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Abstract.
In this contribution, we discuss the ability of elasto-viscoplastic constitutive models in capturing the diverse
behavior of granular media as both solids and liquids. In particular, we showcase the recently developed
MCC-µ(I)-rheology [1], which combines the Modified Cam-Clay (MCC) model for granular solids with the
µ(I)-rheology for granular liquids, creating a “best-of-both-worlds” model for describing granular solids and
liquids in a single framework. This model is demonstrated on various problems, including granular collapse
tests as well as full-scale avalanche modeling.

1 Introduction

Continuum modeling of granular media is a challenging
task, especially since such media can show characteristics
of both solids and fluids under different conditions. In par-
ticular, a complete mechanical model should account for,
e.g., elastic forces, shear band formation, varying inter-
nal friction and varying bulk density depending on the rate
of the flow. In addition, some systems may also display
a varying degree of cohesion due to attractive forces be-
tween the grains. Recently, the topic of cohesion in granu-
lar flows has gained significant interest in the granular flow
communities. This includes the alpine hazard communi-
ties as, e.g., an increasing proportion of wet and cohesive
snow avalanches in many areas is expected as a result of
climate change. Snow is also an example of a granular
material which can undergo large density variations.

As an alternative to the typical fluid mechanics ap-
proach for granular flows, we propose here to rely on
an elasto-viscoplastic theory. Such a framework permits
the direct treatment of dilation and compaction through
defining appropriate combinations of plastic flow rules and
hardening laws. Additionally, cohesion is easy to account
for in elastoplastic models by carefully choosing the yield
surface. In particular, we will in Sec. 4 consider the elasto-
plastic theory of Critical State Soil Mechanics (CSSM)
[2], especially the Modified Cam-Clay (MCC) model [3],
and its combination with the µ(I)-rheology [4, 5] which
has become well-established to describe dense granular
flow. The general idea of combining CSSM with the µ(I)-
rheology was conceived by [6, 7] showing that compress-
ibility introduced in the sense of CSSM can provide well-
posedness to the µ(I)-rheology for all inertial numbers.
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The elastoplastic approach to model both the solid and
liquid behavior of granular media requires an appropriate
numerical solver. For this reason, we consider the Ma-
terial Point Method (MPM) due to the following advan-
tages: 1) It does not suffer from mesh-distortion issues un-
der extreme deformations or flow, 2) no special treatment
of free-surface is needed and 3) complex terrains are eas-
ily specified and disconnection of the material from such
boundaries are handled naturally. In the context of granu-
lar flows, to the best of our knowledge MPM was first used
by [8] relying on a simple (cohesionless) Drucker-Prager
yield surface. Later, [9] extended this to include the µ(I)-
rheology. The models presented in this short paper may be
regarded as a further extension to these pioneering works.

The numerical scheme of MPM is first presented
in more detail, followed by an overview of elasto-
viscoplastic theory. Next, the MCC-µ(I)-rheology model
is introduced followed by examples of 3D simulations of
granular collapse and flow.

2 The Material Point Method (MPM)

Typically credited to [10], MPM relies on a discretization
of its domain by Lagrangian material points, each of which
has a certain mass mp, volume Vp, velocity up, deformation
gradient Fp and other properties necessary to describe the
material. In addition, an Eulerian grid is adopted to solve
the momentum equation in a FEM-like manner. Neglect-
ing the boundary term, an explicit temporal and spatial dis-
cretization of the weak form of the momentum conserva-
tion equation can be written on the Eulerian grid nodes i
for each time step n of size ∆t as

mn
i u

n+1
i − mn

i u
n
i

∆t
= −
∑

p

Vpσc(εE,n
p )∇Ni(xn

p) + mn
i g (1)
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where g specifies gravity, Ni is an interpolation function
and the nodal mass is mn

i =


p mpNi(xn
p). Boundary

conditions are applied directly to the updated grid veloci-
ties, promoting either no-slip or frictional slip with an im-
posed Coulomb friction. As mp remains constant in time,
mass conservation is automatically fulfilled. The (elasto-
viscoplastic) constitutive law defining the relation σc(εE)
between the Cauchy stress σc and the (elastic part of the)
strain measure εE is discussed in the next section.

Earlier criticism of MPM questioned cell-crossing in-
stabilities and excessive numerical dissipation. The MPM
community has in the last years addressed these issues
by using B-spline interpolation functions [11] and by em-
ploying affine transfer schemes such APIC [12] and later
AFLIP [13] to reduce dissipation.

3 Elasto-viscoplastic modeling

We start by specifying the elastic relation between the
stress and the deformation. As we will be dealing with
potentially large deformation, we avoid small strain as-
sumptions and consider the multiplicative decomposition
of the deformation gradient F = FE FP into its elastic and
plastic part. The elastic deformation is in this work cho-
sen to be determined by Hencky’s model which has some
very attractive properties as well as facilitating a relatively
simple solution procedure. The reader is referred to, in
particular, [14] for further details. In this isotropic and
hyperelastic model, the Kirchhoff stress σ = det(F)σc is
related to the (elastic part of the) Hencky strain εE through

σ = λ(tr εE)I + 2GεE (2)

where I denotes the second-order identity tensor, and λ
and G are the two Lamé parameters which may be directly
related to Young’s modulus E and Poisson’s ratio ν.

The onset of plastic deformations is characterized by
a yield surface in stress space. With the velocity gradient
l = ∇u being additively decomposed into an elastic and
plastic part, lE + lP, a flow rule defines its plastic part to
be given by lP = γ̇ r

||r||F
where r = r(σ) is a symmetric

tensor and γ̇ is the equivalent plastic strain rate. We as-
sume in the following that the yield surface and flow rule
defined through r depend only on the two stress invariants
p = − tr(σ)/ndim and q =

√
1/2 τ : τ where ndim = 2 or 3

denotes the number of spatial dimensions and τ is the de-
viatoric Kirchhoff stress tensor. As such, a yield surface in
the space of (p, q) can be defined as q = qy(p). Following
the overstress approach of Perzyna [15], we can impose
the plastic strain rate through

γ̇ =


0, if q ≤ qy(p)
1
η


q − qy(p)

1/s
, otherwise

(3)

where η and s are viscous parameters. In particular, if
s = 1, η represents a viscosity. In this case, and if qy is
considered a constant yield stress, the model reduces to a
Bingham model for the plastic deformation.

The stress and strain states can be solved following
the "elastic predictor – plastic corrector" operator splitting
scheme of [16] in a finite strain framework.

4 The MCC-µ(I)-rheology model

While we can formulate and present this model in the over-
stress approach described in the previous section (see [1]
for details), we take here a more straightforward approach.

We consider the yield surface given by the (cohesive)
MCC model as defined in [17] as

qy(p) = µ


(p + βpc)(pc − p) (4)

where pc ≥ 0 represents an isotropic compressive strength,
β ≥ 0 is a dimensionless measure of cohesion and µ > 0
defines the slope of the Critical State Line (CSL) along
which all critical states exist. This yield surface is sketched
in Fig. 1 in (p, q)-space.

Figure 1. MCC yield surface described by pc, β and µ.

An associated flow rule is adopted here, as is common
in MCC models. Consequently, the plastic states will, un-
less at critical state, undergo either dilation or compaction
as sketched in the above figure. The evolution of the yield
surface with volumetric deformation (measured by the vol-
umetric plastic Hencky strain εP

V ) is controlled by a hard-
ening law. Here, we consider such a law on pc as

pc(εP
V ) = p0

ce−ξε
P
V (5)

where p0
c ≥ 0 is an initial compressive strength and ξ ≥ 0

is a dimensionless parameter. This hardening law can be
motivated from the observed behavior of the slow com-
paction of soils, powders and brittle snow [18–20] as
1/ϕ = 1/ϕ0 − Λ ln(pc/p0

c) where Λ > 0 is called the plas-
ticity index and ϕ0 is the initial solid volume fraction. As-
suming that the elastic deformation is negligible and that
the total volumetric deformation is small, Eq. (5) is re-
trieved with ξ = (ϕ0Λ)−1.

Only at critical state will µ represent the factor of pro-
portionality between the pressure p and equivalent shear
stress q. Assuming that a flowing state should be described
by the µ(I)-rheology [4, 5] and that the flowing state even-
tually aligns with critical state, we can make the CSL de-
pendent on the inertial number, in particular,

µ = µ(I) = µ1 +
µ2 − µ1

ω
√

p̄/γ̇S + 1
(6)

analogous to the form of [21], directly inserting for the in-
ertial number I = γ̇S d∗/


p̄/ρ∗ where ρ∗ and d∗ are the

Parameter Symbol Unit
Initial bulk density ρ0 kg/m3

Young’s modulus E Pa
Poisson’s ratio ν -
Cohesion constant β -
Hardening constant ξ -
Initial compressive strength p0

c Pa
Lower CSL µ1 -
Upper CSL µ2 -
Rheology constant ω kg−

1
2 m

1
2

Table 1. Parameters of the MCC-µ(I)-rheology model.

intrinsic grain density and diameter, respectively. For con-
venience, the constant ω = I0/(d∗

√
ρ∗) is introduced. In

Eq. (6), γ̇S =
√

2|| dev(lP)||F is the equivalent plastic shear
strain rate. Moreover, p̄ = p+βpc, i.e., we add the cohesive
stress to the pressure in the definition of the inertial num-
ber, thus avoiding negative pressure, following the general
ideas of [22, 23] where such a "cohesive" inertial number
was proposed.

One interesting consequence of the elastoplastic na-
ture of this model is that, due to the presence of its elastic
regime, there is no need for partial regularization of the
functional form of µ(I) for low inertial numbers. How-
ever, strain softening generally leads to ill-posedness, par-
ticularly in the inviscid limit, and common regularization
techniques used in elastoplasticity may be needed depend-
ing on the purpose of the study.

5 Examples

Using the MCC-µ(I)-rheology model with cohesion pa-
rameter β = 0.3, a three-dimensional simulation of a co-
hesive granular cylinder is shown in Fig. 2. On the upper
surface of the cylinder, crack patterns can be seen followed
by the formation of cohesive blocks of material that per-
sist during most of the collapse. These surface patterns are
qualitatively reminiscent of the various patterns recently
unveiled in the experimental campaign of [24]. Further-
more, on the side, shear bands are visible at the beginning
of the collapse, oriented at an angle with each other.

Fig. 3 shows that the runout of a granular collapse de-
creases with increasing cohesion β. These collapse simula-
tions were configured as in the experimental investigations
by [25], using the same geometry and rheological param-
eters. Without trying to correlate the grain-grain attraction
force measured in those experiments with the cohesion pa-
rameter β, the experimentally measured runout distances
are included in Fig. 3 for comparison.

While cohesion is adjusted through β, the compress-
ibility can be controlled through the hardening law, es-
pecially through the parameter ξ. In a granular collapse
similar to the one described above, Figure 4 shows how
the solid fraction evolves with changing ξ as well as the
slope angle θ. Although Table 1 may give the impression
of many model parameters, it may be helpful to consider
that the elastic parameters will have little influence when
the behavior is dominantly plastic.

Figure 2. Cohesive collapse of cylinder (10 × 15 cm) at two
different times (upper: t = 0.14 s, lower: t = 0.19 s) using the
MCC-µ(I)-rheology model with β = 0.3. Increasingly orange
colors represent increasing (plastic) shear strain rate.

Figure 3. Cohesive collapse runout distance x f (relative to ini-
tial height h0) with increasing cohesion β compared to two ex-
periments by [25] (circular and cross markers).

Figure 4. Change in solid volume fraction ϕ in granular collapse
(with β = 0), changing hardening parameter ξ and slope angle θ.

As mentioned, MPM is capable not only of directly
simulating the free surface, but can also naturally handle
disconnections from the boundary. This is particularly rel-
evant when simulating liftoff from terrains with bumps or
cliffs, e.g., as often witnessed in avalanches and landslides.
Complex terrains are easy to treat in MPM as they can
simply be considered as level sets. In Fig. 5, a cohesive
flow on a mountainous terrain is shown. In this case, a
Coulomb frictional boundary condition is used where the
Coulomb basal friction is set equal to the local value of µ
of the flowing material [26]. The reader is referred to [1]
for other examples of flow problems.
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where g specifies gravity, Ni is an interpolation function
and the nodal mass is mn
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

p mpNi(xn
p). Boundary
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the space of (p, q) can be defined as q = qy(p). Following
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An associated flow rule is adopted here, as is common
in MCC models. Consequently, the plastic states will, un-
less at critical state, undergo either dilation or compaction
as sketched in the above figure. The evolution of the yield
surface with volumetric deformation (measured by the vol-
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ening law. Here, we consider such a law on pc as
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c) where Λ > 0 is called the plas-
ticity index and ϕ0 is the initial solid volume fraction. As-
suming that the elastic deformation is negligible and that
the total volumetric deformation is small, Eq. (5) is re-
trieved with ξ = (ϕ0Λ)−1.

Only at critical state will µ represent the factor of pro-
portionality between the pressure p and equivalent shear
stress q. Assuming that a flowing state should be described
by the µ(I)-rheology [4, 5] and that the flowing state even-
tually aligns with critical state, we can make the CSL de-
pendent on the inertial number, in particular,
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rameter β = 0.3, a three-dimensional simulation of a co-
hesive granular cylinder is shown in Fig. 2. On the upper
surface of the cylinder, crack patterns can be seen followed
by the formation of cohesive blocks of material that per-
sist during most of the collapse. These surface patterns are
qualitatively reminiscent of the various patterns recently
unveiled in the experimental campaign of [24]. Further-
more, on the side, shear bands are visible at the beginning
of the collapse, oriented at an angle with each other.

Fig. 3 shows that the runout of a granular collapse de-
creases with increasing cohesion β. These collapse simula-
tions were configured as in the experimental investigations
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eters. Without trying to correlate the grain-grain attraction
force measured in those experiments with the cohesion pa-
rameter β, the experimentally measured runout distances
are included in Fig. 3 for comparison.
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ibility can be controlled through the hardening law, es-
pecially through the parameter ξ. In a granular collapse
similar to the one described above, Figure 4 shows how
the solid fraction evolves with changing ξ as well as the
slope angle θ. Although Table 1 may give the impression
of many model parameters, it may be helpful to consider
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Figure 2. Cohesive collapse of cylinder (10 × 15 cm) at two
different times (upper: t = 0.14 s, lower: t = 0.19 s) using the
MCC-µ(I)-rheology model with β = 0.3. Increasingly orange
colors represent increasing (plastic) shear strain rate.

Figure 3. Cohesive collapse runout distance x f (relative to ini-
tial height h0) with increasing cohesion β compared to two ex-
periments by [25] (circular and cross markers).

Figure 4. Change in solid volume fraction ϕ in granular collapse
(with β = 0), changing hardening parameter ξ and slope angle θ.

As mentioned, MPM is capable not only of directly
simulating the free surface, but can also naturally handle
disconnections from the boundary. This is particularly rel-
evant when simulating liftoff from terrains with bumps or
cliffs, e.g., as often witnessed in avalanches and landslides.
Complex terrains are easy to treat in MPM as they can
simply be considered as level sets. In Fig. 5, a cohesive
flow on a mountainous terrain is shown. In this case, a
Coulomb frictional boundary condition is used where the
Coulomb basal friction is set equal to the local value of µ
of the flowing material [26]. The reader is referred to [1]
for other examples of flow problems.
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Figure 5. Avalanche on complex terrain.

6 Conclusion

In this short paper, we have discussed the use of elasto-
viscoplastic models implemented in MPM to simulate
granular media through both their solid and liquid phase.
The MCC-µ(I)-rheology model was here the primary ex-
ample, allowing us to account for both cohesion and com-
pressibility in a single model that incorporates critical state
behavior and the µ(I)-rheology. The granular gas phase
and non-locality have not been considered, and in this con-
text kinetic theory can provide a universal description of
very dilute to dense granular flow [27]. In our models,
compressibility is considered through a tunable hardening
law, however, the ϕ(I)-rheology is not directly considered.
Finally, the MPM numerical scheme enables a straightfor-
ward approach to future studies of, e.g., the process of ero-
sion and the emergence of roll-waves.

The models presented in this paper are publicly avail-
able in the open-source MPM solver Matter [26, 28].
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