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Rigidity of fragile matter: a gauge theoretic perspective
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Abstract. The process of jamming creates fragile matter, whose rheology is distinct from solids or liquids. The
solidity of fragile matter emerges from the applied stress itself. Despite their disordered, fluid-like structure,
they can exhibit elastic behavior under small perturbations. The rigidity of these solids emerge from internally
organized contact networks created by external forces such as gravity or confinement. Unlike traditional elastic
solids, these fragile solids do not possess a stress-free reference structure. This poses challenges for classical
elasticity, whose formulation relies on strain, relative to a stress-free configuration. This has, for decades, moti-
vated the search for a stress-only elasticity framework. Recent advances have provided a new perspective based
on a gauge theoretic framework defined by a generalization of the familiar Gauss’s law of electromagnetism.
For fragile, granular solids, the Gauss’s law represents the constraints of mechanical equilibrium. Elasticity
emerges as a “dielectric” response to external stresses: internal, bound force dipoles, screen external forces.
This paper presents a short review of this theoretical framework.

1 Introduction

In a 1998 paper [1], entitled “Jamming, Force Chains, and
Fragile Matter”, the authors state that fragile matter can
statically support shear stresses “but only by virtue of a
self-organized internal structure, whose mechanical prop-
erties have evolved to support the load itself”. There-
fore, it has an elastic response only to compatible loads.
This behavior does not fit within the paradigm of classical
elasticity theory, for which, strain about a given reference
state is foundational, and stress is a derived quantity [2].
The quest for a stress-only formulation of the elasticity of
jammed, granular solids can be traced back to the 1998 pa-
per [1]. The rationale behind this notion, and the theoret-
ical and experimental efforts to establish a comprehensive
theory based on it, has been elaborated on and summarized
in lecture notes [3] and review articles [4]. The devel-
opment of a gauge-theoretic framework, which extended
classical electromagnetism to fields that were symmetric
tensors and charges that are vectors [5], have now allowed
us to construct a rigorous and comprehensive continuum
theory of stress-only elasticity [6–9].

Jammed solids, composed of non-Brownian particles
with purely repulsive interactions, acquire rigidity when
an externally applied stress exceeds a critical thresh-
old [10–12]. This mechanism defines the jamming tran-
sition, a unifying concept of rigidity in disordered materi-
als such as foams, emulsions, and granular media [11–15].
Jammed solids, therefore, belong to a class of solids where
the mechanical response emerges from the frozen-in inter-
nal stresses, or prestress [16]. Since the solidity of jammed
solids emerges from the imposed stress itself, and the rigid
structure is created in response to stress, there is no unique
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zero-stress reference solid network [1, 3]. It is the mechan-
ical response to additional stress that determines whether
the system is rigid or not. Under these circumstances, one
may conclude that both of the fundamental ideas of the
theory of crystalline elasticity– the existence of a strain
tensor defined with reference to a unique stress-free spon-
taneously broken-symmetry configuration, and a free en-
ergy relating stress to strain– need to be re-visited and may
have to be abandoned [3, 17].

Curiously however, the mechanical properties of
jammed solids bear many similarities to crystalline elas-
ticity [17–21]. For example, the response of a gran-
ular pile [17, 20] or that of frictionless jammed pack-
ings [21, 22] to point forces, can be described in terms
of effective elastic moduli and elastic Green’s functions.
However, these elastic moduli do not necessarily satisfy
the usual symmetry requirements [17] and depend on
preparation protocols [17, 21]. Stress-stress correlations
also exhibit power-law decays as expected for elastic me-
dia [18, 19]. This poses a puzzle since, e.g. the theory
of crystalline elasticity is based on the existence of a pe-
riodic reference structure – emerging from spontaneously
broken translation symmetry in crystals – which then de-
fines a strain field via systematic coarse-graining [2, 23].
While the stress field is well defined in jammed solids, the
lack of a unique reference configuration makes the defini-
tion of the strain field and the associated free energy much
less apparent.

This puzzle and associated issues gave birth to the
quest for a stress-only continuum theory of the elastic-
ity of jammed solids [3]. In frictionless systems, jammed
solids are the minima in a complex energy landscape. The
non-cohesive nature of granular interactions implies that
the breaking and forming of contacts play an essential
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role in the mechanical response of these jammed solids
to external forces rendering the response inherently anhar-
monic [24]. This has also led to a concentrated effort to
understand plasticity in amorphous solids [25–28] based
on notions of non-affine displacements. In frictionless
jammed solids, there is a potential that defines the rela-
tionship between displacements and forces [21], and one
can attempt to include contact-breaking into this frame-
work to understand the full mechanical response of these
solids. In frictional jammed solids, the notion of strong
and weak force networks [29] has played a major role in
understanding the mechanical response. A different per-
spective, based on a coarse-graining of the grain level elas-
tic deformations [30] has led to a continuum or hydrody-
namic theory of granular elasticity. The virtual displace-
ment ansatz [31] also addresses the challenge of integrat-
ing micromechanics into a continuum, field theoretic de-
scription. In this context, there is also a rich and long his-
tory of elastoplastic models [32]. In the language of elas-
ticity, the challenge that the granular community has been
addressing is to construct a framework that can produce a
constitutive relation relating stress to displacements.

This paper reviews a recently developed theoretical
framework [6, 7] that eliminates the the notion of displace-
ments and a constitutive relation relating these to stress,
and constructs a stress-only, continuum theory [3] of the
mechanical response of granular solids.

Figure 1. A schematic depiction of a packing of grains (discs)
in two dimensions (2D) [6] (Copyright (2022) by the American
Physical Society): Each grain is in mechanical equilibrium and
satisfies the microscopic constraints of force and torque balance
that leads to a non-trivial contact network. A large packing con-
sists of many local structures, which can be coarse grained (say
over the red box with volume Ωr) to produce a continuous stress
field. Grains with all contacts in Ωr are identified as bulk grains
(colored green), whereas grains with a partial overlap withΩr are
identified as boundary grains (colored yellow). Each contact has
two contributions to the coarse grained stress tensor σ(r). The
white (violet) contact links contribute to the (anti)-symmetric
part of the total stress tensor.

At the heart of the mechanical response of jammed,
granular solids is the athermal, non-Brownian, nature of
these assemblies consisting of configurations at mechan-
ical equilibrium implemented locally: each grain is in a
state of force and torque balance as shown in Fig. 1. These
local constraints lead to a non-trivial contact network that
is in static force and torque balance [33]. The emergence
of such disordered structures from local constraints of me-
chanical equilibrium is challenging to incorporate in any
continuum theory. In the naive continuum limit, force
and torque balance do not provide enough equations to
uniquely determine the stress distribution [3]. Stated dif-
ferently, since it is not possible to define a strain field with
respect to a unique stress-free state, the well-known com-
patibility relations of linear elasticity theory are missing,
and the linear response coefficients of crystalline elasticity
stemming from proportionality between stress and strain–
the so called elastic moduli, are not well defined [2].

2 Stress-only Elasticity:VCTG

A new framework has been put forward [6] to supply the
missing compatibility equations to obtain the much cher-
ished stress-only description of granular elasticity. Cen-
tral to this framework is a gauge theoretic structure that
arises from– (1) the lack of a well-defined and unique zero-
stress reference configuration and (2) the local mechani-
cal equilibrium of each grain in an athermal solid. The
latter serves as a generalized “Gauss’s law” for the stress
tensor, which maps on to a tensor electric field of the so
called vector charge theory (VCT) [34] of tensor electro-
magnetism. Just as in classical electromagnetism, VCT is
described by Maxwell’s equations involving electric and
magnetic fields, both of which are symmetric tensors. In
mapping the electrostatics of VCT to the a theory of the
mechanical response of granular solids, the vector charges
become the free or unbound forces on grains, and the elec-
tric field maps to the stress. The Gauss’s law of VCT
generates two conserved quantities, the vector charge, and
the associated charge-angular-momentum. In the mapping
to granular solids, these translate to force and torque bal-
ance [6, 7]. Determining stress transmission in a jammed
granular solid then maps to the problem of solving electro-
statics in the presence of dielectric screening in the VCT.
This stress-only framework, dubbed as VCTG, is com-
pletely devoid of any reliance on a reference structure.
The prestress represented by the contact force-moments,
appears as the analog of the familiar polarization field
present in a dielectric in standard electrostatics. In contrast
to standard electrostatics, however, this polarization field
is a second rank tensor [6]. This gauge-theoretic structure
also accommodates a Debye-type screening defined by a
finite screening length [9, 28, 35–37].

Following the framework of standard electrostatics of
a dielectric medium [38], we divide charges (forces) into

fi = f ext
i + f bound

i , (1)

such that the Gauss’s law is now written as

∂iEi j = f ext
i + f bound

i , (2)

where, fext are external forces such as gravity, and fbound,
are the bound, contact forces, that appear in the polarizable
medium in response to the external forces. Note that we
use index notation to indicate the cartesian components of
vectors and tensors, and use bold symbols denote these
structures themselves.

The multipole expansion within VCTG leads to [6]:

f bound
i = −∂ jPi j(r), (3)

where Pi j(r), the analog of the dipole moment density, is
the prestress field created by the contact forces. This is
the sense in which jammed granular solids are polarizable.
External forces, such as gravity, create a contact network
of grains, which can support the external stress. This pro-
cess is akin to creating dipole fields in a dielectric: grains
pushed together by the external force, deform, even if in-
finitesimally, creating contact forces, fbound. Eq. (2) can
now be re-written as

∂iσi j = f ext
j , with σi j = Ei j + Pi j (4)

where σi j, the stress tensor, appears as the analog of a
screened tensor electric field, the analog of the electro-
static displacement field. Modeling granular solids as a
linear dielectric, the polarizability is proportional to the
unscreened stress field,

Pi j = χi jklEkl, (5)

where χ is the polarizability tensor. Note that the assump-
tion of a linear relation between P̂ and Ê is not equivalent
to a linear response in displacements, and a Hessian frame-
work. In particular, the microscopic nonlinearities emerg-
ing from contact breaking and formation [24] are included
in the continuum prestress field, P̂.

Using Eq. (5), the stress tensor can be re-written as

σi j = (δi jkl + χi jkl)Ekl ≡ (Λ−1)i jklEkl. (6)

withΛ−1 being a rank-4 dielectric tensor. Since Ei j is sym-
metric, χi jkl is given by a linear combination of symmetric
and anti-symmetric parts in the indices i and j as

χA
i jkl = χi jkl − χ jikl, χ

S
i jkl = χi jkl + χ jikl. (7)

This leads to symmetric and anti-symmetric contributions
to Pi j:

PA
i j = χ

A
i jklEkl, PS

i j = χ
S
i jklEkl. (8)

These antisymmetric contributions imply that, for fric-
tional grains, a boundary force can lead to a finite antisym-
metric polarisation, i.e. the boundary torque, which may
lead to shearing of the boundary layer [39, 40]. Putting
these together, the field equations of VCTG are given
by [6] Eqs. (4) and (6) along with,

Ei j =
1
2

(∂iφ j + ∂ jφi) =⇒ ϵiabϵ jcd∂a∂cEbd = 0. (9)

The above equation, which represents the compatibility
condition, appears in VCTG as the static limit of Faraday’s

equation in VCT [6]. Comparing the structure of the above
gauge theoretic framework with that of crystalline elastic-
ity [2], shows a clear correspondence between VCTG and
the theory of elasticity, captured by the equations:

∂iσi j = f external
j ,

Ei j =
1
2

(∂iφ j + ∂ jφi) =⇒ ϵiabϵ jcd∂a∂cEbd = 0,

σi j = (δi jkl + χi jkl)Ekl ≡ Λ−1
i jklEkl (10)

if we make the following map:

Ê ↔ γ̂ the strain tensor ,

Λ−1
i jkl ↔ Ki jkl the elastic modulus tensor. (11)

2.1 Distinctions between VCTG and Classical
Elasticity

Eqs. 10 and 11 appear to have the same structure as classi-
cal elasticity. So, why is this a stress-only formulation and
what are the essential differences between VCTG and clas-
sical elasticity ? One set of important distinctions relate to
the mapping between Ê and γ̂. The mapping in Eq. 11
involves dimension-full constants since Ê is a stress, not
strain. The physical interpretation of Ê is that it would be
the stress created inside a solid due to externally imposed
stresses, such as gravity, if the grains were not allowed to
deform at all and create contact forces. It is not related
to displacements from any ideal reference configuration or
metric [35]. The compatibility relation (second equation in
Eq. 10 is a consequence of the Faraday’s law in VCTG [6]:

ϵiabϵ jcd∂a∂cEbd = −∂tBi j − J̃i j (12)

where, B̂ is the analog of the magnetic field. This field
is sourced by the momenta, π of grains, which are the
analogs of magnetic charges in VCTG:

∂iBi j = π j. (13)

In the static limit, the “magnetic charge” is zero. The
other source of generation of B̂ is the VCTG Ampere’s
law, which involves time derivative of Ê [6], which also
vanishes in the static limit. Therefore, both sources of in-
compatibility of Ê are zero, leading to the gauge-potential
formulation in terms of the field φ. The implications is
that unlike strain fields which become incompatible in the
presence of static defects [35, 41], the unscreened stress,
Ê, can only become incompatible in the presence of dy-
namics. The other striking result from VCTG is that the
screened stress, σ̂, can become incompatible. Just as in the
theory of dielectric electrostatics, the screened field can
be incompatible. The source of this incompatiblity, is the
polarization stress, Pi j, which emerges from the “bound”
forces, the contact forces between grains. Further, we note
that because of the antisymmetric contribution to Pi j, the
stress tensor is not necessarily symmetric but can have an
antisymmetric boundary contribution. Indeed, in frictional
granular materials, the possibility of an anti-symmetric
contribution to the stress tensor has been widely recog-
nized and is often addressed via the theoretical framework
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At the heart of the mechanical response of jammed,
granular solids is the athermal, non-Brownian, nature of
these assemblies consisting of configurations at mechan-
ical equilibrium implemented locally: each grain is in a
state of force and torque balance as shown in Fig. 1. These
local constraints lead to a non-trivial contact network that
is in static force and torque balance [33]. The emergence
of such disordered structures from local constraints of me-
chanical equilibrium is challenging to incorporate in any
continuum theory. In the naive continuum limit, force
and torque balance do not provide enough equations to
uniquely determine the stress distribution [3]. Stated dif-
ferently, since it is not possible to define a strain field with
respect to a unique stress-free state, the well-known com-
patibility relations of linear elasticity theory are missing,
and the linear response coefficients of crystalline elasticity
stemming from proportionality between stress and strain–
the so called elastic moduli, are not well defined [2].
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ished stress-only description of granular elasticity. Cen-
tral to this framework is a gauge theoretic structure that
arises from– (1) the lack of a well-defined and unique zero-
stress reference configuration and (2) the local mechani-
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latter serves as a generalized “Gauss’s law” for the stress
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tric field maps to the stress. The Gauss’s law of VCT
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the associated charge-angular-momentum. In the mapping
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ance [6, 7]. Determining stress transmission in a jammed
granular solid then maps to the problem of solving electro-
statics in the presence of dielectric screening in the VCT.
This stress-only framework, dubbed as VCTG, is com-
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to standard electrostatics, however, this polarization field
is a second rank tensor [6]. This gauge-theoretic structure
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are the bound, contact forces, that appear in the polarizable
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use index notation to indicate the cartesian components of
vectors and tensors, and use bold symbols denote these
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pushed together by the external force, deform, even if in-
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where χ is the polarizability tensor. Note that the assump-
tion of a linear relation between P̂ and Ê is not equivalent
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work. In particular, the microscopic nonlinearities emerg-
ing from contact breaking and formation [24] are included
in the continuum prestress field, P̂.
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These antisymmetric contributions imply that, for fric-
tional grains, a boundary force can lead to a finite antisym-
metric polarisation, i.e. the boundary torque, which may
lead to shearing of the boundary layer [39, 40]. Putting
these together, the field equations of VCTG are given
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where, B̂ is the analog of the magnetic field. This field
is sourced by the momenta, π of grains, which are the
analogs of magnetic charges in VCTG:

∂iBi j = π j. (13)

In the static limit, the “magnetic charge” is zero. The
other source of generation of B̂ is the VCTG Ampere’s
law, which involves time derivative of Ê [6], which also
vanishes in the static limit. Therefore, both sources of in-
compatibility of Ê are zero, leading to the gauge-potential
formulation in terms of the field φ. The implications is
that unlike strain fields which become incompatible in the
presence of static defects [35, 41], the unscreened stress,
Ê, can only become incompatible in the presence of dy-
namics. The other striking result from VCTG is that the
screened stress, σ̂, can become incompatible. Just as in the
theory of dielectric electrostatics, the screened field can
be incompatible. The source of this incompatiblity, is the
polarization stress, Pi j, which emerges from the “bound”
forces, the contact forces between grains. Further, we note
that because of the antisymmetric contribution to Pi j, the
stress tensor is not necessarily symmetric but can have an
antisymmetric boundary contribution. Indeed, in frictional
granular materials, the possibility of an anti-symmetric
contribution to the stress tensor has been widely recog-
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of Cosserat elasticity [42]. The VCTG formulation clearly
identifies the anti-symmetric boundary contribution to σ̂
as arising from the dipole moment tensor P̂.

VCTG, therefore, addresses both the lack of a canoni-
cal definition of a strain tensor γ̂, arising from the fact that
there is no unique reference state about which we can de-
fine displacement fields u, and the lack of a canonical con-
stitutive relation. The relation between stress and strain in
classical linear elasticity theory is via the elastic modulus
tensor, K̂. In VCTG, this is replaced by the polarizability
tensor (Eq. 5 relating P̂ to Ê, and χ̂, can depend on the
jamming protocol [7]).

Another distinction with classical elasticity theory, is
the framework itself. In classical elasticity theory, strain,
derived from displacements leads to an energy (or free en-
ergy) cost [2], and stress is derived from taking a derivative
of the free energy with respect to strain. So, energy con-
servation and momentum conservation are the two funda-
mental principles. In VCTG, the “conserved” quantities
are “charge” (force balance) and “charge angular momen-
tum” (torque balance).

VCTG successfully predicts long-range anisotropic
stress correlations that decay as a power law, 1/rd, in d
dimensions [43–46], confirmed in 2D/3D via numerical
models and experiments on frictional granular systems.
This gauge theory identifies pinch-point singularities in
Fourier-space correlations (explicit expressions are given
in the next section). This is a hallmark of stress cor-
relations in granular systems [46–49]. The implications
of these pinch-point singularities on the real-space stress
field, σi j(r), is even more dramatic and provides a natural
explanation for “force-chains” [7]. To give a simple exam-
ple, the correlations of σxx decay as a power law in the x
direction, however, in the transverse directions, the corre-
lations become negative over a microscopic, grain length
scale, and then decay as a power law, approaching zero
from below. This is reflected in the differences between
force network images depicted in [50] for isotropic com-
pression and shear. In the former, there are no clear chains
since no particular stress component dominates. In con-
trast, under shear, the stress component in the compres-
sive direction dominates and they form chains along his
direction (positively correlated). The chains represent the
fact that in the transverse direction the correlations become
negative. This origin of the visual appearance of force
chains is also evident in [51], where the “chains” appear
in different directions in the same configuration, when col-
ored by different components of the stress.

The VCTG predictions have been tested in granular
solids at high pressures and in gels near the rigidity transi-
tion, as well as near-crystalline systems [6–8, 52–54]. The
following sections provide a summary of (i) tests of VCTG
in granular solids, (ii) applications of VCTG to analyze
stress correlations in gels, and introduces some new work
on exploring the relationship between the potential φ, and
measured displacement fields, and the nature of plasticity
and nonlinear screening close to the unjamming transition.

3 Correlations and Response in Granular
Solids

VCTG is a field theory that predicts response and cor-
relation functions, and it provides a rigorous basis for
the emergence of stress heterogeneities such as “force-
chains” [6–8]. It has to be emphasized that VCTG is a
disorder-averaged theory, i.e, it predicts the behavior of an
ensemble of jammed states subjected to the same set of ex-
ternal stresses [6]. In other words it provides the correla-
tions and response in a Edwards stress ensemble [56]. The
explicit forms for these ensemble-averaged stress-stress
correlations, in q-space,

Ci jkl(q) ≡ ⟨⟨∆σ̃i(q)∆σ̃ j(−q)⟩⟩ (14)

corresponding to an isotropic elastic modulus tensor, K
characterized by two Lamé parameters, are given be-
low [6]. In 2D, using polar coordinates, qx = q cos(θ),
qy = q sin(θ), these are:

Cxxxx(q, θ) = 4K2D sin4 θ

Cyyyy(q, θ) = 4K2D cos4 θ

Cxyxy(q, θ) = 4K2D sin2 θ cos2 θ (15)

Cxxxy(q, θ) = 4K2D

(
− sin3 θ cos θ

)

Cxxyy(q, θ) = 4K2D sin2 θ cos2 θ

Cxyyy(q, θ) = 4K2D

(
− sin θ cos3 θ

)

with K2D = µ
(
λ+µ

λ+2µ

)
=

µ

2(1−ν) , and ν = λ
2(λ+µ) is the Pois-

son’s ratio. The explicit forms of the three dimensional
stress-stress correlations, using polar coordinates,{q, θ,Φ},
are given by,

Cxxxx(q, θ,Φ) = 4(K1 +K2)
[
sin2 θ sin2 Φ + cos2 θ

]2

Cyyyy(q, θ,Φ) = 4(K1 +K2)
[
sin2 θ cos2 Φ + cos2 θ

]2

Czzzz(q, θ,Φ) = 4(K1 +K2)
[
sin4 θ

]
(16)

Cxxyy(q, θ,Φ) =
[
(K1 +K2) sin4 θ sin2 2Φ + 2K2 cos2 θ

]

Cxxzz(q, θ,Φ) =
[
(K1 +K2) sin2 2θ cos2 Φ + 2K2 sin2 θ sin2 Φ

]

Cyyzz(q, θ,Φ) =
[
(K1 +K2) sin2 2θ sin2 Φ + 2K2 sin2 θ cos2 Φ

]

(17)

Cxyxy(q, θ,Φ) =(K1 +K2) sin4 θ sin2 2Φ+

(2K1 +K2) cos2 θ

Cxzxz(q, θ,Φ) =(2K1 +K2) sin4 θ sin2 Φ + sin2 θ cos2 θ

×
(
(2K1 + 3K2) cos2 Φ + (2K1 +K2)

)

Cyzyz(q, θ,Φ) =(2K1 +K2) sin4 θ cos2 Φ + sin2 θ cos2 θ

×
(
(2K1 + 3K2) sin2 Φ + (2K1 +K2)

)
(18)

Figure 2. Comparison of the correlation functions obtained from numerical simulations [6](Copyright (2022) by the American Physical
Society) with the theoretical predictions, in 3D. The comparisons are done on a system of 27000 grains at packing fraction ϕ = 0.69.
Panels (a) and (b) show respectively, the numerical and theoretical forms for a slice of the correlation function Cyyyy(q) on the XY-plane
(θ = π/2). The pinch-point structure at |q| = 0 is clearly visible. Panels (c) and (d) show the numerical and theoretical results for
Cyyyy(q) respectively. The results are presented in the Hammer projection [55] coordinates Hx and Hy. The missing regions in the
numerics is due to difficulties in sampling around θ = 0 and θ = π.

Cxxxy(q, θ,Φ) = −4(K1 +K2)


sin2 θ sinΦ cosΦ

sin2 θ sin2 Φ + cos2 θ

 

Cxxxz(q, θ,Φ) = −4(K1 +K2)


sin θ cos θ cosΦ

sin2 θ sin2 Φ + cos2 θ

 

Cyyyx(q, θ,Φ) = −4(K1 +K2)


sin2 θ sinΦ cosΦ

sin2 θ cos2 Φ + cos2 θ

 

Cyyyz(q, θ,Φ) = −4(K1 +K2)


sin θ cos θ sinΦ

sin2 θ cos2 Φ + cos2 θ

 

Czzzx(q, θ,Φ) = −4(K1 +K2) sin3 θ cos θ cosΦ

Czzzy(q, θ,Φ) = −4(K1 +K2) sin3 θ cos θ sinΦ (19)

Cxxyz(q, θ,Φ) = sin 2θ sinΦ

K2 − 2(K1 +K2) cos2 Φ sin2 θ



Cyyxz(q, θ,Φ) = sin 2θ cosΦ

K2 − 2(K1 +K2) sin2 Φ sin2 θ



Czzxy(q, θ,Φ) = sin2 θ sin 2Φ [(K1 +K2) cos 2θ +K1] (20)

Cxyxz(q, θ,Φ) = − sin θ cos θ sinΦ

×

(K1 +K2)


cos 2θ − 2 sin2 θ cos 2Φ


+K1



Cxyyz(q, θ,Φ) = − sin θ cos θ sinΦ

×

(K1 +K2)


cos 2θ + 2 sin2 θ cos 2Φ


+K1



Cxzyz(q, θ,Φ) = sin2 θ sin 2Φ

(K1 +K2) cos 2θ +

K2

2


(21)

where K1 = µ

µ

λ+2µ


, K2 = µ


λ
λ+2µ


. From these,

we can obtain λ and µ as µ = 2K1 + K2, λ =
K2
K1

(2K1 +K1). The 3D correlations have been grouped
according to their correspondence in the Voigt nota-
tion [6], in which, the symmetry of the stress tensor
is used explicitly to express it as a column vector with
components {σxx, σyy, σzz, σxy, σxz, σyz}. Denoting these
as {σ1, σ2, σ3, σ4, σ5, σ6}, the first group represents self-
correlations elements 1 − 3, the second group to cross-
correlations between these components, and so on.

An important feature of these correlations is their in-
dependence of q ≡ |q|. They are only dependent on the
angular variables θ, and ϕ. Hence, the correlations dis-
play singular behavior as one approaches q → 0 produc-
ing a pinch-point at q = 0 [6, 7].This is clearly seen in
Fig. 2. Such pinch-point behaviour has previously been
identified in the literature [26, 51, 57–59] as a salient fea-
ture of the stress correlations of granular systems. These
expressions can also be obtained via symmetry arguments
if the pressure correlations are known or measured [45].
In contrast, VCTG makes predictions that depend only on
the coupling constants of the theory, the elastic moduli.
VCTG makes no predictions about these elastic moduli,
they enter as parameters of the theory in the guise of the
polarizability of the media. As such, they explicitly de-
pend on the details of the underlying contact network. The
utility of the VCTG predictions is that the elastic moduli
can be inferred from measurements of stress-response and
correlation functions. It would be desirable to infer elas-
tic moduli in terms of more readily measurable quantities
such as grain displacements in response to external forces.
Our recent work, discussed briefly in Section 5, provides
such a pathway.

The current formulation shows that striking features
of stress response in granular solids emerge purely from
the requirement of gauge invariance, and even more im-
portantly, VCTG allows us to compute the explicit angular
distributions for any form of the elastic modulus tensor K̂,
and then obtain these emergent moduli by fitting numerical
or experimental data to these predicted forms. The moduli
are emergent because they are determined by the proper-
ties of the force-bearing contact network, which in turn
is created by the externally imposed stresses. We have
demonstrated the remarkable success of this approach in
frictionless jammed solids in both 2D and 3D [6], and in
experiments on frictional packings in 2D [7].

VCTG also successfully predicts the response of
jammed granular packings to perturbing forces, deep in
the jammed region [6], as illustrated in Fig. 3. This figure
shows the stress response of a 2D, frictionless, isotropi-
cally jammed packing to an external force distribution:

f p(x, y) =
 1L δ(y) −

1
πr2

0

Θ(r2
0 − x2 − (y − a)2)
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of Cosserat elasticity [42]. The VCTG formulation clearly
identifies the anti-symmetric boundary contribution to σ̂
as arising from the dipole moment tensor P̂.

VCTG, therefore, addresses both the lack of a canoni-
cal definition of a strain tensor γ̂, arising from the fact that
there is no unique reference state about which we can de-
fine displacement fields u, and the lack of a canonical con-
stitutive relation. The relation between stress and strain in
classical linear elasticity theory is via the elastic modulus
tensor, K̂. In VCTG, this is replaced by the polarizability
tensor (Eq. 5 relating P̂ to Ê, and χ̂, can depend on the
jamming protocol [7]).

Another distinction with classical elasticity theory, is
the framework itself. In classical elasticity theory, strain,
derived from displacements leads to an energy (or free en-
ergy) cost [2], and stress is derived from taking a derivative
of the free energy with respect to strain. So, energy con-
servation and momentum conservation are the two funda-
mental principles. In VCTG, the “conserved” quantities
are “charge” (force balance) and “charge angular momen-
tum” (torque balance).

VCTG successfully predicts long-range anisotropic
stress correlations that decay as a power law, 1/rd, in d
dimensions [43–46], confirmed in 2D/3D via numerical
models and experiments on frictional granular systems.
This gauge theory identifies pinch-point singularities in
Fourier-space correlations (explicit expressions are given
in the next section). This is a hallmark of stress cor-
relations in granular systems [46–49]. The implications
of these pinch-point singularities on the real-space stress
field, σi j(r), is even more dramatic and provides a natural
explanation for “force-chains” [7]. To give a simple exam-
ple, the correlations of σxx decay as a power law in the x
direction, however, in the transverse directions, the corre-
lations become negative over a microscopic, grain length
scale, and then decay as a power law, approaching zero
from below. This is reflected in the differences between
force network images depicted in [50] for isotropic com-
pression and shear. In the former, there are no clear chains
since no particular stress component dominates. In con-
trast, under shear, the stress component in the compres-
sive direction dominates and they form chains along his
direction (positively correlated). The chains represent the
fact that in the transverse direction the correlations become
negative. This origin of the visual appearance of force
chains is also evident in [51], where the “chains” appear
in different directions in the same configuration, when col-
ored by different components of the stress.

The VCTG predictions have been tested in granular
solids at high pressures and in gels near the rigidity transi-
tion, as well as near-crystalline systems [6–8, 52–54]. The
following sections provide a summary of (i) tests of VCTG
in granular solids, (ii) applications of VCTG to analyze
stress correlations in gels, and introduces some new work
on exploring the relationship between the potential φ, and
measured displacement fields, and the nature of plasticity
and nonlinear screening close to the unjamming transition.

3 Correlations and Response in Granular
Solids

VCTG is a field theory that predicts response and cor-
relation functions, and it provides a rigorous basis for
the emergence of stress heterogeneities such as “force-
chains” [6–8]. It has to be emphasized that VCTG is a
disorder-averaged theory, i.e, it predicts the behavior of an
ensemble of jammed states subjected to the same set of ex-
ternal stresses [6]. In other words it provides the correla-
tions and response in a Edwards stress ensemble [56]. The
explicit forms for these ensemble-averaged stress-stress
correlations, in q-space,

Ci jkl(q) ≡ ⟨⟨∆σ̃i(q)∆σ̃ j(−q)⟩⟩ (14)

corresponding to an isotropic elastic modulus tensor, K
characterized by two Lamé parameters, are given be-
low [6]. In 2D, using polar coordinates, qx = q cos(θ),
qy = q sin(θ), these are:

Cxxxx(q, θ) = 4K2D sin4 θ

Cyyyy(q, θ) = 4K2D cos4 θ

Cxyxy(q, θ) = 4K2D sin2 θ cos2 θ (15)

Cxxxy(q, θ) = 4K2D

(
− sin3 θ cos θ

)

Cxxyy(q, θ) = 4K2D sin2 θ cos2 θ

Cxyyy(q, θ) = 4K2D

(
− sin θ cos3 θ

)

with K2D = µ
(
λ+µ

λ+2µ

)
=

µ

2(1−ν) , and ν = λ
2(λ+µ) is the Pois-

son’s ratio. The explicit forms of the three dimensional
stress-stress correlations, using polar coordinates,{q, θ,Φ},
are given by,

Cxxxx(q, θ,Φ) = 4(K1 +K2)
[
sin2 θ sin2 Φ + cos2 θ

]2

Cyyyy(q, θ,Φ) = 4(K1 +K2)
[
sin2 θ cos2 Φ + cos2 θ

]2

Czzzz(q, θ,Φ) = 4(K1 +K2)
[
sin4 θ

]
(16)

Cxxyy(q, θ,Φ) =
[
(K1 +K2) sin4 θ sin2 2Φ + 2K2 cos2 θ

]

Cxxzz(q, θ,Φ) =
[
(K1 +K2) sin2 2θ cos2 Φ + 2K2 sin2 θ sin2 Φ

]

Cyyzz(q, θ,Φ) =
[
(K1 +K2) sin2 2θ sin2 Φ + 2K2 sin2 θ cos2 Φ

]

(17)

Cxyxy(q, θ,Φ) =(K1 +K2) sin4 θ sin2 2Φ+

(2K1 +K2) cos2 θ

Cxzxz(q, θ,Φ) =(2K1 +K2) sin4 θ sin2 Φ + sin2 θ cos2 θ

×
(
(2K1 + 3K2) cos2 Φ + (2K1 +K2)

)

Cyzyz(q, θ,Φ) =(2K1 +K2) sin4 θ cos2 Φ + sin2 θ cos2 θ

×
(
(2K1 + 3K2) sin2 Φ + (2K1 +K2)

)
(18)

Figure 2. Comparison of the correlation functions obtained from numerical simulations [6](Copyright (2022) by the American Physical
Society) with the theoretical predictions, in 3D. The comparisons are done on a system of 27000 grains at packing fraction ϕ = 0.69.
Panels (a) and (b) show respectively, the numerical and theoretical forms for a slice of the correlation function Cyyyy(q) on the XY-plane
(θ = π/2). The pinch-point structure at |q| = 0 is clearly visible. Panels (c) and (d) show the numerical and theoretical results for
Cyyyy(q) respectively. The results are presented in the Hammer projection [55] coordinates Hx and Hy. The missing regions in the
numerics is due to difficulties in sampling around θ = 0 and θ = π.

Cxxxy(q, θ,Φ) = −4(K1 +K2)


sin2 θ sinΦ cosΦ

sin2 θ sin2 Φ + cos2 θ

 

Cxxxz(q, θ,Φ) = −4(K1 +K2)


sin θ cos θ cosΦ

sin2 θ sin2 Φ + cos2 θ

 

Cyyyx(q, θ,Φ) = −4(K1 +K2)


sin2 θ sinΦ cosΦ

sin2 θ cos2 Φ + cos2 θ

 

Cyyyz(q, θ,Φ) = −4(K1 +K2)


sin θ cos θ sinΦ

sin2 θ cos2 Φ + cos2 θ

 

Czzzx(q, θ,Φ) = −4(K1 +K2) sin3 θ cos θ cosΦ

Czzzy(q, θ,Φ) = −4(K1 +K2) sin3 θ cos θ sinΦ (19)

Cxxyz(q, θ,Φ) = sin 2θ sinΦ

K2 − 2(K1 +K2) cos2 Φ sin2 θ



Cyyxz(q, θ,Φ) = sin 2θ cosΦ

K2 − 2(K1 +K2) sin2 Φ sin2 θ



Czzxy(q, θ,Φ) = sin2 θ sin 2Φ [(K1 +K2) cos 2θ +K1] (20)

Cxyxz(q, θ,Φ) = − sin θ cos θ sinΦ

×

(K1 +K2)


cos 2θ − 2 sin2 θ cos 2Φ


+K1



Cxyyz(q, θ,Φ) = − sin θ cos θ sinΦ

×

(K1 +K2)


cos 2θ + 2 sin2 θ cos 2Φ


+K1



Cxzyz(q, θ,Φ) = sin2 θ sin 2Φ

(K1 +K2) cos 2θ +

K2

2


(21)

where K1 = µ

µ

λ+2µ


, K2 = µ


λ
λ+2µ


. From these,

we can obtain λ and µ as µ = 2K1 + K2, λ =
K2
K1

(2K1 +K1). The 3D correlations have been grouped
according to their correspondence in the Voigt nota-
tion [6], in which, the symmetry of the stress tensor
is used explicitly to express it as a column vector with
components {σxx, σyy, σzz, σxy, σxz, σyz}. Denoting these
as {σ1, σ2, σ3, σ4, σ5, σ6}, the first group represents self-
correlations elements 1 − 3, the second group to cross-
correlations between these components, and so on.

An important feature of these correlations is their in-
dependence of q ≡ |q|. They are only dependent on the
angular variables θ, and ϕ. Hence, the correlations dis-
play singular behavior as one approaches q → 0 produc-
ing a pinch-point at q = 0 [6, 7].This is clearly seen in
Fig. 2. Such pinch-point behaviour has previously been
identified in the literature [26, 51, 57–59] as a salient fea-
ture of the stress correlations of granular systems. These
expressions can also be obtained via symmetry arguments
if the pressure correlations are known or measured [45].
In contrast, VCTG makes predictions that depend only on
the coupling constants of the theory, the elastic moduli.
VCTG makes no predictions about these elastic moduli,
they enter as parameters of the theory in the guise of the
polarizability of the media. As such, they explicitly de-
pend on the details of the underlying contact network. The
utility of the VCTG predictions is that the elastic moduli
can be inferred from measurements of stress-response and
correlation functions. It would be desirable to infer elas-
tic moduli in terms of more readily measurable quantities
such as grain displacements in response to external forces.
Our recent work, discussed briefly in Section 5, provides
such a pathway.

The current formulation shows that striking features
of stress response in granular solids emerge purely from
the requirement of gauge invariance, and even more im-
portantly, VCTG allows us to compute the explicit angular
distributions for any form of the elastic modulus tensor K̂,
and then obtain these emergent moduli by fitting numerical
or experimental data to these predicted forms. The moduli
are emergent because they are determined by the proper-
ties of the force-bearing contact network, which in turn
is created by the externally imposed stresses. We have
demonstrated the remarkable success of this approach in
frictionless jammed solids in both 2D and 3D [6], and in
experiments on frictional packings in 2D [7].

VCTG also successfully predicts the response of
jammed granular packings to perturbing forces, deep in
the jammed region [6], as illustrated in Fig. 3. This figure
shows the stress response of a 2D, frictionless, isotropi-
cally jammed packing to an external force distribution:
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where L is the size of the simulation box, a is the y-
position of the external force, r0 << L is the size of the
coarse-graining region, over which the grains experience
the perturbing force with a total magnitude F ≈ 10 (com-
pared with the average contact force ≈ 0.1), and a com-
pensating line of forces is imposed at y = 0 [6]. Recent
work on exploring this response for the emergence of a
non-trivial length scale will be discussed briefly at the end
of the paper.

4 Stress Correlations in Gels

Gels are a class of non-equilibrium, particulate solids that
are distinct from dry granular solids in that (a) they have
attractive forces, and (b) the protocol for their creation de-
pends on temperature: quenches to force balanced states
are from well-equilibrated states.

The rigidity of a broad range of amorphous solids, in-
cluding soft particulate gels and granular solids, has been
widely analyzed using the framework of rigidity percola-
tion theory [60–64]. This framework is based on the idea
that locally rigid structures (due to mechanical constraints
such as contacts, chemical bonds or steric repulsion) per-
colate through the material. This concept has been piv-
otal in clarifying the role played by microscopic properties
in giving rise to macroscopic mechanical response, that
is, which parts of the microstructure, self-assembled dur-
ing the solidification process, may satisfy, and how, the
conditions corresponding to mechanical equilibrium and
Maxwell’s criterion for rigidity.

Rigidity percolation predicts the properties of rigid
clusters in discrete stress-bearing network. As discussed
earlier, VCTG is a continuum stress-only theory of elas-
ticity where the properties of the network enter through
the prestress, determining emergent elastic moduli. Estab-
lishing connections between the rigid-cluster properties of
networks and the VCTG is, therefore, desirable in order to
obtain better understanding of this micro-macro connec-
tion.

Although rigidity percolation has been applied to fric-
tional granular solids [61], the theoretical basis is not as
well-founded as it is for gels with central-force interca-
tions. In recent work [52], we have used the predictive
framework of VCTG to interpret the stress-stress corre-
lations measured in such model colloidal gels through
2D computer simulations and established connections be-
tween the rigidity percolation framework and the VCTG
framework in inferring the onset of rigidity. From the
stress correlations, we have also estimated the emergent
elastic moduli of gels as predicted by VCTG. This has re-
vealed correlations between normal stresses and mechan-
ical strength in this class of materials. We have also ex-
tended the VCTG theory to include the possibility of a
Debye-like screening [9, 52], and applied it to 2D gels
to look for an emergent length-scale at the rigid to floppy
transition.

Fig. 4 illustrates the sensitivity of the pinchpoint sin-
gularity in stress-stress correlations to the explicit charac-
teristics of the percolating rigid network. It demonstrates
that (i) the pinchpoint appears only in an ensemble of

states where the rigid cluster has percolated, and ii) that
the quantitative features of the pinchpoint is sensitive to
whether the rigid cluster has percolated in one or both di-
rections. Moreover, we have shown that the elastic moduli
deduced from fitting the stress correlations to VCTG pre-
dictions is sensitive to normal stresses in the packing. This
is completely expected in granular, jammed solids since
they are created by normal stresses, but was not obvious
for gels, which can be held together by interparticle forces,
and prestresses exist even in the absence of externally ap-
plied stresses because of the inherent geometrical frustra-
tion that defines gels.

The success of VCTG in describing the elastic proper-
ties and the onset of rigidity in gels demonstrates the ubiq-
uity of the constraints of mechanical equilibrium is shap-
ing the properties of soft solids formed out of equilibrium.
It also provides strong indication that the gauge-theoretic
framework of VCTG is the correct approach to analyzing
the stress response of such solids.

5 Recent Developments

In recent work [9], we have investigated the connection
between the gauge potential φi and physical observables:
although φi is not directly measurable due to gauge re-
dundancy, spatial variations in φi relate to displacements
caused by external forces, and can be measured in exper-
iments. This establishes a direct link between the gauge
theory and classical elasticity, with φi playing a role anal-
ogous to the displacement field ui, albeit without reference
to a unique stress-free configuration. Defining strain with
respect to a reference configuration is thus akin to fixing
a gauge within the VCTG framework. It is important to
note that the physical dimensions of φ and u differ, just
at Ê and the strain tensor γ̂. VCTG predicts the Green’s
function relating φ to an external force. For an isotropic
elastic modulus tensor, the Green’s function depends on
the shear modulus µ and the Poisson ratio, ν:

φi(q) = −G−1
i j (q) f ext

j (q), (22)

where,

G−1
i j (q) =

1
gµq2

(
δi j −

1 + ν
2

qiq j

q2

)
. (23)

To relate φ to the displacement field u, we have to intro-
duce a proportionality constant β(p) with dimensions of
energy [9]:

ui = βφi. (24)

Here β encodes microscale information about the contact
network. For isotropic, jammed packings it is a function of
the pressure, and the scaling with pressure is determined
by the nature of the soft-sphere interaction, harmonic or
Hertzian [9].

In [9], we have also carefully analyzed evidence for
any anomalies in the stress response and the displacement
fields as one approaches the unjamming transition. In or-
der to address this regime, we proposed a natural exten-
sion of the VCTG framework through gradient terms [52]
and exploring the existence of an emergent length scale in

(1a) (1b) (1c) (1d)

(2a) (2b) (2c) (2d)

Figure 3. Comparisons between the theoretical predictions and numerical response to a point force in 2D [6] (Copyright (2022) by the
American Physical Society). Rows (1) and (2) display the results for ⟨⟨σxx⟩⟩ and ⟨⟨σxy⟩⟩ respectively. The first column (a) displays
the respective components of the background stress fluctuations. The second column (b) displays the response for each component
of the stress tensor computed as a difference before and after the external forces are applied. The third column (c) displays the
theoretical predictions for the response, computed for the simulation geometry using the Green’s function predicted by VCTG [6].The
fourth column (d) displays the quantitative comparison for the angular response from theory and numerics, obtained by integrating the
response on an annulus of radius r ∈ [0.075, 0.3] centered on the point force. The numerical results are given for two packing fractions
ϕ = 0.85 and 0.88 and the theoretical results are provided for three different Poisson’s ratio ν = 0.00, 0.38 and 0.50. The numerical
results for the response of σxx have been symmetrized about the Y-axis as σxx(x, y) = 1

2 (σxx(x, y) + σxx(−x, y)) in order to reduce the
noise in the data. The error bars in the angular response for σxx, σxy result from the background stress fluctuations in the packings.

the elastic response of jammed solids. This generalized
theory incorporates both dielectric-like and Debye-type
screening, distinguished by the magnitude of the screening
length. If such a length scale exists, it should manifest in
response functions. However, through numerical simula-
tions of two-dimensional soft-sphere packings, we find no
evidence of such a characteristic length scale in jammed
solids. Instead, our results confirm that the dielectric re-
sponse persists up to the jamming threshold [9]. Further-
more, studying grain displacement fields in response to lo-
calized perturbations, we find that variations in the φ field
predict the structural patterns of grain displacements. Ad-
ditionally, we unearthed the crucial role of disorder aver-
aging in capturing the emergent elasticity of amorphous
solids. Individual realizations can undergo irreversible
rearrangements, leading to plastic responses. However,
these plastic events do not persist upon ensemble averag-
ing, indicating that their effects are statistical rather than
defining a distinct prejammed phase. Although plasticity
has been suggested to induce a finite screening length char-
acteristic of a prejammed phase [28, 37], our numerical
results show that the ensemble-averaged responses remain
well described by dielectric VCTG screening. Specifi-
cally, we do not observe evidence of a prejammed phase
characterized by a non-microscopic Debye-like screening
length [9]. We do find evidence for the onset of nonlinear
dielectric effects at very low pressures if the perturbing
force is large compared to the contact forces. The VCTG
dielectric formulation can certainly be generalized to in-

clude such nonlinearities by including a dependence of
χi jkl on the perturbing forces. We are currently working
on such a perturbative expansion.

The dynamical response of jammed solids, going be-
yond the electrostatic limit of VCT, can be mapped on to
the full set of Maxwell’s equations. All of the equations,
except the generalized Ampere’s law, involving the time
derivative of stress, can be derived from Newton’s equa-
tions [6]. However, testing the applicability of the theory
requires testing the postulated Ampere’s law mapping, and
a precise definition of the B̂ field in terms of positions of
grains. This work is now in progress.
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where L is the size of the simulation box, a is the y-
position of the external force, r0 << L is the size of the
coarse-graining region, over which the grains experience
the perturbing force with a total magnitude F ≈ 10 (com-
pared with the average contact force ≈ 0.1), and a com-
pensating line of forces is imposed at y = 0 [6]. Recent
work on exploring this response for the emergence of a
non-trivial length scale will be discussed briefly at the end
of the paper.

4 Stress Correlations in Gels

Gels are a class of non-equilibrium, particulate solids that
are distinct from dry granular solids in that (a) they have
attractive forces, and (b) the protocol for their creation de-
pends on temperature: quenches to force balanced states
are from well-equilibrated states.

The rigidity of a broad range of amorphous solids, in-
cluding soft particulate gels and granular solids, has been
widely analyzed using the framework of rigidity percola-
tion theory [60–64]. This framework is based on the idea
that locally rigid structures (due to mechanical constraints
such as contacts, chemical bonds or steric repulsion) per-
colate through the material. This concept has been piv-
otal in clarifying the role played by microscopic properties
in giving rise to macroscopic mechanical response, that
is, which parts of the microstructure, self-assembled dur-
ing the solidification process, may satisfy, and how, the
conditions corresponding to mechanical equilibrium and
Maxwell’s criterion for rigidity.

Rigidity percolation predicts the properties of rigid
clusters in discrete stress-bearing network. As discussed
earlier, VCTG is a continuum stress-only theory of elas-
ticity where the properties of the network enter through
the prestress, determining emergent elastic moduli. Estab-
lishing connections between the rigid-cluster properties of
networks and the VCTG is, therefore, desirable in order to
obtain better understanding of this micro-macro connec-
tion.

Although rigidity percolation has been applied to fric-
tional granular solids [61], the theoretical basis is not as
well-founded as it is for gels with central-force interca-
tions. In recent work [52], we have used the predictive
framework of VCTG to interpret the stress-stress corre-
lations measured in such model colloidal gels through
2D computer simulations and established connections be-
tween the rigidity percolation framework and the VCTG
framework in inferring the onset of rigidity. From the
stress correlations, we have also estimated the emergent
elastic moduli of gels as predicted by VCTG. This has re-
vealed correlations between normal stresses and mechan-
ical strength in this class of materials. We have also ex-
tended the VCTG theory to include the possibility of a
Debye-like screening [9, 52], and applied it to 2D gels
to look for an emergent length-scale at the rigid to floppy
transition.

Fig. 4 illustrates the sensitivity of the pinchpoint sin-
gularity in stress-stress correlations to the explicit charac-
teristics of the percolating rigid network. It demonstrates
that (i) the pinchpoint appears only in an ensemble of

states where the rigid cluster has percolated, and ii) that
the quantitative features of the pinchpoint is sensitive to
whether the rigid cluster has percolated in one or both di-
rections. Moreover, we have shown that the elastic moduli
deduced from fitting the stress correlations to VCTG pre-
dictions is sensitive to normal stresses in the packing. This
is completely expected in granular, jammed solids since
they are created by normal stresses, but was not obvious
for gels, which can be held together by interparticle forces,
and prestresses exist even in the absence of externally ap-
plied stresses because of the inherent geometrical frustra-
tion that defines gels.

The success of VCTG in describing the elastic proper-
ties and the onset of rigidity in gels demonstrates the ubiq-
uity of the constraints of mechanical equilibrium is shap-
ing the properties of soft solids formed out of equilibrium.
It also provides strong indication that the gauge-theoretic
framework of VCTG is the correct approach to analyzing
the stress response of such solids.

5 Recent Developments

In recent work [9], we have investigated the connection
between the gauge potential φi and physical observables:
although φi is not directly measurable due to gauge re-
dundancy, spatial variations in φi relate to displacements
caused by external forces, and can be measured in exper-
iments. This establishes a direct link between the gauge
theory and classical elasticity, with φi playing a role anal-
ogous to the displacement field ui, albeit without reference
to a unique stress-free configuration. Defining strain with
respect to a reference configuration is thus akin to fixing
a gauge within the VCTG framework. It is important to
note that the physical dimensions of φ and u differ, just
at Ê and the strain tensor γ̂. VCTG predicts the Green’s
function relating φ to an external force. For an isotropic
elastic modulus tensor, the Green’s function depends on
the shear modulus µ and the Poisson ratio, ν:

φi(q) = −G−1
i j (q) f ext

j (q), (22)

where,

G−1
i j (q) =

1
gµq2

(
δi j −

1 + ν
2

qiq j

q2

)
. (23)

To relate φ to the displacement field u, we have to intro-
duce a proportionality constant β(p) with dimensions of
energy [9]:

ui = βφi. (24)

Here β encodes microscale information about the contact
network. For isotropic, jammed packings it is a function of
the pressure, and the scaling with pressure is determined
by the nature of the soft-sphere interaction, harmonic or
Hertzian [9].

In [9], we have also carefully analyzed evidence for
any anomalies in the stress response and the displacement
fields as one approaches the unjamming transition. In or-
der to address this regime, we proposed a natural exten-
sion of the VCTG framework through gradient terms [52]
and exploring the existence of an emergent length scale in

(1a) (1b) (1c) (1d)

(2a) (2b) (2c) (2d)

Figure 3. Comparisons between the theoretical predictions and numerical response to a point force in 2D [6] (Copyright (2022) by the
American Physical Society). Rows (1) and (2) display the results for ⟨⟨σxx⟩⟩ and ⟨⟨σxy⟩⟩ respectively. The first column (a) displays
the respective components of the background stress fluctuations. The second column (b) displays the response for each component
of the stress tensor computed as a difference before and after the external forces are applied. The third column (c) displays the
theoretical predictions for the response, computed for the simulation geometry using the Green’s function predicted by VCTG [6].The
fourth column (d) displays the quantitative comparison for the angular response from theory and numerics, obtained by integrating the
response on an annulus of radius r ∈ [0.075, 0.3] centered on the point force. The numerical results are given for two packing fractions
ϕ = 0.85 and 0.88 and the theoretical results are provided for three different Poisson’s ratio ν = 0.00, 0.38 and 0.50. The numerical
results for the response of σxx have been symmetrized about the Y-axis as σxx(x, y) = 1

2 (σxx(x, y) + σxx(−x, y)) in order to reduce the
noise in the data. The error bars in the angular response for σxx, σxy result from the background stress fluctuations in the packings.

the elastic response of jammed solids. This generalized
theory incorporates both dielectric-like and Debye-type
screening, distinguished by the magnitude of the screening
length. If such a length scale exists, it should manifest in
response functions. However, through numerical simula-
tions of two-dimensional soft-sphere packings, we find no
evidence of such a characteristic length scale in jammed
solids. Instead, our results confirm that the dielectric re-
sponse persists up to the jamming threshold [9]. Further-
more, studying grain displacement fields in response to lo-
calized perturbations, we find that variations in the φ field
predict the structural patterns of grain displacements. Ad-
ditionally, we unearthed the crucial role of disorder aver-
aging in capturing the emergent elasticity of amorphous
solids. Individual realizations can undergo irreversible
rearrangements, leading to plastic responses. However,
these plastic events do not persist upon ensemble averag-
ing, indicating that their effects are statistical rather than
defining a distinct prejammed phase. Although plasticity
has been suggested to induce a finite screening length char-
acteristic of a prejammed phase [28, 37], our numerical
results show that the ensemble-averaged responses remain
well described by dielectric VCTG screening. Specifi-
cally, we do not observe evidence of a prejammed phase
characterized by a non-microscopic Debye-like screening
length [9]. We do find evidence for the onset of nonlinear
dielectric effects at very low pressures if the perturbing
force is large compared to the contact forces. The VCTG
dielectric formulation can certainly be generalized to in-

clude such nonlinearities by including a dependence of
χi jkl on the perturbing forces. We are currently working
on such a perturbative expansion.

The dynamical response of jammed solids, going be-
yond the electrostatic limit of VCT, can be mapped on to
the full set of Maxwell’s equations. All of the equations,
except the generalized Ampere’s law, involving the time
derivative of stress, can be derived from Newton’s equa-
tions [6]. However, testing the applicability of the theory
requires testing the postulated Ampere’s law mapping, and
a precise definition of the B̂ field in terms of positions of
grains. This work is now in progress.
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