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Abstract. This study presents a compressible nonlocal continuum model for two-dimensional granular flows
on inclined surfaces. We derive analytical solutions for the solid volume fraction, ¢(y*), and the streamwise ve-
locity profile, u*(y*), by employing the method of matched asymptotic expansions. The inner solution for ¢(y*)
is found to be constant at the maximum packing fraction, while the outer solution exhibits a linear decrease,
with the matching point determined by mass conservation. Furthermore, we obtain an analytic non-Bagnold
u*(y*) that can transit smoothly from the no-slip condition at the rough base to the strain-free condition at the
free surface. Not only are the continuity conditions of velocity and shear rate invoked at the matching point, but
the continuity of shear work is also introduced as a novel condition. In addition, fitting curves are established
for the densest packing volume fraction, ¢,,..(6), and the mean volume fraction, ¢(6), based on experimental
data, highlighting their dependence on the inclination angle 8. Notably, we reveal that a dimensionless parame-
ter 7 appears solely in the governing equations of u*(y*). Furthermore, at  ~ 7.3, a balance is achieved between

compressibility and nonlocality.

1 Introduction

The continuum-mechanical description of granular flows
has attracted attention for modeling both industrial and
geophysical processes. Because granular bulk motion be-
gins only when a critical yield stress is reached within
the packing, these flows are divided into three regimes: a
solid-like quasistatic regime with slow bulk deformation
and frictional contacts; a gas-like inertial regime where
high flow speeds and repulsive collisions dominate; and
an intermediate liquid-like regime in which dense material
flows due to simultaneous collision and friction interac-
tions [1].

Researchers have developed phenomenological local
constitutive models for dense granular flows of rigid
grains. Shear stress ||7|| is described in proportion to
isotropic pressure p by ||t]| = u(l)p, where the effective
friction coefficient, u(7), depends on the dimensionless in-
ertial number / [2, 3]. However, on inclined surfaces, thin
granular layers require a greater inclination angle 6 to initi-
ate flow, indicating a thickness-dependent internal strength
s [4]. Furthermore, in the quasistatic regime, the stress is
found independent of the shear rate, challenging the as-
sumed colinearity between the shear stress and the shear
rate tensors [5, 6]. To overcome these limitations, vari-
ous nonlocal models invoking different physical processes
have been proposed [7-9]. Although continuum and dis-
crete simulations based on these models successfully cap-
ture flow dynamics [10], they typically assume that the
granular medium is incompressible.

*e-mail: 09522109 @ntu.edu.tw
**e-mail: fulingyang @ntu.edu.tw

However, the effect of dilatancy on particle rearrange-
ment and bulk deformation is a well-known phenomenon,
suggesting local compressibility and its impact on solid
volume fraction ¢. Several local dilatancy laws have been
proposed to describe these variations [2, 11]. Dsouza and
Nott applied the critical state theory and the extended von
Mises condition to develop a nonlocal rheology model us-
ing a volume-averaged approach [12]. To our best knowl-
edge, this remains the only framework that simultaneously
ensures kinematic determinacy and accounts for dilatancy
in dense granular flows. The equations are given by

2,
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where the £2-order terms represent nonlocal modifications.
Here, 6 is the identity matrix, u = (u, v) is the velocity vec-
tor, D is the deviatoric deformation rate tensor with mag-
nitude ¥y = V2D : D, p, is the critical state pressure, ¢ is
the effective radius measuring nonlocal effect, n > 1 de-
termines yield surface convexity, and I1 is the local critical
state pressure proposed to be

(¢ - ¢min)2
(¢max - ¢)5 ’
where a ~ 0.5 is a material constant, ¢,,;, and @, are the

volume fractions for the loosest and the densest packing,
respectively [13].

(¢) = @ 2
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In this work, the two-dimensional version of this non-
local compressible flow model is solved for steady in-
clined surface granular flows. By imposing conventional
boundary conditions on the volume fraction and stream-
wise velocity, we analytically solve their depth profiles
using matched asymptotic analysis. Our results reproduce
the observed evolution of the velocity profile, from con-
cave to S-shaped, as the flow becomes denser, consistent
with the findings from discrete element simulations [4].

2 Problem formulation

Figure 1. Schematic diagram of inclined surface granular flows.

Consider a steady two-dimensional compressible gran-
ular flow of constant height H with grain density p; down
a rough incline at angle 6, as shown in figure 1. The flow
satisfies mass and linear momentum conservation

V- (¢u)=0, (3a)

psou-Vu =V .0+ pidg. (3b)

Here, g = (gsinf, —gcos0) is the gravitational acceler-
ation vector, and the Cauchy stress tensor o is assumed
symmetric to satisfy angular momentum conservation.

For a fully-developed flow, (3a) simplifies to ¢v = 0,
leading to v = O with the impermeable basal condi-
tion. The relevant momentum equations then reduce to
do,/dy — pspgcosd = 0 and do,,/dy + pspgsind = 0.
Substituting (1a)-(1c) and (2) into these equations yields
the nonlocal governing equations for ¢ and u as

dp;

= —0Q, 4
ay ¢ (4a)
Pur
d 7
Nusp: — 020" ——— | = —ptan6. (4b)
dy (¢max - ¢)5 g_Z*

As we are dealing with inclined surface flows, we set
Gmin ~ 0 as the reported surface volume fraction [4, 14],
which is much lower than the conventional ¢,,;,, ~ 0.5
for simple shear flows. The variables are nondimension-
alized as y* = y/H, {* = €/H, u* = u/+gHcos0,
Pr = pe/psgHcos6, and o = a/ps;gH cosf. Note that
we scale out the dependence of cos @ as it remains of or-
der unity for flows down milder slopes and preserves the
nature of (4b) [15]. The effect of the inclination angle re-
mains in the term —¢ tan 6 in (4b).

3 Matched asymptotic expansions of ¢(y*)

Since (4a) coupled with (1b) and (2) is highly nonlinear,
we employ matched asymptotic expansions to obtain the

volume fraction profile ¢(y*). For small y* near the base,
we expect that the value of ¢(y*) remains nearly constant
to assume d¢/dy* ~ d’¢/dy*?> ~ d>¢/dy*® ~ & [4, 16].
Keeping only the leading order terms yields the governing
equation for the inner solution as

¢1(¢max - ¢l)7 =0. )

The nontrivial solution of (5) is ¢;(y*) = @max. Conversely,
¢(y*) tends to zero near the free surface as suggested in
the literature [14]. Setting ¢ ~ & in (4a) and performing
an order analysis leads to the governing equation for the
outer solution as

dgo d®po
dy* dy*z -
The general solution of ¢o(y*) is obviously a linear func-
tion, involving two undetermined coefficients.

We then enforce two natural boundary conditions used
in the previous paragraph: d¢;/dy*(y* = 0) = 0 and
do(y® = 1) = 0. Continuity of ¢(y*) requires ¢;(y* =
y,) = ¢o(y* = y;,), where y;, is the matching point. We

25*20/* (¢max - ¢0)2

(6)

may impose an overall mass conservation fol d(yHdy* = ¢
with a specified mean volume fraction @. This leads to

2 b
Chlr 2
$15) = buasr” S i, (7b)
b0y = LIy sy o)
E - "

If ¢ = yax, we find i, = 1 and ¢(y*) = Pay, indicating
incompressible flow as a special case.

To achieve flow prediction with (7), we must provide
®max and ¢ for a specific flow condition. As noted in the lit-
erature, both ¢,,,, and ¢ are independent of the flow height
H but decrease with increasing 6 [16]. Hence, we consult
to the literature to fit [17]

Bmac(0) = —0.3929 tan 0 + 0.9356, (82)
#(6) = —0.5329 tan 6 + 0.9813. (8b)

We choose to use tan 8 as it represents both the surface
slope and the local effective friction coefficient. The clean
trends with the coefficient of determination (R?) are shown
in figures 2 and 3.

To validate (7a)-(7c), the nonlinear equation (4a)-(1b)-
(2)issolved by scipy.integrate.solve_bvp with
1000 grid points over y* € [0, 1] and an initial guess of
¢(y*) = ¢. The boundary conditions d¢/dy*(y* = 0) = 0
and ¢(y* = 1) = 0 are enforced, while ¢(y* = 0)
is iteratively adjusted to satisfy the convergence crite-
rion fol ¢y )dy* — ¢ < 1073. We compare the analyt-
ical and numerical solutions in figures 4 and 5 at 6 =
15°,20°,25°,30° by their [? relative error norms, which
are as small as 0.04,0.02, 0.02, 0.02, respectively. The re-
sults show minor yet consistent deviations near the match-
ing points. These discrepancies arise as the matching con-
ditions at the inner-outer transition do not enforce deriva-
tive continuity, leading to a nonsmooth, edge-like local
profile in the analytical solutions. Such a sharp decay near
the free surface is also reported from DEM simulations [4].
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Figure 2. Simulation data of ¢,,,, versus inclination angle 6 [17].
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Figure 3. Simulation data of ¢ versus inclination angle 4 [17].

4 Matched asymptotic expansions of u*(y*)

Similarly, we employ asymptotic analysis to determine the
streamwise velocity profile u*(y*), as the governing equa-
tion (4b) is also highly nonlinear. For small y*, we adopt
the same assumption as in the previous section and further
approximate ¢(y*) — dnar = € based on (7b). Substitut-
ing these scaling relations into (4b) and retaining only the
leading order terms, we obtain the governing equation for
the inner solution as

* 34 %
duj du;

dy* dy*

2% 33, %
du; duj

dy*2 dyH

duj d? u;
dy* dy*

=0. )

Around the free surface where ¢(y*) approaches zero, we
set ¢ ~ £ in (4b) and perform an order analysis to find the
governing equation of outer solution as

&3 uy  ,dug
dy3 tn d 0, (102)
— 3 - ¢
n = \/(tan % ﬂ) ¢max(e) [¢max(0) ¢(0)] y (10b)
#Z*ZQ*

with a newly discovered parameter in (10b) that seems to
embed most of the flow controlling variables. The physical
meaning of this parameter is beyond the scope of this work
and will be pursued in future work.

At the rough base, we impose a no-slip boundary con-
dition u;(y* = 0) = 0, and a finite shear rate du;/dy*(y* =
0) = ¥,, as reported in the literature [4, 16]. At the free
surface, we enforce the strain-free condition duy,/dy*(y* =
1) = 0, along with a finite variation, d*uj,/dy**(y* = 1) =
v:', since the strain rate does not always level off, espe-
cially in slow and thick flows [18, 19]. Furthrmore, u*(y*)
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Figure 4. Analytical solutions of ¢(y*) at 6 = 15°,20°,25°,30°.
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Figure 5. Numerical solutions of ¢(y*) at 6 = 15°,20°,25°,30°.

and du*/dy* must be continuous at the matching point, re-
quiring u; = uy, and duj/dy* = dup,/dy” when y* = y;,.
Additionally, by incorporating the energy equation [20],
we further require that the shear work must also remain
continuous at the matching point,

de; duy
dy* dy*

d2u§ _ deo duy, B
dy*Z dy* dy*

dzu*o
b0 .
Yy Y=Y

Using these conditions, the u*(y*) profile can be solved as

S5
1 3,0 Ce2Y 1‘ 1
o,o,o)+G1~3( 2 '2/0,0,0

(12a)

- ¥I

CZe—Sy*

uy) =G (— 2

up(y*) = ui(y,,)
‘yi/ * *
+ o {cos[vn(1 — y*)] — cos[yn(1 — y; )1}
(12b)
Note that G}, (x|+) and G}, (x, r|+) denote the Meijer G-
function and the generalized Meijer G-function, respec-
tively. The unknown coefficient C in (12a) cannot be ex-
plicitly solved but subjected to an implicit relation

= 5C"sin [n(1 = y,)] [11(CHKo(C) + Io(C)K1(C)]

2
iy sin [n(1 = ;)] [1(CHK(C) = IH(C)Ko(C)]

¥y, U+ 2ncos[n(l - y,)] [1(C)Ko(C) — Io(C)Ko(C")]

vy 5C*n [Io(CHK1(C*) + [1(C*)Ko(C)] (13)’
where C* = Ce™»/2, Clearly, the dimensionless param-
eter 77 in (10b) and the ratio between the boundary con-
ditions have a strong influence on C. For very creeping
flows, the base becomes non-shearing, with y; — 0 and
a negative y;’, which implies y; /¥y — 07. In contrast,
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the Bagnold velocity profile in the fast flow limit suggests

7y — 07 and thus ¥} /7" — —co.

Once 6, uy, o, €*, and )'/Z/)'/ﬁ’ are specified, C can be
determined numerically, as shown in figure 6. Note that
the inclination angles range from about 12° to 36° [16],
we can consult to (7a) and (8) to find that y;, lies roughly
between 0.90 and 0.93. At smaller n = 3, y;, is positively
correlated with C if ¥, /37" is given. Conversely, at larger
n =9, y,, is negatively correlated with C if j; /7’ is given.
In particular, at n = 7.3, the value of C is independent
of y;, and therefore 0, indicating a balance between com-
pressibility and nonlocal effect. This equilibrium suggests

that ¥, /7;" depends only on C under such circumstances.
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Figure 6. Functional relationships between ¥;/7;" and C with

n=3,7.3,9and y;, = 0.90,0.93.
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Figure 7. Normalized velocity profiles u*(y*)/u*(1) with

/7 = =0.1,-1,-10,-100 with 6 ~ 23.75° (4, = 0.92).

For example, with 8 ~ 23.75° and y = 7.3, the velocity
profiles for different ¥} /7;" are shown in figure 7. When
¥, /¥y = —0.1, we obtain the S-shaped velocity profile in
the dense regime as reported from other nonlocal models
[7, 9, 18]. As ¥; /¥y becomes more negative, the profile
becomes concave, reproducing the convexity changes ob-
served by Silbert et al. [4]. To make our analytical solu-
tions of u*(y*) more practical, the relationship between 7,

7> and ¥ is desired and will be further pursued.
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