable for accelerator hardware. Optimized precision set-
tings for transverse momentum and azimuthal angle were determined, ensuring
high tracking efficiency while minimizing the number of candidate solutions.
Additional filtering techniques were introduced to further reduce computational
complexity, including line order change counting, peak finding, and data parti-
tioning into overlapping wedges for high pile-up events. These optimizations
decreased the average number of solutions per track from 9.8 to 1.8 in single
muon events while maintaining over 99% efficiency. For high pile-up (u ~ 200),
AHT, combined with filtering, reduced the number of candidates nearly tenfold,
albeit with a slight efficiency drop from 99.1% to 93.2%. These results demon-
strate AHT’s viability for real-time tracking applications in HL-LHC environ-
ments, offering a robust solution for future upgrades.

1 Introduction

Tracking detectors like ATLAS at the LHC collect data as arrays of spatially localized hits,
which must be connected to reconstruct particle trajectories. While straightforward for iso-
lated tracks, the challenge grows with increasing pile-up rising from 40 — 60 interactions per
bunch crossing in Run 3 to ~ 200 in HL-LHC Run 4 starting in 2030. These new condi-
tions will further increase data volume by a factor of 5 — 10, necessitating detector and data
acquisition upgrades to maintain efficient track reconstruction under extreme conditions.

This article explores the application of an Adaptive Hough Transform for track-finding
in HL-LHC experiments. Compared to conventional Hough-based approaches, it optimizes
the trade-off between memory usage and computational efficiency, making it well-suited for
fast-access, low-memory hardware. And additional processing allowed by the algorithm’s
flexibility enables improved suppression of false positives while maintaining high efficiency.
We present detailed studies, optimizations, and performance assessments of this approach in
high-luminosity environments.
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2 Data description

The adaptive Hough transform was tested on single muon (1) and proton-proton collision
simulation with pile-up with an average of 200 interactions. Single u events served to opti-
mize parameters and validate performance. The study used the Open Data Detector (ODD)
in ACTS, resembling ATLAS geometry.

The detector covers full azimuth ¢y € [-x, 7] and € [-1.5,1.5], with a uniform 2T
magnetic field. In single muon events, pr, ¢o, and 77 follow a uniform distribution. Pile-up
events yield ~ 1900 tracks per event, with ~500 in the range 1 GeV to 10 GeV.

3 Hough transform

The Hough Transform is a mathematical technique used for pattern recognition, particularly
in identifying geometric shapes within a dataset. Originally introduced by Paul Hough in
1962, the method transforms points in real space e.g. (x,y) into lines in parameters space,
often called the Hough space (a,b) [1]. In this representation, a straight line in real space,
parameterized as

y=a-x+b>b, €))]

corresponds to a single point (a, ) in Hough space as illustrated in Figure 1. More gen-
erally, complex curves and shapes in real space can be mapped to points in an appropriately
defined parameter space. Conversely, a point in real space is transformed into a curve in
Hough space. This transformation enables efficient pattern detection by identifying inter-
sections of transformed curves. However, the original (a, b) parametrization suffers from
divergence issues when dealing with near-vertical lines, making it impractical in such cases.

To address this, an alternative parametrization in Hough space is typically used [2], based
on the distance of a line from the origin (0,0), denoted as p, and the angle 6 between the
normal to the line and the positive x-axis. This leads to the following representation in Hough
space:

p = x-cos(f) + y - sin(H). 2)

1Y 1P /a2v2)
y=—-1-x+4

Figure 1. Parametrization of a straight line in real space using the Hough Transform, where each point
on the line is mapped to a curve in 6 — p space. The intersection of these curves corresponds to the
parameters (6, p) defining the original line.
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In high-energy physics, particularly in particle tracking in the magnetic field, the Hough
Transform is employed to reconstruct charged-particle trajectories from detector hits (space-
points). Here, instead of using a simple Cartesian representation, the transformation is typi-
cally performed in a parameter space defined by the transverse momentum (p7) and azimuthal
emission angle ().

The Hough transform equation is derived from the Lorentz force, classical approach to
the problem is assumed

o0 = e 3)
where A = B/2 (B — magnetic field induction) and (¢, ) are space-point polar coordinates.
A major challenge of traditional Hough-based approaches is the high memory usage asso-
ciated with scanning the entire parameter space at a fixed resolution. An adaptive extension
of the Hough Transform addresses this issue by selectively refining the search in relevant
parameter-space regions, significantly improving computational efficiency while maintaining
high track-finding performance [3].

4 Adaptive Hough transform

The Hough Transform employs a ‘virtual’ accumulator, avoiding the need to allocate memory
for the entire image. Instead of storing a complete parameter space, the algorithm explores
the image space recursively in depth-first matter, beginning with a single cell that represents
the entire space. This initial region is then progressively subdivided until the desired level
of precision is achieved. The required memory is determined by the product of the size of
an individual cell’s description and the total number of cells needed to refine the space to
the target resolution. For instance, in a scenario where each division splits the space into
four smaller regions, the total memory usage follows a pattern of repeated multiplications,
approximately 4 X N, where N is around 13. This could be contrasted with an accumulators
with the number of cells of 2!3 x 23 ~ 67 - 10°. The introduction of additional accumulator
dimensions has only a minor impact on memory consumption in the adaptive case.

4.1 Stack implementation

To enhance efficiency and make this algorithm compatible with accelerator devices like GPU,
the traditional recursive implementation is replaced with a stack-based approach, in which
cells to processed are added to the top of the stack when the algorithm dives into the image
space. Each cell is examined, and based on its relevance, it is either discarded or further
subdivided, potentially leading to the identification of a valid solution as shown in Figure 2.

Following the division of a cell, the rejection criterion is evaluated for each sub-section
based on the total number of lines within it. The cutoff threshold is set at 6 lines for a sin-
gle u and 10 lines for pile-up events. The algorithm terminates once the desired precision is
achieved in both coordinates. If the target precision is reached for only one of the parame-
ters, the cell is divided into just two sub-sections instead of four. The diagram in Figure 3
illustrates the steps taken by the algorithm.

4.2 Optimal ¢/pr and ¢ precision

The optimal precision in g/pr and ¢ domains have been determined experimentally by per-
forming particle track finding, with different target precisions, expressed as the number of
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Figure 2. The progression of the adaptive Hough Transform in the scanning of the accumulator space.
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Figure 3. Block diagram for the adaptive Hough transform.

divisions that the starting cells undergoes which also determines the desired cell size. The
optimal parameters is a trade-off between efficiency, which is influenced by the track param-
eter estimate, and downstream computation time, which is strongly affected by the number
of solution candidates. The optimal number of divisions has been investigated using a single
u dataset, allowing for a straightforward assignment of solution candidates to the true track.

Efficiency and the number of solution candidates, as shown in Figure 4, suggest dividing
the parameter space 13 times for ¢y and 8 times for ¢/py. This corresponds to a precision of
0.001 rad and 0.01 GeV~!, respectively.

5 Validation with single u tracking

The study focuses on transverse momentum within the range of 1 GeV to 10 GeV. The op-
timal precision in ¢y and g/pr has been determined to minimize the number of solutions
while maintaining 100% efficiency. This corresponds to a precision of 0.001 rad for ¢, and
10GeV~! for ¢/pr. The threshold for further dividing an accumulator section is set at 6 cell
counts. The algorithm demonstrates very high efficiency, very good resolution, particularly
in estimating the ¢y angle with high accuracy. However, on average, 10 candidate solutions
are found for a single true particle, necessitating additional filtering phases to refine the re-
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Figure 4. (left) Efficiently and (right) number of Hough solutions per a single truth particle, for the
AHT for single i events as a function of the number of divisions in each coordinate

sults. In the visualization provided below, the green color map indicates the depth of division
within the parameter space, where darker shades represent deeper division levels as shown in
Figure 5.
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Figure 5. (left) Progression of the AHT algorithm, the darker the section color the further in the recur-
sive division, (right) section of the accumulator where solutions have been identified, blue rectangles
correspond to the solution candidate sections, particle parameters: g/pr = 0.143 GeV, ¢y = 2.26rad.

6 Algorithm optimization

To reduce the number of solution candidates while maintaining nearly 100% efficiency, the
following cleaning procedures were added to the AHT:

e Line Order Change Counting: The number of line order changes on the cell boundary
is analyzed. A necessary condition for a solution candidate to be within the cell is the
presence of line intersections, which are detected through order changes. Since all lines
have positive slopes (see Eq. 3), it suffices to compare order changes on the bottom-left
and upper-right sides of the cell. This is illustrated in Figure 6.
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Figure 6. Graphical explanation of the line order changes filtering algorithm — (left) rejected cell, (right)
a cell accepted for further processing.

e Peak Finding: After reaching the desired precision, intersection coordinates of all line
pairs are determined. An average intersection point position u and its width o are then
obtained in both dimensions. Points outside the u + no range for both coordinates are
iteratively rejected as long as all remain within the range. A solution candidate is discarded
if fewer than 10 points remain after filtering or if the mean values of both coordinates fall
outside the cell boundaries as detailed in Figure 7.

o Wedge-Based Partitioning: (only for pile-up events): Space points are divided into over-
lapping wedges in terms of ¢ and 7. Such a division of the domain reduces initial occu-
pancy of the accumulator and further by eliminating most irrelevant lines in the parameter
space.
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Figure 7. Block diagram for the peak finding filtration algorithm.

Figure 8 shows the change in the number of solutions, as well as the deviation of the so-
lution parameters relative to the true parameters. For single u events, additional optimization
algorithms reduced the average number of solutions from 9.8 to 1.8. At the same time, track-
ing efficiency remained nearly unchanged: 99.34% with no optimization, 99.30% with line
order change requirements, and 99.16% when the peak-finding procedure was also included.
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Figure 8. Optimization assessment of single y events, (left) histogram of the number of solutions
for different sets of filtering tools, (right) relative discrepancy of g/p, and ¢, defined as the difference
between Hough solution and truth parameter.

7 Application in high pile-up events

High pile-up events (1 = 200), which were studied for the AHT performance, prove signif-
icantly more complex for tracking due to higher track density and a non-uniform transverse
momentum distribution. To minimize line density in the parameter space and allow for track-
ing parallelization, all the space-points were divided into overlapping wedges, defined in
terms of the parameters ¢, and 7.
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Figure 9. Optimization assessment of pile-up events, (left) histogram of the number of solutions for
different sets of filtering tools, (right) efficiency dependency of the transverse momentum, || < 1.

The optimal number of divisions was determined following the same procedure as for op-
timal ¢( and g/ pr precision (Section 4.2). The lowest average number of solution candidates
was obtained for 8 divisions in ¢g and 15 for . The overlap parameter for the wedges in ¢g
and 1 was chosen to be the lowest possible value that guarantees nearly 100% efficiency.

Likewise, for high pile-up events, both efficiency and number of solutions for each true
track was evaluated to determine performance of the algorithm and is shown in Figure 9.
Noticeably higher tracks density transfers into more solution candidates, on average 184.7
for overall efficiency equal to 99.1%. Inclusion of filtering algorithms — line order change
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Figure 10. The visualization of the accumulator space during the AHT evaluation of the algorithm,
shown without additional filtering (left) and with filtering (right), is presented. Gray lines represent
measurements, while blue rectangles with red dots indicate the accumulator sections where solutions
were identified. The blue dot at (¢/pr ~ 0.43 and ¢, ~ 1.305) corresponds to the real solution.

and peak finding (data partitioning is used for all cases) results in over tenfold decrease in
number of solution, to on average 14.1. This improvement deteriorated efficiency which for
this case is 93.2%. However, filtering significantly reduced fraction of fake solutions that
decrease from 62.2% to 38.2%. Figure 10 illustrates the impact of each filtering step on the
parameter space representation.

More information about AHT can be found in [4] and source codes can be found in public
repository [5].
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