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Computational and experimental analysis of granular flow in hoppers
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Abstract. Hoppers are among the most widely used equipment for granular material processing in industry.
We present experimental and DEM simulation results for the flow of granular material in wedge-shaped hop-
pers. The predictions of theory of Savage for a wedge-shaped hopper with frictionless walls and a theory using
the µ–I rheology, are compared to DEM simulation results. The µ–I rheology gives a very good match to the
simulation results. The velocity field in a quasi-2D wedge-shaped hopper, with front and back glass walls, is
obtained experimentally using image analysis and particle tracking. We find that the radial velocity in cylindri-
cal coordinates varies as vr ∝ θ2, and that the tangential velocity is non-zero, but much smaller than the radial
velocity. The experimental velocity distributions closely match the DEM simulation results using calibrated
parameters. DEM simulations without the front and back walls yield qualitatively similar results to the quasi-
2D case. Analysis of the flow in the exit region indicates that velocity varies smoothly over the domain and a
free fall arch is not evident. The vertical acceleration data indicate that the particles experience free fall only a
significant distance below the exit plane. The acceleration is larger than the acceleration due to gravity near the
exit, which is explained in terms of an arch-buckling mechanism.

1 Introduction

Bins and hoppers are among the most widely used equip-
ment in industrial granular processes [1, 2]. They are used
for storage of raw materials and products and for contin-
uous feeding of materials. Our focus is on the latter for
freely flowing particles. Bins have a flat bottom with an
orifice in the centre for feed of materials, while hoppers
have a conical lower section. In both systems there is a
converging flow of the granular material. In the bin the
converging zone is determined by the particles forming a
fixed bed in the corners of the bin, while in the hopper,
for small cone angles, there is no stagnant zone and the
converging flow is determined by the cone angle. More
complex behaviour is exhibited by cohesive particles, in-
cluding rat-holing, channeling, etc. [2], but we consider
only freely flowing particles here.

Given its practical importance, the flow in bins and
hoppers has been widely studied starting with the work of
Brown and Richards [3]. An important early result was the
empirical equation for the mass flow rate by Beverloo et al.
[4] who found that the mass flow rate from hoppers was
proportional to (Do −αdp)5/2, independent of the height of
filling in the hopper, and also independent of the other ge-
ometrical parameters. Here Do is the orifice diameter, dp is
the particle diameter and α ≈ 1.5 is a constant. The Bever-
loo correlation [4] implies that the mass flow rate from the
hopper is essentially determined by the local flow in the
region of the exit, which has been studied in considerable
detail in recent times [5–7], particularly in the context of
the free fall arch theory [8]. The latter postulates that par-
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Figure 1. (a) Schematic view of a wedge-shaped hopper show-
ing the coordinate system and geometrical dimensions. The unit
vectors for the cylindrical coordinate system used (er, eθ) are also
shown. (b) Snapshot of system used in the simulation studies.

ticles form an arched surface at the exit, blocking the flow.
Below the arched surface particles fall freely under grav-
ity. As a consequence of the formation of the arched sur-
face, the velocity and acceleration are expected to change
sharply across the surface. Such arch formation has not
been observed in previous studies [5].

Experimental studies of the velocity field by Nedder-
man [9] and Cleaver and Nedderman [10] showed that the
flow in 3D conical hoppers is purely radial, v = (vr, 0, 0),
in spherical coordinates, with vr = f (θ)/r2. The function
f (θ) is maximum at the centerline of the hopper. Similar
studies in a 2D wedge-shaped hopper also found the ve-
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locity field to be purely radial in cylindrical coordinates
(see Fig. 1a), with the time averaged radial velocity given
by vr = f (θ)/r [11]. The measurements indicated large
velocity fluctuations due to local jamming, resulting from
the converging flow of the rigid particles.

Jenike [12] developed a theory for the stress distribu-
tion for flowing material in a wedge-shaped hopper assum-
ing that material is purely frictional and that an analogue
of the Mohr-Coulomb yield condition (the Shield-Jenike
equation) is satisfied at each point in the flowing material
[13]. The Shield-Jenike equation was validated by Jenike
[13] through extensive experimentation. The velocity in
the system is indeterminate since the stresses in the con-
stitutive relation are independent of the shear rate. Savage
[14] considered a simplified hopper system with friction-
less walls and radially directed gravity to obtain a closed
form solution for the velocity and stress fields. The veloc-
ity was determined by including the inertial terms in the
momentum balance equation. Brennen and Pearce [15]
presented a perturbation solution using the same assump-
tions as Savage [14] but including wall friction. They
showed that the velocity field in the hopper, in the limit
of low wall friction, is of the form

vr = vro (r) + ε2vr2 (r) (θ/θw)2 (1)
vθ = ε3vθ3 (r) (θ/θw)3 (2)

where ε is a small parameter and θw is the wedge-angle of
the hopper (Fig. 1a).

In this paper we present results for the flow in a wedge-
shaped hopper based on experiments in a quasi-2D sys-
tem with front and back glass walls and Discrete Element
Method (DEM) simulations for an identical system. DEM
simulation results are also presented for systems in which
the front and back walls are replaced by periodic bound-
aries. The objective is to highlight some of the important
features of the flow in the system. In the next section,
we discuss the Savage [14] model and a model based on
the µ-I rheology [16] for flow in a wedge-shaped hopper
with frictionless sidewalls. Predictions of both models are
compared to results of DEM simulations. Experimental
measurements of the velocity field in a quasi-2D system
and comparison to DEM simulation results are presented
next. Experimental measurements of the flow in the exit
region along with DEM simulation results are presented in
section 4. Conclusions of the paper are given in the final
section.

2 Wedge-shaped hopper with frictionless
walls

We present here the model of Savage [14] and a model
for the flow based on the µ–I rheology. Predictions of
both models are compared to DEM simulation results. The
work presented here is a review of the results in Ref. [17].

Savage [14] considered a wedge-shaped hopper with
frictionless walls and radial gravity, shown schematically
in Fig. 1a. The cylindrical coordinate system used in the
analysis is also defined in the figure. With the above as-
sumptions, none of the variables depend on θ and the shear

stress (σrθ) and tangential velocity (vθ) are zero. In this
case, the radial velocity from the continuity equation is
obtained as

vr = −A/r, (3)

where A is a constant. Since σrθ = 0, the normal
stresses (σrr, σθθ) are principal stresses, and the Shield-
Jenike equation [13] gives

σθθ
σrr
= k =

1 + sin βs

1 − sin βs
, (4)

where k is a constant and βs is the angle of internal friction.
The value of the stress ratio, k, in the flowing material is
found to be larger than that at the Mohr-Coulomb yield
point [13].

The steady state r-component of the stress balance
equation, using Eqs. (3) and (4), reduces to

dσrr

dr
− (k − 1)

σrr

r
= −ρg + ρA

2

r3 , (5)

where ρ is the bulk density. The second term on the right
hand side (ρA2/r3) is due to inertia and depends on the ve-
locity. The above equation is easily integrated to obtain
σrr with two unknown constants: the constant of integra-
tion and A. Savage used the boundary conditions, σrr = 0
at r = r2 (free surface) and σrr = 0 at r = r1 (exit), to
obtain expressions for the velocity (vr) and stress (σrr).

The µ–I rheology [16] can be substituted for the
Shield-Jenike-equation [13], by noting that

σθθ
σrr
=

1 + µ(I)
1 − µ(I)

= kd(I), (6)

for the µ–I rheology, where

µ = (σθθ − σrr)/(σθθ + σrr) (7)

is effective coefficient of friction, and

I = γ̇dp(ρp/P)1/2 (8)

is the inertial number with the pressure, P = (σθθ+σrr)/2,
and shear rate, γ̇ = 2A/r2. The stress balance equation
in this case is the same as Eq. (5), but with k replaced by
kd(I). The equation becomes non-linear with this substitu-
tion, and a numerical integration is required.

DEM simulations are carried out to precisely replicate
the geometry used in the Savage [14] model (Fig. 1b). We
present results here for a wedge angle, θw = 15 deg., and a
thickness of the hopper normal to the plane of flow, b = 1
cm, which periodic boundary conditions in this direction.
The side walls of the hopper are flat frictionless surfaces.
The hopper is first filled with the exit closed, and next the
top surface is shaped by removing all particles with r > r2.
This state is shown in Fig. 1b. The exit is opened next and
the flow accelerates from rest. Data is collected after an
interval of flow, when the flow has achieved a steady state.
The duration of the flow from the hopper when the data
is collected is short, so that the change in height, r2, dur-
ing data collection is small. Averaging is done for a large
number (30) of such fill-cut-flow cycles. Simulations are
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Figure 2. DEM simulation results for a hopper with frictionless
walls showing the variation of (a) the velocity (|vr |), (b) stress
(σrr) and (c) stress ratio (k) with radial distance (r) for different
orifice widths (Do) given in the legend. (1 dyn/cm2 = 0.1 Pa)

carried out using LAMMPS [18] with interparticle forces
computed using a spring-dashpot model and the friction
implemented by a history dependent contact in which the
relative tangential displacement is normalized so that the
ratio of the tangential to normal force at a contact is not
greater than the friction coefficient, µp. The particle prop-
erties used are: particle diameter, dp = 0.1 cm, with a
polydispersity in diameter of 10% to prevent crystalliza-
tion, particle density, ρp = 2.5 g/cm3, coefficient of resti-
tution, e = 0.88, particle stiffness, kn = 2.568×106 dyn/cm
and interparticle friction coefficient, µp = 0.5.

Fig. 2 shows the variation of the velocity magnitude
(|vr |), stress (σrr) and stress ratio (k) with radial distance
(r) for hoppers with different orifice widths, Do. The ve-
locity reduces with distance from the orifice (increasing r)
and increases with increasing orifice width (Fig. 2a). The
stress has a maximum of σrr,max ≈ 5000 dyn/cm2 at an
intermediate radial position, and the maximum stress is
nearly independent of the orifice width, Do (Fig. 2b). The
finite (non-zero) stress at the exit is clearly apparent in the
figure. The data for the stress ratio collapse to k ≈ 2.1 for
all the orifice widths over most of the hopper, excluding
the exit region (Fig. 2c). This indicates that the Shield-
Jenike equation is valid over most of the hopper, but does
not apply near the exit where the shear rates are high. We
thus consider the µ–I model to account for this deviation.
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Figure 3. DEM simulation results for a hopper with frictionless
walls showing the variation of the friction coefficient (µ) with the
inertial number (I) for different orifice widths (Do) given in the
legend. The solid line is a fit of Eq. (9) and the dashed line is a
fit to the data for a shear flow.
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Figure 4. DEM simulation results for a hopper with frictionless
walls showing the variation of the stress at the exit (σrr(r1)) with
orifice width (Do).

The stress ratio (k) reduces near the free surface (r ≈ 12
cm, Fig. 2c), which implies that µ reduces near the free
surface, in agreement with the results of Roy et al. [19].

The data for the friction coefficient (µ) versus the iner-
tial number (I), computed from the simulation data using
Eqs. (7) and (8) for the different orifice widths (Do), are
shown in Fig. 3. The data collapse to a straight line

µ = µs + aI, (9)

except for data for I < 0.02. These data correspond to the
region near the free surface, where the total deformation
during flow is too small to achieve equilibrium. The first
term in Eq. (9) corresponds to frictional stresses and the
second to viscous stresses arising from interparticle colli-
sions and streaming. When a = 0, the µ–I model reduces
to the Shield-Jenike model. A least squares fit of Eq. (9) to
the data for I > 0.02, shown as a black line in Fig. 3, yields
µs = 0.365 and a = 0.827. The variation of µ versus I for
a shear flow of the identical particles is shown in Fig. 3 as
a red dashed line. The shear flow and hopper flow results
are slightly different implying that rheology for the con-
verging flow is slightly different from that for a shear flow.
A similar result was reported by Bhateja and Khakhar [20]
for a rectangular hopper.

Simulation results given in Fig. 2b indicate that the
stress at the exit, σrr(r1), is significant. The computed
exit stresses for different orifice widths (Do) are shown in
Fig. 4. The magnitudes of the exit stresses are about 10-
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locity field to be purely radial in cylindrical coordinates
(see Fig. 1a), with the time averaged radial velocity given
by vr = f (θ)/r [11]. The measurements indicated large
velocity fluctuations due to local jamming, resulting from
the converging flow of the rigid particles.

Jenike [12] developed a theory for the stress distribu-
tion for flowing material in a wedge-shaped hopper assum-
ing that material is purely frictional and that an analogue
of the Mohr-Coulomb yield condition (the Shield-Jenike
equation) is satisfied at each point in the flowing material
[13]. The Shield-Jenike equation was validated by Jenike
[13] through extensive experimentation. The velocity in
the system is indeterminate since the stresses in the con-
stitutive relation are independent of the shear rate. Savage
[14] considered a simplified hopper system with friction-
less walls and radially directed gravity to obtain a closed
form solution for the velocity and stress fields. The veloc-
ity was determined by including the inertial terms in the
momentum balance equation. Brennen and Pearce [15]
presented a perturbation solution using the same assump-
tions as Savage [14] but including wall friction. They
showed that the velocity field in the hopper, in the limit
of low wall friction, is of the form

vr = vro (r) + ε2vr2 (r) (θ/θw)2 (1)
vθ = ε3vθ3 (r) (θ/θw)3 (2)

where ε is a small parameter and θw is the wedge-angle of
the hopper (Fig. 1a).

In this paper we present results for the flow in a wedge-
shaped hopper based on experiments in a quasi-2D sys-
tem with front and back glass walls and Discrete Element
Method (DEM) simulations for an identical system. DEM
simulation results are also presented for systems in which
the front and back walls are replaced by periodic bound-
aries. The objective is to highlight some of the important
features of the flow in the system. In the next section,
we discuss the Savage [14] model and a model based on
the µ-I rheology [16] for flow in a wedge-shaped hopper
with frictionless sidewalls. Predictions of both models are
compared to results of DEM simulations. Experimental
measurements of the velocity field in a quasi-2D system
and comparison to DEM simulation results are presented
next. Experimental measurements of the flow in the exit
region along with DEM simulation results are presented in
section 4. Conclusions of the paper are given in the final
section.

2 Wedge-shaped hopper with frictionless
walls

We present here the model of Savage [14] and a model
for the flow based on the µ–I rheology. Predictions of
both models are compared to DEM simulation results. The
work presented here is a review of the results in Ref. [17].

Savage [14] considered a wedge-shaped hopper with
frictionless walls and radial gravity, shown schematically
in Fig. 1a. The cylindrical coordinate system used in the
analysis is also defined in the figure. With the above as-
sumptions, none of the variables depend on θ and the shear

stress (σrθ) and tangential velocity (vθ) are zero. In this
case, the radial velocity from the continuity equation is
obtained as

vr = −A/r, (3)

where A is a constant. Since σrθ = 0, the normal
stresses (σrr, σθθ) are principal stresses, and the Shield-
Jenike equation [13] gives

σθθ
σrr
= k =

1 + sin βs

1 − sin βs
, (4)

where k is a constant and βs is the angle of internal friction.
The value of the stress ratio, k, in the flowing material is
found to be larger than that at the Mohr-Coulomb yield
point [13].

The steady state r-component of the stress balance
equation, using Eqs. (3) and (4), reduces to

dσrr

dr
− (k − 1)

σrr

r
= −ρg + ρA

2

r3 , (5)

where ρ is the bulk density. The second term on the right
hand side (ρA2/r3) is due to inertia and depends on the ve-
locity. The above equation is easily integrated to obtain
σrr with two unknown constants: the constant of integra-
tion and A. Savage used the boundary conditions, σrr = 0
at r = r2 (free surface) and σrr = 0 at r = r1 (exit), to
obtain expressions for the velocity (vr) and stress (σrr).

The µ–I rheology [16] can be substituted for the
Shield-Jenike-equation [13], by noting that

σθθ
σrr
=

1 + µ(I)
1 − µ(I)

= kd(I), (6)

for the µ–I rheology, where

µ = (σθθ − σrr)/(σθθ + σrr) (7)

is effective coefficient of friction, and

I = γ̇dp(ρp/P)1/2 (8)

is the inertial number with the pressure, P = (σθθ+σrr)/2,
and shear rate, γ̇ = 2A/r2. The stress balance equation
in this case is the same as Eq. (5), but with k replaced by
kd(I). The equation becomes non-linear with this substitu-
tion, and a numerical integration is required.

DEM simulations are carried out to precisely replicate
the geometry used in the Savage [14] model (Fig. 1b). We
present results here for a wedge angle, θw = 15 deg., and a
thickness of the hopper normal to the plane of flow, b = 1
cm, which periodic boundary conditions in this direction.
The side walls of the hopper are flat frictionless surfaces.
The hopper is first filled with the exit closed, and next the
top surface is shaped by removing all particles with r > r2.
This state is shown in Fig. 1b. The exit is opened next and
the flow accelerates from rest. Data is collected after an
interval of flow, when the flow has achieved a steady state.
The duration of the flow from the hopper when the data
is collected is short, so that the change in height, r2, dur-
ing data collection is small. Averaging is done for a large
number (30) of such fill-cut-flow cycles. Simulations are
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Figure 2. DEM simulation results for a hopper with frictionless
walls showing the variation of (a) the velocity (|vr |), (b) stress
(σrr) and (c) stress ratio (k) with radial distance (r) for different
orifice widths (Do) given in the legend. (1 dyn/cm2 = 0.1 Pa)

carried out using LAMMPS [18] with interparticle forces
computed using a spring-dashpot model and the friction
implemented by a history dependent contact in which the
relative tangential displacement is normalized so that the
ratio of the tangential to normal force at a contact is not
greater than the friction coefficient, µp. The particle prop-
erties used are: particle diameter, dp = 0.1 cm, with a
polydispersity in diameter of 10% to prevent crystalliza-
tion, particle density, ρp = 2.5 g/cm3, coefficient of resti-
tution, e = 0.88, particle stiffness, kn = 2.568×106 dyn/cm
and interparticle friction coefficient, µp = 0.5.

Fig. 2 shows the variation of the velocity magnitude
(|vr |), stress (σrr) and stress ratio (k) with radial distance
(r) for hoppers with different orifice widths, Do. The ve-
locity reduces with distance from the orifice (increasing r)
and increases with increasing orifice width (Fig. 2a). The
stress has a maximum of σrr,max ≈ 5000 dyn/cm2 at an
intermediate radial position, and the maximum stress is
nearly independent of the orifice width, Do (Fig. 2b). The
finite (non-zero) stress at the exit is clearly apparent in the
figure. The data for the stress ratio collapse to k ≈ 2.1 for
all the orifice widths over most of the hopper, excluding
the exit region (Fig. 2c). This indicates that the Shield-
Jenike equation is valid over most of the hopper, but does
not apply near the exit where the shear rates are high. We
thus consider the µ–I model to account for this deviation.
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walls showing the variation of the friction coefficient (µ) with the
inertial number (I) for different orifice widths (Do) given in the
legend. The solid line is a fit of Eq. (9) and the dashed line is a
fit to the data for a shear flow.
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Figure 4. DEM simulation results for a hopper with frictionless
walls showing the variation of the stress at the exit (σrr(r1)) with
orifice width (Do).

The stress ratio (k) reduces near the free surface (r ≈ 12
cm, Fig. 2c), which implies that µ reduces near the free
surface, in agreement with the results of Roy et al. [19].

The data for the friction coefficient (µ) versus the iner-
tial number (I), computed from the simulation data using
Eqs. (7) and (8) for the different orifice widths (Do), are
shown in Fig. 3. The data collapse to a straight line

µ = µs + aI, (9)

except for data for I < 0.02. These data correspond to the
region near the free surface, where the total deformation
during flow is too small to achieve equilibrium. The first
term in Eq. (9) corresponds to frictional stresses and the
second to viscous stresses arising from interparticle colli-
sions and streaming. When a = 0, the µ–I model reduces
to the Shield-Jenike model. A least squares fit of Eq. (9) to
the data for I > 0.02, shown as a black line in Fig. 3, yields
µs = 0.365 and a = 0.827. The variation of µ versus I for
a shear flow of the identical particles is shown in Fig. 3 as
a red dashed line. The shear flow and hopper flow results
are slightly different implying that rheology for the con-
verging flow is slightly different from that for a shear flow.
A similar result was reported by Bhateja and Khakhar [20]
for a rectangular hopper.

Simulation results given in Fig. 2b indicate that the
stress at the exit, σrr(r1), is significant. The computed
exit stresses for different orifice widths (Do) are shown in
Fig. 4. The magnitudes of the exit stresses are about 10-
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Figure 5. Comparison of the profiles predicted by the Savage
[14] model and the µ–I model to DEM simulation results for the
(a) velocity (|vr |), (b) stress (σrr), and (c) stress ratio (k).

15% of the maximum stress in the system for the different
cases studied. This is contrary to the assumption of zero
stress at the exit (σrr(r1) = 0) in the Savage [14] model.

A comparison of the predictions of the Savage [14]
model and the µ–I based model to DEM simulation results
is shown in Fig. 5. In the Savage [14] model A is obtained
by using the boundary condition σrr(r1) = 0, and the stress
ratio, k, is obtained by fitting to DEM simulation results
for k in the central region, where it is nearly constant. In
the µ–I model, the parameters µs, a obtained above are
used, and A is obtained by fitting Eq. (3) to the velocity
data from the simulations. This is an alternative to using
the exit stress boundary condition. The Savage [14] model
predicts a significantly higher velocity (Fig. 5a), since the
exit stress, which is a measure of the resistance to the flow
out of the hopper, is not accounted for. Both models pre-
dict the stress variation very well, however, the Savage
[14] model deviates in the exit region since it assumes a
zero stress at the exit and neglects viscous stresses, which
are significant at the exit (Fig. 5b). The µ–I model cor-
rectly predicts the increase in kd at the exit due to viscous
stresses, however, assuming a constant value of the stress
ratio, k, is a reasonable approximation in the region away
from the exit (Fig. 5c). The predictions of the µ–I model
excluding inertia (A = 0 in Eq. (5)), are also shown in
Fig. 5b. They exhibit a significant deviation from the sim-
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Figure 6. DEM simulation results for a hopper with frictionless
walls showing the variation of (a) the velocity (|vr |), (b) stress
(σrr) and (c) stress ratio (k) with time (t) at r = 12 cm for an
orifice width Do = 1 cm and fill height r2 = 21 cm.

ulation results, indicating that inertial effects are important
in the flow.

Schaeffer [21] showed that the governing equations
based on the Shield-Jenike rheology are unstable in the
same sense as the energy balance equation with a negative
thermal conductivity is. He conjectured that the instabil-
ity was the cause of the large flow fluctuations observed in
practical hopper flows. More recently, Barker et al. [22]
showed that the µ–I rheology is also unstable in some re-
gions of the parameter space. We observed large veloc-
ity and stress fluctuations in our simulations on short time
scales, which may be an indicator of the instability. Simi-
lar large fluctuations were observed previously by Vivanco
et al. [11]. Fig 6 shows the variation of the velocity (vr),
stress (σrr) and stress ratio (k) with time (t) for a typical
case. For all three, the fluctuations are of the same order of
magnitude as the mean values, with a frequency of about
250 Hz. Despite this, the time-averaged behaviour of the
system is well described by theories based on the Shield-
Jenike and the µ–I rheologies, as shown above (Fig. 5).

Fig. 7 shows the variation of the computed mass flow
rate (ṁ) with the theoretical prediction (θwAb) using fitted
values of A, for different orifice widths (Do). The fitted
straight line passes through the origin and shows a good
agreement between the simulation results and predictions
of the theory. Further, we find A ∝ (r1 − αdp)3/2 with
α = 1.6. The mass flow rate, thus, follows the Bever-
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Figure 7. DEM simulation results for a hopper with frictionless
walls showing the variation of the mass flow rate (ṁ) with the
theoretical prediction (Aθwb) for fitted values of A for different
orifice widths (Do). The solid line is a fit to the data.
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Figure 8. Schematic view of the wedge-shaped hopper used in
experiments. The screw is used to adjust the horizontal position
of the left spacer and thus control the orifice width, Do. The han-
dle is used to slide the stopper plate to block/unblock the orifice.

loo [4] correlation in 2D, and α is close to the reported
experimental values. A detailed experimental study of the
velocity field in the hopper is discussed in the next section.

3 Velocity field in a quasi-2D hopper

We measure the velocity field in a wedge-shaped hopper
shown schematically Fig. 8. The hopper angle is θw = 20
deg. and thickness is 1.2 cm, with glass front and back
walls. Other dimensions of the apparatus are shown in the
figure. A video recording is made of the flowing particles
at the front glass wall, and the particle velocities are deter-
mined using image analysis and particle tracking. Data is
presented here for glass beads of diameter dp = 1.86±0.17
mm and different orifice widths, Do. Each experiment is
repeated 5 times and the mean values and standard errors
are reported. DEM simulations for a geometrically iden-
tical system are also carried out. The objective is to carry
out a detailed characterization of the velocity field using
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Figure 9. Experimentally measured spatial distribution of the
horizontal velocity (vx) and vertical velocity (|vy|) in the quasi-
2D hopper for an orifice width Do = 2.5 cm for dp = 1.86 mm
glass particles.
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Figure 10. Variation of the experimentally measured radial ve-
locity (|vr |) with the square of the scaled angle [(θ/θw)2] at differ-
ent radial positions, r (symbols), for 1.86 mm glass particles and
an orifice width Do = 2.5 cm. Error bars indicate the standard
error. Lines are fits of Eq. (10) to the data. (b) Variation of the
fitted centerline velocity (vr0) with 1/r, and (c) variation of the
fitted values of the effective wall friction (F) with radius (r).

the theory of Brennen and Pearce [15] as a framework.
The results presented here are a summary of a more de-
tailed investigation given in Ref. [23].

Fig. 9 shows the spatial distribution of the horizontal
(vx) and vertical (|vy|) velocity components in the hopper.
The direction of horizontal velocity is inward toward the
centerline of the hopper and the horizontal velocity at the
centerline is zero, due to symmetry. The vertical velocity
is downward and is also symmetric about the centerline.
Both velocities decrease with distance from the exit. The
magnitude of the horizontal velocity (vx) is more than an
order of magnitude smaller than the vertical velocity (vy).

Fig. 10 shows the variation of the measured radial ve-
locity (|vr |) with the square of the scaled angle [(θ/θw)2]
at different radial distances (symbols). The velocity varies
linearly with (θ/θw)2 as predicted by Brennen and Pearce
[15], and decreases with increasing distance from the exit.
The straight lines are fits of

vr = vr0(r)
[
1 − F(r) (θ/θw)2

]
, (10)
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15% of the maximum stress in the system for the different
cases studied. This is contrary to the assumption of zero
stress at the exit (σrr(r1) = 0) in the Savage [14] model.

A comparison of the predictions of the Savage [14]
model and the µ–I based model to DEM simulation results
is shown in Fig. 5. In the Savage [14] model A is obtained
by using the boundary condition σrr(r1) = 0, and the stress
ratio, k, is obtained by fitting to DEM simulation results
for k in the central region, where it is nearly constant. In
the µ–I model, the parameters µs, a obtained above are
used, and A is obtained by fitting Eq. (3) to the velocity
data from the simulations. This is an alternative to using
the exit stress boundary condition. The Savage [14] model
predicts a significantly higher velocity (Fig. 5a), since the
exit stress, which is a measure of the resistance to the flow
out of the hopper, is not accounted for. Both models pre-
dict the stress variation very well, however, the Savage
[14] model deviates in the exit region since it assumes a
zero stress at the exit and neglects viscous stresses, which
are significant at the exit (Fig. 5b). The µ–I model cor-
rectly predicts the increase in kd at the exit due to viscous
stresses, however, assuming a constant value of the stress
ratio, k, is a reasonable approximation in the region away
from the exit (Fig. 5c). The predictions of the µ–I model
excluding inertia (A = 0 in Eq. (5)), are also shown in
Fig. 5b. They exhibit a significant deviation from the sim-
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Figure 6. DEM simulation results for a hopper with frictionless
walls showing the variation of (a) the velocity (|vr |), (b) stress
(σrr) and (c) stress ratio (k) with time (t) at r = 12 cm for an
orifice width Do = 1 cm and fill height r2 = 21 cm.

ulation results, indicating that inertial effects are important
in the flow.

Schaeffer [21] showed that the governing equations
based on the Shield-Jenike rheology are unstable in the
same sense as the energy balance equation with a negative
thermal conductivity is. He conjectured that the instabil-
ity was the cause of the large flow fluctuations observed in
practical hopper flows. More recently, Barker et al. [22]
showed that the µ–I rheology is also unstable in some re-
gions of the parameter space. We observed large veloc-
ity and stress fluctuations in our simulations on short time
scales, which may be an indicator of the instability. Simi-
lar large fluctuations were observed previously by Vivanco
et al. [11]. Fig 6 shows the variation of the velocity (vr),
stress (σrr) and stress ratio (k) with time (t) for a typical
case. For all three, the fluctuations are of the same order of
magnitude as the mean values, with a frequency of about
250 Hz. Despite this, the time-averaged behaviour of the
system is well described by theories based on the Shield-
Jenike and the µ–I rheologies, as shown above (Fig. 5).

Fig. 7 shows the variation of the computed mass flow
rate (ṁ) with the theoretical prediction (θwAb) using fitted
values of A, for different orifice widths (Do). The fitted
straight line passes through the origin and shows a good
agreement between the simulation results and predictions
of the theory. Further, we find A ∝ (r1 − αdp)3/2 with
α = 1.6. The mass flow rate, thus, follows the Bever-
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Figure 7. DEM simulation results for a hopper with frictionless
walls showing the variation of the mass flow rate (ṁ) with the
theoretical prediction (Aθwb) for fitted values of A for different
orifice widths (Do). The solid line is a fit to the data.
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experiments. The screw is used to adjust the horizontal position
of the left spacer and thus control the orifice width, Do. The han-
dle is used to slide the stopper plate to block/unblock the orifice.

loo [4] correlation in 2D, and α is close to the reported
experimental values. A detailed experimental study of the
velocity field in the hopper is discussed in the next section.

3 Velocity field in a quasi-2D hopper

We measure the velocity field in a wedge-shaped hopper
shown schematically Fig. 8. The hopper angle is θw = 20
deg. and thickness is 1.2 cm, with glass front and back
walls. Other dimensions of the apparatus are shown in the
figure. A video recording is made of the flowing particles
at the front glass wall, and the particle velocities are deter-
mined using image analysis and particle tracking. Data is
presented here for glass beads of diameter dp = 1.86±0.17
mm and different orifice widths, Do. Each experiment is
repeated 5 times and the mean values and standard errors
are reported. DEM simulations for a geometrically iden-
tical system are also carried out. The objective is to carry
out a detailed characterization of the velocity field using
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Figure 9. Experimentally measured spatial distribution of the
horizontal velocity (vx) and vertical velocity (|vy|) in the quasi-
2D hopper for an orifice width Do = 2.5 cm for dp = 1.86 mm
glass particles.
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Figure 10. Variation of the experimentally measured radial ve-
locity (|vr |) with the square of the scaled angle [(θ/θw)2] at differ-
ent radial positions, r (symbols), for 1.86 mm glass particles and
an orifice width Do = 2.5 cm. Error bars indicate the standard
error. Lines are fits of Eq. (10) to the data. (b) Variation of the
fitted centerline velocity (vr0) with 1/r, and (c) variation of the
fitted values of the effective wall friction (F) with radius (r).

the theory of Brennen and Pearce [15] as a framework.
The results presented here are a summary of a more de-
tailed investigation given in Ref. [23].

Fig. 9 shows the spatial distribution of the horizontal
(vx) and vertical (|vy|) velocity components in the hopper.
The direction of horizontal velocity is inward toward the
centerline of the hopper and the horizontal velocity at the
centerline is zero, due to symmetry. The vertical velocity
is downward and is also symmetric about the centerline.
Both velocities decrease with distance from the exit. The
magnitude of the horizontal velocity (vx) is more than an
order of magnitude smaller than the vertical velocity (vy).

Fig. 10 shows the variation of the measured radial ve-
locity (|vr |) with the square of the scaled angle [(θ/θw)2]
at different radial distances (symbols). The velocity varies
linearly with (θ/θw)2 as predicted by Brennen and Pearce
[15], and decreases with increasing distance from the exit.
The straight lines are fits of

vr = vr0(r)
[
1 − F(r) (θ/θw)2

]
, (10)
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Figure 11. Comparison of the experimentally measured tangen-
tial velocity profiles (vθ(θ)) (symbols) with predictions of vθ ob-
tained from the continuity equation using Eq. (10) (lines) for 1.86
mm glass particles with orifice width Do = 2.5 at different radial
positions, r, as given in the legend of Fig. 10. Error bars indicate
the standard error.

and the fitted values of vr0 and F at each radial position
are shown in Figs. 10b,c (symbols). vr0 is the centerline
velocity (vr(r, 0)) and (1 − F) = vr(r, θw)/vr0 is the ratio
of velocity at the wall (vr(r, θw)) to the centerline velocity
(vr0). F is, thus, a measure of the effective wall friction
and varies in the range (0,1). F = 0 corresponds to perfect
slip (vr(r, θw) = vr0) and frictionless walls, as in the Sav-
age [14] model. F = 1 corresponds to no slip at the wall
(vr(r, θw) = 0). The data indicate that the centerline veloc-
ity (vr0) varies inversely with radial distance (r) while the
effective wall friction (F), increases linearly with r. Thus,
the wall slip velocity normalized by the centerline velocity
decreases with radial distance. The lines in Fig. 10b,c are
fits of the following equations

vr0 = a0/r + a1, F = b0 + b1r. (11)

Since a1 and b1 are both non-zero, this implies that the tan-
gential velocity, vθ, is non-zero from the continuity equa-
tion, assuming a constant bulk density.

Fig. 11 shows the variation of the tangential veloc-
ity (vθ) with angle (θ) at different radial positions. The
symbols are the measured values and the lines are pre-
dictions of vθ obtained from the continuity equation using
Eqs. (10) and (11), assuming a constant bulk density. The
predictions are in good agreement with experimental data.
The tangential velocity is about two orders of magnitude
smaller than the radial velocity, vr, in qualitative agree-
ment with the model of Brennen and Pearce [15].

Fig. 12 shows the Beverloo [4] plot of the experimen-
tally measured scaled mass flow rate ((ṁ/ρp)2/3/dp) versus
the scaled orifice width (Do/dp) for dp = 1.86 mm glass
beads. The line is a fit to the data and yields α = 0.78,
which is significantly smaller than reported values. The
lower value obtained is due to the presence of the front
and back walls.

DEM simulations were carried out for a geometrically
identical system as the experimental set up, including the
front and back walls. All the walls are flat frictional sur-
faces. Period boundary conditions are used in the vertical
direction (y-direction) so that particles exiting from the
hopper are fed back at the top to maintain a constant fill
height. The spring-dashpot model with friction was used,
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Figure 12. Beverloo plot for the scaled mass flow rate
((ṁ/ρp)2/3/dp) variation with the scaled orifice width (Do/dp).
Symbols are experimental data for 1.86 mm glass beads and the
line is a fit to the data.
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Figure 13. Experimental (symbols) and DEM simulation results
(lines) for the variation of the velocity (|vr |) with angle (θ) for
dp = 1.86 mm glass particles for orifice width Do = 2.5 cm at
different radial positions, r.

as above, with particle properties dp = 1.86 ± 0.17 mm,
ρp = 2.47 g/cm3, e = 0.9 and kn = 5.686 × 106 dyn/cm.
A number of simulations were carried out with the fric-
tion coefficients for particle-particle (µp ∈ (0.4, 0.6)),
particle-side wall (µw ∈ (0.4, 0.6)) and particle-glass (µg ∈
(0.1, 0.2)) contacts varied systematically over physically
reasonable ranges for the parameters, as indicated. The
set of friction coefficients that gave the best results are:
µp = 0.5, µw = 0.5 and µw = 0.15. A comparison of the
simulation results for the velocity profile (|vr(r)|), using the
calibrated values of the friction coefficients (lines), with
experimental measurements (symbols) is shown in Fig. 13.
There is an excellent match between the two.

Fig. 14 shows simulation results for a similar system
as in Fig. 10, but with the front and back walls removed
and periodic boundary conditions applied in direction nor-
mal to the plane of the flow. The variation of the velocity
(|vr |) with the square of the scaled angle ((θ/θw)2) for the
simulated system without front and back walls is similar
to that for the experimental quasi-2D system. The veloci-
ties are higher in the case of the simulations since the fric-
tional resistance due to the front and back walls is absent.
The variation of the centerline velocity (vr0) with radial
position is very similar to that of the simulation and ex-

Figure 14. Simulation results for a system without front and
back walls showing the variation of the radial velocity (|vr |) with
the square of the scaled angle [(θ/θw)2] for 1.86 mm glass par-
ticles orifice width Do = 2.5 cm at different radial positions, r
(symbols), as given in the legend of Fig. 10. Error bars indicate
the standard error. Lines are fits of Eq. (10) to the data. (b) Vari-
ation of the fitted centerline velocity (vr0) with 1/r, and (c) fitted
values of the effective wall friction (F) with radius (r). The lines
in (b) and (c) are fits of Eq. (11) to the simulation data.

perimental results for the quasi-2D system. However, the
effective friction (F) is nearly constant in the simulated
system without the front and back walls in contrast to the
linear increase with radial distance found for the quasi-2D
system. The lower effective friction (F) for the system
without front and back walls implies a higher relative slip
velocity at the side walls.

The results presented above give a detailed experimen-
tal characterization of the velocity field in a quasi-2D hop-
per with front and back walls. DEM simulations indicate
the velocity field is similar even in the absence of the walls.
In the next section, we follow a similar approach and fo-
cus on the flow in the exit region, which is important for
determining the flow rate from the hopper.

4 Flow in the exit region

We consider the flow in the exit region of the hopper by
means of experiments and DEM simulations. The analysis
is carried out in a region of dimensions 6 cm × 6 cm cen-
tered on the exit plane as shown in Fig. 15, along with a
definition of the coordinate system used. The experimen-
tal system and the simulation parameters are the same as
described in the previous section. Results are reported for
an orifice width, Do = 2.0 cm and glass particles of diame-
ter dp = 1.86±0.17 cm. In addition to spatial distributions
obtained by binning the data using square bins of side 0.1
cm, the variation along the centerline is considered by av-
eraging using bins of height 0.1 cm and width Do/10, in
the region demarcated by dotted lines shown in Fig. 15.

6 cm

6 cm

x

y

Do

Figure 15. Schematic view showing the domain in the exit re-
gion used in the analysis. The coordinate system is defined. The
horizontal dashed line shows the exit plane and the vertical dot-
ted lines demarcate the region over which the centerline average
is taken.

-2

 0

 2

-2  0  2

 0

 20

 40

 60

 80

 100

-2

 0

 2

-2  0  2

 0

 20

 40

 60

 80

 100

(a) (b)

(cm/s)|vy |

x x

y

Figure 16. Spatial distribution of the vertical velocity |vy| for 1.86
mm glass beads in the exit region of a hopper with orifice width
D0 = 2.0 cm. (a) Experimental measurements. (b) Simulation
results.

Note that the region below the exit plane (y < 0) is also
considered, unlike most previous studies.

Data in each experimental run are collected for 0.5 s
after the flow reaches steady state, using the same method
as described in the previous section. Each experiment is
repeated 30 times and average values are reported along
with the standard error. An identical protocol is followed
in the DEM simulations. Such intensive averaging is nec-
essary since we compute the acceleration, which requires
a second derivative of the particle trajectory.

Fig. 16 shows the spatial distribution of the vertical ve-
locity (|vy|) for both experiments and simulations. There is
a close match between the two. The velocity distributions
vary smoothly for both, and there does not appear to be
any surface at which a sharp change in velocity is evident.

Fig. 17 shows the variation of the vertical velocity and
the scaled vertical acceleration along the centerline, for the
experiments and DEM simulations. Simulation results for
the system without the front and back walls are also shown
in the figure. The DEM results for the system with front
and back walls closely match the experimental results for
the velocity and acceleration. The velocity variation with
height is smooth and does not show any sharp changes
(Fig. 17a), as found in the spatial distributions (Fig. 16).
The scaled vertical acceleration, ay/g, increases with de-
creasing height (y) until the magnitude becomes slightly
greater than one (ay/g ≈ 1.2) inside the hopper near the
exit plane (y ≈ 0.2) and then decreases to ay/g = 1 for
heights below y = −1 cm (Fig. 17b). Thus, free fall of the
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Figure 11. Comparison of the experimentally measured tangen-
tial velocity profiles (vθ(θ)) (symbols) with predictions of vθ ob-
tained from the continuity equation using Eq. (10) (lines) for 1.86
mm glass particles with orifice width Do = 2.5 at different radial
positions, r, as given in the legend of Fig. 10. Error bars indicate
the standard error.

and the fitted values of vr0 and F at each radial position
are shown in Figs. 10b,c (symbols). vr0 is the centerline
velocity (vr(r, 0)) and (1 − F) = vr(r, θw)/vr0 is the ratio
of velocity at the wall (vr(r, θw)) to the centerline velocity
(vr0). F is, thus, a measure of the effective wall friction
and varies in the range (0,1). F = 0 corresponds to perfect
slip (vr(r, θw) = vr0) and frictionless walls, as in the Sav-
age [14] model. F = 1 corresponds to no slip at the wall
(vr(r, θw) = 0). The data indicate that the centerline veloc-
ity (vr0) varies inversely with radial distance (r) while the
effective wall friction (F), increases linearly with r. Thus,
the wall slip velocity normalized by the centerline velocity
decreases with radial distance. The lines in Fig. 10b,c are
fits of the following equations

vr0 = a0/r + a1, F = b0 + b1r. (11)

Since a1 and b1 are both non-zero, this implies that the tan-
gential velocity, vθ, is non-zero from the continuity equa-
tion, assuming a constant bulk density.

Fig. 11 shows the variation of the tangential veloc-
ity (vθ) with angle (θ) at different radial positions. The
symbols are the measured values and the lines are pre-
dictions of vθ obtained from the continuity equation using
Eqs. (10) and (11), assuming a constant bulk density. The
predictions are in good agreement with experimental data.
The tangential velocity is about two orders of magnitude
smaller than the radial velocity, vr, in qualitative agree-
ment with the model of Brennen and Pearce [15].

Fig. 12 shows the Beverloo [4] plot of the experimen-
tally measured scaled mass flow rate ((ṁ/ρp)2/3/dp) versus
the scaled orifice width (Do/dp) for dp = 1.86 mm glass
beads. The line is a fit to the data and yields α = 0.78,
which is significantly smaller than reported values. The
lower value obtained is due to the presence of the front
and back walls.

DEM simulations were carried out for a geometrically
identical system as the experimental set up, including the
front and back walls. All the walls are flat frictional sur-
faces. Period boundary conditions are used in the vertical
direction (y-direction) so that particles exiting from the
hopper are fed back at the top to maintain a constant fill
height. The spring-dashpot model with friction was used,
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Figure 12. Beverloo plot for the scaled mass flow rate
((ṁ/ρp)2/3/dp) variation with the scaled orifice width (Do/dp).
Symbols are experimental data for 1.86 mm glass beads and the
line is a fit to the data.
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Figure 13. Experimental (symbols) and DEM simulation results
(lines) for the variation of the velocity (|vr |) with angle (θ) for
dp = 1.86 mm glass particles for orifice width Do = 2.5 cm at
different radial positions, r.

as above, with particle properties dp = 1.86 ± 0.17 mm,
ρp = 2.47 g/cm3, e = 0.9 and kn = 5.686 × 106 dyn/cm.
A number of simulations were carried out with the fric-
tion coefficients for particle-particle (µp ∈ (0.4, 0.6)),
particle-side wall (µw ∈ (0.4, 0.6)) and particle-glass (µg ∈
(0.1, 0.2)) contacts varied systematically over physically
reasonable ranges for the parameters, as indicated. The
set of friction coefficients that gave the best results are:
µp = 0.5, µw = 0.5 and µw = 0.15. A comparison of the
simulation results for the velocity profile (|vr(r)|), using the
calibrated values of the friction coefficients (lines), with
experimental measurements (symbols) is shown in Fig. 13.
There is an excellent match between the two.

Fig. 14 shows simulation results for a similar system
as in Fig. 10, but with the front and back walls removed
and periodic boundary conditions applied in direction nor-
mal to the plane of the flow. The variation of the velocity
(|vr |) with the square of the scaled angle ((θ/θw)2) for the
simulated system without front and back walls is similar
to that for the experimental quasi-2D system. The veloci-
ties are higher in the case of the simulations since the fric-
tional resistance due to the front and back walls is absent.
The variation of the centerline velocity (vr0) with radial
position is very similar to that of the simulation and ex-

Figure 14. Simulation results for a system without front and
back walls showing the variation of the radial velocity (|vr |) with
the square of the scaled angle [(θ/θw)2] for 1.86 mm glass par-
ticles orifice width Do = 2.5 cm at different radial positions, r
(symbols), as given in the legend of Fig. 10. Error bars indicate
the standard error. Lines are fits of Eq. (10) to the data. (b) Vari-
ation of the fitted centerline velocity (vr0) with 1/r, and (c) fitted
values of the effective wall friction (F) with radius (r). The lines
in (b) and (c) are fits of Eq. (11) to the simulation data.

perimental results for the quasi-2D system. However, the
effective friction (F) is nearly constant in the simulated
system without the front and back walls in contrast to the
linear increase with radial distance found for the quasi-2D
system. The lower effective friction (F) for the system
without front and back walls implies a higher relative slip
velocity at the side walls.

The results presented above give a detailed experimen-
tal characterization of the velocity field in a quasi-2D hop-
per with front and back walls. DEM simulations indicate
the velocity field is similar even in the absence of the walls.
In the next section, we follow a similar approach and fo-
cus on the flow in the exit region, which is important for
determining the flow rate from the hopper.

4 Flow in the exit region

We consider the flow in the exit region of the hopper by
means of experiments and DEM simulations. The analysis
is carried out in a region of dimensions 6 cm × 6 cm cen-
tered on the exit plane as shown in Fig. 15, along with a
definition of the coordinate system used. The experimen-
tal system and the simulation parameters are the same as
described in the previous section. Results are reported for
an orifice width, Do = 2.0 cm and glass particles of diame-
ter dp = 1.86±0.17 cm. In addition to spatial distributions
obtained by binning the data using square bins of side 0.1
cm, the variation along the centerline is considered by av-
eraging using bins of height 0.1 cm and width Do/10, in
the region demarcated by dotted lines shown in Fig. 15.

6 cm
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x

y

Do

Figure 15. Schematic view showing the domain in the exit re-
gion used in the analysis. The coordinate system is defined. The
horizontal dashed line shows the exit plane and the vertical dot-
ted lines demarcate the region over which the centerline average
is taken.
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Figure 16. Spatial distribution of the vertical velocity |vy| for 1.86
mm glass beads in the exit region of a hopper with orifice width
D0 = 2.0 cm. (a) Experimental measurements. (b) Simulation
results.

Note that the region below the exit plane (y < 0) is also
considered, unlike most previous studies.

Data in each experimental run are collected for 0.5 s
after the flow reaches steady state, using the same method
as described in the previous section. Each experiment is
repeated 30 times and average values are reported along
with the standard error. An identical protocol is followed
in the DEM simulations. Such intensive averaging is nec-
essary since we compute the acceleration, which requires
a second derivative of the particle trajectory.

Fig. 16 shows the spatial distribution of the vertical ve-
locity (|vy|) for both experiments and simulations. There is
a close match between the two. The velocity distributions
vary smoothly for both, and there does not appear to be
any surface at which a sharp change in velocity is evident.

Fig. 17 shows the variation of the vertical velocity and
the scaled vertical acceleration along the centerline, for the
experiments and DEM simulations. Simulation results for
the system without the front and back walls are also shown
in the figure. The DEM results for the system with front
and back walls closely match the experimental results for
the velocity and acceleration. The velocity variation with
height is smooth and does not show any sharp changes
(Fig. 17a), as found in the spatial distributions (Fig. 16).
The scaled vertical acceleration, ay/g, increases with de-
creasing height (y) until the magnitude becomes slightly
greater than one (ay/g ≈ 1.2) inside the hopper near the
exit plane (y ≈ 0.2) and then decreases to ay/g = 1 for
heights below y = −1 cm (Fig. 17b). Thus, free fall of the
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Figure 17. Variation of (a) the vertical velocity |vy|, (b) the scaled
vertical acceleration (ay/g) with distance from the exit (y) for
1.86 mm glass beads in the exit region of a hopper with orifice
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to the position of the exit plane. Experimental data, DEM sim-
ulation results and DEM simulation results in the absence of the
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-3 -2 -1 0 1 2 3
y (cm)

0

1

2

3

4

5

σ
xx

, 
σ

yy
×

  
1
0

-3
 (

d
y
n
/c

m
2
)

σ
xx

σ
yy

Figure 18. DEM simulation results for the variation of the nor-
mal stress components (σxx, σyy) with distance from the exit (y)
for 1.86 mm glass beads in the exit region of a hopper with ori-
fice width Do = 2.0 cm. y = 0 (vertical dashed line) corresponds
to the position of the exit plane. The steps of the mechanism of
arch formation and buckling at the exit are shown schematically
in the inset.

particles occurs only a significant distance below the exit
plane.

The behaviour for the system without front and back
walls (Fig. 17, dashed lines) is qualitatively similar to the
quasi-2D system. The magnitude of the velocity is higher
(Fig. 17a) , which is expected. The magnitude of the ac-
celeration peak is significantly larger (ay/g ≈ 1.8), which
is unexpected from a physical view point.

The cause for the higher than g vertical acceleration
(ay) is related to the high magnitudes of the exit stresses,
shown in Fig. 18, with the exit position marked by a
dashed line. The stresses decrease with decreasing val-
ues of height (y) and horizontal stress (σxx) is significantly
larger than the vertical stress (σyy). The higher values of
the horizontal stress (σxx) are due to arch formation re-

sulting from the converging flow. The vertical stress com-
presses the arch, which eventually buckles downward. The
buckling of the arch exerts a downward force, providing
the impetus to the particles and increasing their accelera-
tion. The steps of this mechanism – arch formation, com-
pression and buckling – are shown schematically in the
inset of Fig. 18. As a consequence of this mechanism, the
stresses are non-zero below the exit plane (y < 0) with σyy
going to zero at y = −1 cm and σxx going to zero at y = −2
cm.

5 Conclusions

We presented experimental and DEM simulation results
related to flow in wedge-shaped hoppers.

DEM simulation results for a wedge-shaped hopper
with frictionless walls are compared to the theoretical pre-
dictions of the Savage theory [14] and a theory based on
the µ–I rheology. The simulation results show a signifi-
cant exit stress, which is not accounted for in the Savage
theory, and as a consequence the Savage theory predicts a
higher flow rate than the simulation results. The µ–I model
gives very good predictions of the velocity profile (vr(r)),
stress profile (σrr(r)) and stress ratio (k) using an empir-
ical equation for the mass flow rate in place of a stress
boundary condition at the exit. The inertia term in the mo-
mentum balance equation (Eq. 5) has a significant effect of
the stress profile. The simulation results show large fluctu-
ations, however, the time-averaged profiles match the pro-
files from theory. The mass flow rate from simulations
follows the Beverloo correlation.

Experimental studies of the flow in a quasi-2D wedge-
shaped hopper with front and back walls showed that the
radial velocity in cylindrical coordinates varies as vr ∝ θ2.
The flow is not purely radial, and we obtained a small
tangential velocity. The results are in qualitative agree-
ment with the theory of Brennen and Pearce [15]. Fits
of an empirical equation to the data showed that the cen-
terline velocity (vr0) varies inversely with radial distance
and the effective wall friction (F) increases linearly with
radial distance. The latter implies that the wall slip veloc-
ity decreases with radial distance. The radial velocity from
calibrated DEM simulations closely matches experimental
results. DEM simulations for flow in the hopper with the
calibrated parameters, but without front and back walls,
gave similar results. The centerline velocity (vr0) varies
inversely with radial distance but the effective friction (F)
is constant with radial distance and has a low value com-
pared to the system with walls. Thus, the slip velocity in
the system without front and back walls is higher than that
for the system with walls.

Experiments and DEM simulations are carried out to
analyze the flow in the exit region of the wedge-shaped
hopper with front and back walls. The spatial velocity dis-
tributions and the velocity and acceleration variation along
the centerline for the experiments and DEM simulations
match closely. The results do not show any evidence of a
sharp change in velocity, which would indicate the pres-
ence of a free fall arch. The vertical acceleration becomes

equal to the gravitational acceleration (free fall) signifi-
cantly below the exit plane. The vertical acceleration is
larger than the gravitational acceleration near the exit and
an arch-buckling mechanism is proposed to explain the ob-
servation.

The results presented here suggest several avenues for
further investigation. These include development of a
theory and DEM simulations for hoppers with frictional
walls, as well as building models for the flow in the exit
region.
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Figure 18. DEM simulation results for the variation of the nor-
mal stress components (σxx, σyy) with distance from the exit (y)
for 1.86 mm glass beads in the exit region of a hopper with ori-
fice width Do = 2.0 cm. y = 0 (vertical dashed line) corresponds
to the position of the exit plane. The steps of the mechanism of
arch formation and buckling at the exit are shown schematically
in the inset.

particles occurs only a significant distance below the exit
plane.

The behaviour for the system without front and back
walls (Fig. 17, dashed lines) is qualitatively similar to the
quasi-2D system. The magnitude of the velocity is higher
(Fig. 17a) , which is expected. The magnitude of the ac-
celeration peak is significantly larger (ay/g ≈ 1.8), which
is unexpected from a physical view point.

The cause for the higher than g vertical acceleration
(ay) is related to the high magnitudes of the exit stresses,
shown in Fig. 18, with the exit position marked by a
dashed line. The stresses decrease with decreasing val-
ues of height (y) and horizontal stress (σxx) is significantly
larger than the vertical stress (σyy). The higher values of
the horizontal stress (σxx) are due to arch formation re-

sulting from the converging flow. The vertical stress com-
presses the arch, which eventually buckles downward. The
buckling of the arch exerts a downward force, providing
the impetus to the particles and increasing their accelera-
tion. The steps of this mechanism – arch formation, com-
pression and buckling – are shown schematically in the
inset of Fig. 18. As a consequence of this mechanism, the
stresses are non-zero below the exit plane (y < 0) with σyy
going to zero at y = −1 cm and σxx going to zero at y = −2
cm.

5 Conclusions

We presented experimental and DEM simulation results
related to flow in wedge-shaped hoppers.

DEM simulation results for a wedge-shaped hopper
with frictionless walls are compared to the theoretical pre-
dictions of the Savage theory [14] and a theory based on
the µ–I rheology. The simulation results show a signifi-
cant exit stress, which is not accounted for in the Savage
theory, and as a consequence the Savage theory predicts a
higher flow rate than the simulation results. The µ–I model
gives very good predictions of the velocity profile (vr(r)),
stress profile (σrr(r)) and stress ratio (k) using an empir-
ical equation for the mass flow rate in place of a stress
boundary condition at the exit. The inertia term in the mo-
mentum balance equation (Eq. 5) has a significant effect of
the stress profile. The simulation results show large fluctu-
ations, however, the time-averaged profiles match the pro-
files from theory. The mass flow rate from simulations
follows the Beverloo correlation.

Experimental studies of the flow in a quasi-2D wedge-
shaped hopper with front and back walls showed that the
radial velocity in cylindrical coordinates varies as vr ∝ θ2.
The flow is not purely radial, and we obtained a small
tangential velocity. The results are in qualitative agree-
ment with the theory of Brennen and Pearce [15]. Fits
of an empirical equation to the data showed that the cen-
terline velocity (vr0) varies inversely with radial distance
and the effective wall friction (F) increases linearly with
radial distance. The latter implies that the wall slip veloc-
ity decreases with radial distance. The radial velocity from
calibrated DEM simulations closely matches experimental
results. DEM simulations for flow in the hopper with the
calibrated parameters, but without front and back walls,
gave similar results. The centerline velocity (vr0) varies
inversely with radial distance but the effective friction (F)
is constant with radial distance and has a low value com-
pared to the system with walls. Thus, the slip velocity in
the system without front and back walls is higher than that
for the system with walls.

Experiments and DEM simulations are carried out to
analyze the flow in the exit region of the wedge-shaped
hopper with front and back walls. The spatial velocity dis-
tributions and the velocity and acceleration variation along
the centerline for the experiments and DEM simulations
match closely. The results do not show any evidence of a
sharp change in velocity, which would indicate the pres-
ence of a free fall arch. The vertical acceleration becomes

equal to the gravitational acceleration (free fall) signifi-
cantly below the exit plane. The vertical acceleration is
larger than the gravitational acceleration near the exit and
an arch-buckling mechanism is proposed to explain the ob-
servation.

The results presented here suggest several avenues for
further investigation. These include development of a
theory and DEM simulations for hoppers with frictional
walls, as well as building models for the flow in the exit
region.
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