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Nonlinear hydrodynamic theory for a dilute gas-solid suspension
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Abstract. A second-order hydrodynamic theory is proposed for a dilute gas-solid suspension within the
framework of the inelastic Boltzmann equation. A distribution function based on 14-hydrodynamic fields is
used to calculate the colisional source terms that are correct up-to the second-order in hydrodynamic fields.
This theory is used to analyse the uniform shear flow of a gas-solid suspension, yielding results on the granular
temperature, the shear viscosity and the two normal stress differences. The theoretical results are compared with
the predictions of the anisotropic Maxwellian theory (Saha & Alam, 2017, J. Fluid Mech., vol. 833, 206-246)
and the particle simulation data over a range of Stokes numbers varying from order one to its dry granular limit.
The inclusion of the second order nonlinearity in the collisional source term is found to be responsible for the
non-zero second normal stress difference.

1 Introduction

A rapidly sheared granular gas, a collection of macro-
scopic solid particles in a fluidized state, mimics the clas-
sical picture of a molecular gas, and the methods from the
kinetic theory [1] have been used to study and understand
the hydrodynamics of a granular gas. Note that a funda-
mental difference between a molecular gas and a granular
gas is that the grains collide inelastically and their kinetic
energy is continually decreased unless it is replenished via
external source such as shaking or shearing.

There exits an extensive body of wroks on the kinetic
theory descriptions of rapid granular flows [2, 3] where
the effect of the interstitial fluid is usually neglected (also
called the “dry" granular fluid). The linearlized version of
Grad’s [4] 10 moment or 14 moment descriptions [2, 5, 6]
can be cited as similar analyses. On the other hand, the
effect of the interstitial gas on the momentum transport
within the particle phase for a homogeneously sheared
gas-solid suspension was first analysed by Tsao & Koch
(1995) [7]; Saha & Alam (2017) [8] revisited the lat-
ter analysis using the anisotropic Maxwellian [9–11] ap-
proach that yielded excellent agreement with particle sim-
ulation results. Motivated by these works[8, 12–14], here
we propose a second-order theory for a dilute gas-solid
suspension under general deformation, and apply it to ob-
tain the particle-phase rheological quantities in a uniform
shear flow.

2 Nonlinear 14 moment theory

We propose a nonlinear 14 moment theory for a dilute gas
solid suspension where identical, smooth, inelastic solid
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particles (each having the mass m and diameter σ) are
suspended in the bath of a Newtonian gas. The particles
are undergoing interparticle inelastic collisions (with co-
efficient of inelasticity e), and experience a viscous drag
where it is assumed that the particle inertia (the Stokes
number St = γ̇τv ≫ 1, γ̇ is the overall shear rate and
τv is the viscous relaxation time of the particles) domi-
nates over the fluid inertia (the Reynolds number Re =
ρgasγ̇σ

2/µgas ≪ 1). The gas-phase is a continuum and its
velocity u follows the Stokes equations of motion. We are
interested in the particle phase momentum transport and
employ the relevant kinetic theory [1] that holds for a di-
lute granular gas. The single particle velocity distribution
function f (1)(c, x, t) is governed the celebrated Boltzmann
equation [7]
(
∂

∂t
+ c · ∇x

)
f (1) + ∇c ·

(
f (1) dc

dt

)
=

(
∂ f (1)

∂t

)

coll
, (1)

where
(
∂ f (1)

∂t

)
coll

is the collision operator and the divergence

term in the left hand side includes the gas effects.

2.1 Fourteen field variables

The conversion from the particle level to the hydro-
dynamic level is done by taking appropriate moments
with respect to the single particle distribution function
f (1)(c, x, t) and we assume that the macroscopic state of
the particle phase is characterized by 14 hydrodynamic-
like fields: (i) the mass density

ρ(x, t) ≡ mn(x, t) = m
∫

f (1)(c, x, t)dc, (2)

(ii) the macroscopic flow velocity

u(x, t) ≡ ⟨c⟩ = 1
n

∫
c f (1)dc, (3)
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(iii) the full second moment tensor

M(x, t) ≡ ⟨CC⟩ = 1
n

∫
CC f (1)dC, (4)

where C = c − u is the fluctuation velocity. (iv) The heat
flux vector is defined as

q(x, t) ≡ 1
2
ρ⟨C2C⟩ = m

2

∫
C2C f (1)dC, (5)

and (v) the excess kurtosis α2 = (Pααββ − PM
ααββ)/P

M
ααββ,

where Pααββ is the fully contracted fourth moment

Pααββ(x, t) ≡ ρ⟨C4⟩ = m
∫

C4 f (1)dC, (6)

and PM
ααββ is its Maxwellian counterpart. The granular

temperature is defined as the trace of the second moment
tensor M, and the stress tensor is defind as P = ρM ≡
pI + Π, where p is the pressure and Π is the stress devia-
tor.

2.2 Balance equations for fourteen field variables

The balance equations for the fourteen field variables [(2-
6)] are obtained from (1) as listed below:

Dρ
Dt
= −ρuα,α, (7)

ρ
Duα
Dt
= −Pαβ,β−

γ̇

St
ρ (uα − vα), (8)

DPαβ
Dt
= −Qγαβ,γ − Pαβuα,α − Pδβuα,δ − Pδαuβ,δ

−2γ̇
St

Pαβ + ℵαβ, (9)

Dqα
Dt
= −1

2
Qγαββ,γ − qαuδ,δ − qβuα,β − Qγαβuβ,γ

+
1
ρ

(
Pαβ +

1
2

Pγγδαβ

)
Pβn,n−

3γ̇
St

qα +
1
2
ℵαββ, (10)

15ρT 2 Dα2

Dt
= −8T

(
1 − 5

2
α2

) (
qα,α + P⟨αβ⟩uβ,α

)
(11)

+
8qα
ρ

(
T
∂ρ

∂xα
+
∂P⟨αβ⟩
∂xβ

)
− 20qα

∂T
∂xα

+ ℵααββ − 10T (1 + α2)ℵαα,

where the underlined terms in (7)-(11) are the contribu-
tions from the gas phase and identifies the viscous contri-
bution to the particle phase. ℵαβ, ℵαββ, ℵααββ, are the col-
lisional sources of the second, third and fourth moments,
respectively, and Qαβ···γ = ρ⟨CαCβ · · ·Cγ⟩.

In order to obtain a complete 14-moment theory, all
collisional source terms must be calculated by an appro-
priate choice of the single-particle distribution function.

2.3 Non-equilibrium distribution function

Following Grad [4], we assume that the non-equilibrium
distribution function is an expansion around the
Maxwellian in terms of the fourteen hydrodynamic

fields. By satisfying the compatibility conditions (2-6),
the distribution function is obtained as

f (1) =
n

(2πT )3/2 exp
(
−C2/2T

) {
1 +

1
2ρT 2 P⟨i j⟩CiC j

+
qi

5ρT 3

(
C2Ci − 5TCi

)
+ α2

(
15
8
− 5C2

4T
+

C4

8T 2

) }
. (12)

2.4 Collisional source terms

The collisional source terms in the moment balances (9)-
(11) have been calculated using the above form of the
distribution function (12). For the sake of brevity, we
are writing the most important term, namely, the colli-
sional source of the second moment which is correct up-to
second-order in hydrodynamic fields:

ℵαβ = −
(1 + e)ρνg0T

3
2

64
√
πσ

[
1
2

(1−e) (32 + 3α2)2 δαβ+
48
5

(3−e)

×(32−α2)
Παβ

ρT
+

64
35ρ2T 2

{
12(3 − e)ΠαlΠlβ − (5 + 3e)ΠlkΠlkδαβ

}

+
64

125ρ2T 3

{
6(3 − e)q(k)

α q(k)
β − (1 + 3e)q(k)

l q(k)
l δαβ

} ]

−2(1 + e)νg0
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[
7
ρ

{
3(2 − e)

(
qαρ,β + qβρ,α

)
+ (1 − 3e)qkρ,kδαβ

}

− 35ρT
{
3(2 − e)

(
uα,β + uβ,α

)
+ (1 − 3e)uk,k

}

− 10
{
(11 − 3e)

(
Παkuβ,k + Πβkuα,k + Παβuk,k

)

+ (4 − 3e)
(
Παkuk,β + Πβkuk,α

)
− 3(1 + e)Πkluk,lδαβ

}

− 7
{
3(2 − e)

(
qα,β + qβ,α

)
+ (1 − 3e)qk,kδαβ

} ]

− (1 + e)νσ
177408

√
πρT 3/2

[
99ρ2T 2[(1024−64α2−1935α2

2){2(13−3e)uα,kuβ,k

− (1+ 3e)δαβ(uk,lul,k + uk,kul,l)+ 6(2− e)(uα,kuk,β + uk,kuα,β)
+ 6(2 − e)(uβ,kuk,α + uk,kuβ,α)} − {(1 + 3e)(1024 − 64α2)

+ 15(1663 − 2179e)α2
2}(δαβuk,luk,l + 2uk,αuk,β)}

]
− 352(32 + 3α2)ρT

[
(5 + 3e)Πkl{δαβuk,iul,i + 2uk,αul,β

+ δαβ(ui,kui,l + 2uk,iui,l + 2ui,iuk,l)}
−2(4−3e){Πkα(ul,kul,β+uk,lul,β+uk,βul,l)+Πkl(uα,kul,β+uk,luα,β)}
−2(4−3e){Πkβ(ul,kul,α+uk,lul,α+uk,αul,l)+Πkl(uβ,kul,α+uk,luβ,α)}
−(13−3e){2Παk(uk,luβ,l+ul,kuβ,l+uβ,kul,l)+2Πβk(uk,luα,l+ul,kuα,l
+ uα,kul,l) + 2Πkluα,kuβ,l + Παβ(uk,luk,l + uk,lul,k + uk,kul,l)}

]
+384(3+e)

[
Πi jΠi j{2uk,αuk,β+δαβ(uk,luk,l+uk,lul,k+uk,kul,l)}

+ 4ΠikΠil{2uk,αul,β + δαβ(uk, jul, j + u j,ku j,l)}
+ 4δαβΠi jΠkl(ui, juk,l + ui,ku j,l + uk,iu j,l)

]
− 256(13 − 3e)

[
Πi jΠi juα,kuβ,k + 4ΠikΠiluα,kuβ,l

+ 2ΠiαΠiβ(uk,luk,l + uk,lul,k + uk,kul,l)
+4ΠkαΠlβ(uk,iul,i+ui,kui,l+uk,lui,i+ul,kui,i+ui,kul,i+ui,luk,i)
+2ΠklΠαβ(uk,iul,i+ui,kui,l+2uk,lui,i+2uk,iui,l)+4ΠikΠiαuk,luβ,l
+4ΠkαΠkl(uβ,lui,i+ui,luβ,i)+4ΠiαΠkl(uβ,iuk,l+ui,kuβ,l+uk,iuβ,l)

+ 4ΠikΠiβuk,luα,l + 4ΠkβΠkl(uα,lui,i + ui,luα,i)
+ 4ΠiβΠkl(uα,iuk,l + ui,kuα,l + uk,iuα,l)

]
(13)

−256(2−3e)
[
Πi jΠi j(uα,kuk,β+uk,kuα,β)+4ΠikΠiαul,kul,β

+ 4ΠikΠil(uk,luα,β + uα,kul,β) + 4ΠkαΠkl(ul,βui,i + ui,βul,i)
+ 4ΠiαΠkl(ui,βuk,l + uk,iul,β + ui,kul,β)

+ Πi jΠi j(uβ,kuk,α + uk,kuβ,α) + 4ΠikΠiβul,kul,α

+ 4ΠikΠil(uk,luβ,α + uβ,kul,α) + 4ΠkβΠkl(ul,αui,i + ui,αul,i)
+ 4ΠiβΠkl(ui,αuk,l + uk,iul,α + ui,kul,α)

]

+
4224
25T

[
(5+3e)[qkqk{δαβ(ul,iul,i+ul,iui,l+ul,lui,i)+2ul,αul,β}

+2qkql{δαβ(ui,kui,l+uk,iul,i+2ui,kul,i+2uk,lui,i)+2uk,αul,β}]
− 2(13 − 3e)[qkqkuα,luβ,l + 2qkqluα,kuβ,l

+qαqβ(uk,luk,l+uk,lul,k+uk,kul,l)+2qkqα(uβ,luk,l+uβ,lul,k+uβ,kul,l)
+ 2qkqβ(uα,luk,l + uα,lul,k + uα,kul,l]

−2(4−3e)[qkqk(uα,lul,β+ul,luα,β)+2qkql(uα,kul,β+uk,luα,β)
+ 2qkqα(uk,lul,β + ul,kul,β + uk,βul,l)+ qkqk(uβ,lul,α + ul,luβ,α)

+2qkql(uβ,kul,α+uk,luβ,α)+2qkqβ(uk,lul,α+ul,kul,α+uk,αul,l)]
]]

+ terms proportional to{∇ρ∇ρ,∇ρ∇T, . . .∇α2∇α2}.

3 Results and discussion

3.1 Uniform shear flow

As an application of the above theory, we calculate the par-
ticle phase stress tensor in a gas-solid suspension under the
steady shearing state. The macroscopic particle phase ve-
locity for a simple shear flow is given by u = u = γ̇yêx. In
this class of flows, the shear work is exactly balanced by (i)
the vicous drag and (i) the inelastic dissipation, and under
this flow situation, the balance of mass (7) and momen-
tum (8) get trivially satisfied whereas the second moment
balance (9) simplified into

Pδβuα,δ + Pδαuβ,δ +
2γ̇
St

Pαβ = ℵαβ. (14)

Equation (14) must be solved with the aid of (13) to deter-
mine the complete stress tensor P.

3.2 Shear viscosity and normal stress differences

We normalize the stress tensor via

P∗αβ =
Pαβ

ρ(γ̇σ/2)2 = T ∗ + P∗⟨αβ⟩, (15)

where T ∗ = T/(γ̇σ/2)2 is the dimensionless granular tem-
perature, µ∗ = −Pxy/ρ(γ̇σ/2)2 is the dimensionless shear
viscosity, and the first and second normal stress differ-
ences are given by N1 = 3(Pxx − Pyy)/(Pxx + Pyy + Pzz),
N2 = 3(Pyy − Pzz)/(Pxx + Pyy + Pzz), respectively. For
convenience, we will be denoting the dimensionless tem-
perature and shear viscosity by T and µ, respectively, from
here onwards.

Figure 1 displays the variations of (a) the granular tem-
perature and (b) the particle phase shear viscosity against
the Stokes inverse (St−1) for a coefficient of restitution
e = 0.9 and a particle volume fraction of ϕ = 0.01. It
is observed that the temperature decays with (St−1). This

0 0.05 0.1 0.15 0.2
10

2
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Figure 1. Variations of (a) the granular temperature (T ) and (b)
the particle phase shear viscosity µ against the inverse of Stokes
number (St−1) at coeffiecient of restitution e = 0.9. The contin-
uous lines represent the predictions from the present nonlinear
theory, the dashed lines represent the anisotropic Gaussian the-
ory of Saha & Alam (2017) [8] and open diamonds represent the
DSMC results.

behaviour of T can be explained from the fact that Stokes
number (St = γ̇τv) increases with the viscous relaxation
time τv, and an increasing τv simply means that the par-
ticles cover more distances between collisions, leading to
a lesser collisional frequency which finally reflects as a
higher temperature with increasing St. The similar be-
haviour of the shear viscosity µ follows from the fact that,
in the dilute limit, shear viscosity scales like

√
T . Finally,

for a comaprison, the DSMC [15] predicted values and
the results from the anisotropic Maxwellian theory [8, 13]
are superimposed, and an excellent agreement among the
present theory, the anisotropic Maxwellian theory [8], and
the simulation is observed. The results of the present non-
linear Grad moment expansion (GME) and the anistropic
Maxwellian expansion (AME) are almost indistinguish-
able upto St ∼ 10.

0 0.5 1

0

0.5

1

1.5

anisotropic

present (2nd order)

13M-JR (1985)

SG (1999)

MD

0 0.5 1

-0.1

-0.05

0

Figure 2. Variations of the first (N1) and second (N2) normal
stress differences with e for a dry granular gas (St → ∞). The
legend in left panel explains the meaning of different lines and
symbols.

Figure 2 describes how the first (N1) and second (N2)
normal stress differences [16, 17] vary with inelasticity (e)
for a dry granular fluid (St → ∞). It compares the results
obtained from several existing Grad-level and anisotroipc
Gaussian theories. The dashed and dot-dashed lines rep-
resent the predictions from the Grad-13 moment theory
[2, 6] and the Burnett order Chapman-Enskog expansion
[3], respectively, whereas the solid lines represent the pre-
dictions from the present nonlinear 10/14-moment the-
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(iii) the full second moment tensor

M(x, t) ≡ ⟨CC⟩ = 1
n

∫
CC f (1)dC, (4)

where C = c − u is the fluctuation velocity. (iv) The heat
flux vector is defined as

q(x, t) ≡ 1
2
ρ⟨C2C⟩ = m

2

∫
C2C f (1)dC, (5)

and (v) the excess kurtosis α2 = (Pααββ − PM
ααββ)/P

M
ααββ,

where Pααββ is the fully contracted fourth moment

Pααββ(x, t) ≡ ρ⟨C4⟩ = m
∫

C4 f (1)dC, (6)

and PM
ααββ is its Maxwellian counterpart. The granular

temperature is defined as the trace of the second moment
tensor M, and the stress tensor is defind as P = ρM ≡
pI + Π, where p is the pressure and Π is the stress devia-
tor.

2.2 Balance equations for fourteen field variables

The balance equations for the fourteen field variables [(2-
6)] are obtained from (1) as listed below:

Dρ
Dt
= −ρuα,α, (7)

ρ
Duα
Dt
= −Pαβ,β−

γ̇

St
ρ (uα − vα), (8)

DPαβ
Dt
= −Qγαβ,γ − Pαβuα,α − Pδβuα,δ − Pδαuβ,δ

−2γ̇
St

Pαβ + ℵαβ, (9)

Dqα
Dt
= −1

2
Qγαββ,γ − qαuδ,δ − qβuα,β − Qγαβuβ,γ

+
1
ρ

(
Pαβ +

1
2

Pγγδαβ

)
Pβn,n−

3γ̇
St

qα +
1
2
ℵαββ, (10)

15ρT 2 Dα2

Dt
= −8T

(
1 − 5

2
α2

) (
qα,α + P⟨αβ⟩uβ,α

)
(11)

+
8qα
ρ

(
T
∂ρ

∂xα
+
∂P⟨αβ⟩
∂xβ

)
− 20qα

∂T
∂xα

+ ℵααββ − 10T (1 + α2)ℵαα,

where the underlined terms in (7)-(11) are the contribu-
tions from the gas phase and identifies the viscous contri-
bution to the particle phase. ℵαβ, ℵαββ, ℵααββ, are the col-
lisional sources of the second, third and fourth moments,
respectively, and Qαβ···γ = ρ⟨CαCβ · · ·Cγ⟩.

In order to obtain a complete 14-moment theory, all
collisional source terms must be calculated by an appro-
priate choice of the single-particle distribution function.

2.3 Non-equilibrium distribution function

Following Grad [4], we assume that the non-equilibrium
distribution function is an expansion around the
Maxwellian in terms of the fourteen hydrodynamic

fields. By satisfying the compatibility conditions (2-6),
the distribution function is obtained as

f (1) =
n

(2πT )3/2 exp
(
−C2/2T

) {
1 +

1
2ρT 2 P⟨i j⟩CiC j

+
qi

5ρT 3

(
C2Ci − 5TCi

)
+ α2

(
15
8
− 5C2

4T
+

C4

8T 2

) }
. (12)

2.4 Collisional source terms

The collisional source terms in the moment balances (9)-
(11) have been calculated using the above form of the
distribution function (12). For the sake of brevity, we
are writing the most important term, namely, the colli-
sional source of the second moment which is correct up-to
second-order in hydrodynamic fields:

ℵαβ = −
(1 + e)ρνg0T

3
2

64
√
πσ

[
1
2

(1−e) (32 + 3α2)2 δαβ+
48
5

(3−e)

×(32−α2)
Παβ

ρT
+

64
35ρ2T 2

{
12(3 − e)ΠαlΠlβ − (5 + 3e)ΠlkΠlkδαβ

}

+
64

125ρ2T 3

{
6(3 − e)q(k)

α q(k)
β − (1 + 3e)q(k)

l q(k)
l δαβ

} ]

−2(1 + e)νg0
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[
7
ρ

{
3(2 − e)

(
qαρ,β + qβρ,α

)
+ (1 − 3e)qkρ,kδαβ

}

− 35ρT
{
3(2 − e)

(
uα,β + uβ,α

)
+ (1 − 3e)uk,k

}

− 10
{
(11 − 3e)

(
Παkuβ,k + Πβkuα,k + Παβuk,k

)

+ (4 − 3e)
(
Παkuk,β + Πβkuk,α

)
− 3(1 + e)Πkluk,lδαβ

}

− 7
{
3(2 − e)

(
qα,β + qβ,α

)
+ (1 − 3e)qk,kδαβ

} ]

− (1 + e)νσ
177408

√
πρT 3/2

[
99ρ2T 2[(1024−64α2−1935α2

2){2(13−3e)uα,kuβ,k

− (1+ 3e)δαβ(uk,lul,k + uk,kul,l)+ 6(2− e)(uα,kuk,β + uk,kuα,β)
+ 6(2 − e)(uβ,kuk,α + uk,kuβ,α)} − {(1 + 3e)(1024 − 64α2)

+ 15(1663 − 2179e)α2
2}(δαβuk,luk,l + 2uk,αuk,β)}

]
− 352(32 + 3α2)ρT

[
(5 + 3e)Πkl{δαβuk,iul,i + 2uk,αul,β

+ δαβ(ui,kui,l + 2uk,iui,l + 2ui,iuk,l)}
−2(4−3e){Πkα(ul,kul,β+uk,lul,β+uk,βul,l)+Πkl(uα,kul,β+uk,luα,β)}
−2(4−3e){Πkβ(ul,kul,α+uk,lul,α+uk,αul,l)+Πkl(uβ,kul,α+uk,luβ,α)}
−(13−3e){2Παk(uk,luβ,l+ul,kuβ,l+uβ,kul,l)+2Πβk(uk,luα,l+ul,kuα,l
+ uα,kul,l) + 2Πkluα,kuβ,l + Παβ(uk,luk,l + uk,lul,k + uk,kul,l)}

]
+384(3+e)

[
Πi jΠi j{2uk,αuk,β+δαβ(uk,luk,l+uk,lul,k+uk,kul,l)}

+ 4ΠikΠil{2uk,αul,β + δαβ(uk, jul, j + u j,ku j,l)}
+ 4δαβΠi jΠkl(ui, juk,l + ui,ku j,l + uk,iu j,l)

]
− 256(13 − 3e)

[
Πi jΠi juα,kuβ,k + 4ΠikΠiluα,kuβ,l

+ 2ΠiαΠiβ(uk,luk,l + uk,lul,k + uk,kul,l)
+4ΠkαΠlβ(uk,iul,i+ui,kui,l+uk,lui,i+ul,kui,i+ui,kul,i+ui,luk,i)
+2ΠklΠαβ(uk,iul,i+ui,kui,l+2uk,lui,i+2uk,iui,l)+4ΠikΠiαuk,luβ,l
+4ΠkαΠkl(uβ,lui,i+ui,luβ,i)+4ΠiαΠkl(uβ,iuk,l+ui,kuβ,l+uk,iuβ,l)

+ 4ΠikΠiβuk,luα,l + 4ΠkβΠkl(uα,lui,i + ui,luα,i)
+ 4ΠiβΠkl(uα,iuk,l + ui,kuα,l + uk,iuα,l)

]
(13)

−256(2−3e)
[
Πi jΠi j(uα,kuk,β+uk,kuα,β)+4ΠikΠiαul,kul,β

+ 4ΠikΠil(uk,luα,β + uα,kul,β) + 4ΠkαΠkl(ul,βui,i + ui,βul,i)
+ 4ΠiαΠkl(ui,βuk,l + uk,iul,β + ui,kul,β)

+ Πi jΠi j(uβ,kuk,α + uk,kuβ,α) + 4ΠikΠiβul,kul,α

+ 4ΠikΠil(uk,luβ,α + uβ,kul,α) + 4ΠkβΠkl(ul,αui,i + ui,αul,i)
+ 4ΠiβΠkl(ui,αuk,l + uk,iul,α + ui,kul,α)

]

+
4224
25T

[
(5+3e)[qkqk{δαβ(ul,iul,i+ul,iui,l+ul,lui,i)+2ul,αul,β}

+2qkql{δαβ(ui,kui,l+uk,iul,i+2ui,kul,i+2uk,lui,i)+2uk,αul,β}]
− 2(13 − 3e)[qkqkuα,luβ,l + 2qkqluα,kuβ,l

+qαqβ(uk,luk,l+uk,lul,k+uk,kul,l)+2qkqα(uβ,luk,l+uβ,lul,k+uβ,kul,l)
+ 2qkqβ(uα,luk,l + uα,lul,k + uα,kul,l]

−2(4−3e)[qkqk(uα,lul,β+ul,luα,β)+2qkql(uα,kul,β+uk,luα,β)
+ 2qkqα(uk,lul,β + ul,kul,β + uk,βul,l)+ qkqk(uβ,lul,α + ul,luβ,α)

+2qkql(uβ,kul,α+uk,luβ,α)+2qkqβ(uk,lul,α+ul,kul,α+uk,αul,l)]
]]

+ terms proportional to{∇ρ∇ρ,∇ρ∇T, . . .∇α2∇α2}.

3 Results and discussion

3.1 Uniform shear flow

As an application of the above theory, we calculate the par-
ticle phase stress tensor in a gas-solid suspension under the
steady shearing state. The macroscopic particle phase ve-
locity for a simple shear flow is given by u = u = γ̇yêx. In
this class of flows, the shear work is exactly balanced by (i)
the vicous drag and (i) the inelastic dissipation, and under
this flow situation, the balance of mass (7) and momen-
tum (8) get trivially satisfied whereas the second moment
balance (9) simplified into

Pδβuα,δ + Pδαuβ,δ +
2γ̇
St

Pαβ = ℵαβ. (14)

Equation (14) must be solved with the aid of (13) to deter-
mine the complete stress tensor P.

3.2 Shear viscosity and normal stress differences

We normalize the stress tensor via

P∗αβ =
Pαβ

ρ(γ̇σ/2)2 = T ∗ + P∗⟨αβ⟩, (15)

where T ∗ = T/(γ̇σ/2)2 is the dimensionless granular tem-
perature, µ∗ = −Pxy/ρ(γ̇σ/2)2 is the dimensionless shear
viscosity, and the first and second normal stress differ-
ences are given by N1 = 3(Pxx − Pyy)/(Pxx + Pyy + Pzz),
N2 = 3(Pyy − Pzz)/(Pxx + Pyy + Pzz), respectively. For
convenience, we will be denoting the dimensionless tem-
perature and shear viscosity by T and µ, respectively, from
here onwards.

Figure 1 displays the variations of (a) the granular tem-
perature and (b) the particle phase shear viscosity against
the Stokes inverse (St−1) for a coefficient of restitution
e = 0.9 and a particle volume fraction of ϕ = 0.01. It
is observed that the temperature decays with (St−1). This
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Figure 1. Variations of (a) the granular temperature (T ) and (b)
the particle phase shear viscosity µ against the inverse of Stokes
number (St−1) at coeffiecient of restitution e = 0.9. The contin-
uous lines represent the predictions from the present nonlinear
theory, the dashed lines represent the anisotropic Gaussian the-
ory of Saha & Alam (2017) [8] and open diamonds represent the
DSMC results.

behaviour of T can be explained from the fact that Stokes
number (St = γ̇τv) increases with the viscous relaxation
time τv, and an increasing τv simply means that the par-
ticles cover more distances between collisions, leading to
a lesser collisional frequency which finally reflects as a
higher temperature with increasing St. The similar be-
haviour of the shear viscosity µ follows from the fact that,
in the dilute limit, shear viscosity scales like

√
T . Finally,

for a comaprison, the DSMC [15] predicted values and
the results from the anisotropic Maxwellian theory [8, 13]
are superimposed, and an excellent agreement among the
present theory, the anisotropic Maxwellian theory [8], and
the simulation is observed. The results of the present non-
linear Grad moment expansion (GME) and the anistropic
Maxwellian expansion (AME) are almost indistinguish-
able upto St ∼ 10.
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0.5

1

1.5
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13M-JR (1985)

SG (1999)

MD

0 0.5 1

-0.1

-0.05

0

Figure 2. Variations of the first (N1) and second (N2) normal
stress differences with e for a dry granular gas (St → ∞). The
legend in left panel explains the meaning of different lines and
symbols.

Figure 2 describes how the first (N1) and second (N2)
normal stress differences [16, 17] vary with inelasticity (e)
for a dry granular fluid (St → ∞). It compares the results
obtained from several existing Grad-level and anisotroipc
Gaussian theories. The dashed and dot-dashed lines rep-
resent the predictions from the Grad-13 moment theory
[2, 6] and the Burnett order Chapman-Enskog expansion
[3], respectively, whereas the solid lines represent the pre-
dictions from the present nonlinear 10/14-moment the-
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Figure 3. Same as Fig. 2, but for a suspension at St = 10.

ory. Finally, the solid blue lines represnt the anisotropic
Maxwellian theory [8] and the filled circles represnt the
molecular-dynamics simulation data [16]. The variations
of the two normal stress differences with inelasticity for a
suspension having significant viscous effects (St = 10) are
shown in figure (3). The present theory over-predicts N2,
but it can be noticed that, at this value of Stokes (St = 10),
the overall magnitude of N2 is indeed small. On the other
hand, the predictions for N1 remain spot on.

In rapid granular shear flows, both the normal stress
differences are known to increase in magnitude with in-
creasing dissipation [3, 16, 17]; both normal stresses scale
like γ̇2 (and hence a Burnett-order effect) where we have
γ̇ ∼

√
1 − e for a dilute granular gas (e � 1). It can be

seen from Fig. 2 (left panel) that the Chapman-Enskog so-
lution [3] (dot-dashed lines) forN1 quantitatively matches
with simulation upto e = 0.5, with increasing deviations
at e < 0.5, and it mostly underpredicts N2. On the other
hand, the “linearized” Grad-13 moment theory [2, 5, 6]
(dashed lines) quantitatively agrees well with the simula-
tion forN1, however, it predictsN2 = 0 which turns out to
be a major short-coming of the “linearized” Grad-moment
theory. We find in Figs. 2 and 3 (right panels) that the
same Grad-moment expansion but with added nonlinear-
ity yields a non-zero second normal stress difference (solid
line) which agrees qualitatively with the particle simula-
tion data. It can also be seen in Fig. 2 that the predic-
tion for N1 becomes better with our second-order theory.
On the other hand, the quantitative agreement for N2 is
much better (both for dry granular and gas-solid suspen-
sion) with the anisotropic Maxwellian theory [8] due to
the non-perturbative nature of the latter approach. The re-
lated issues, along with the roles of frictional particles and
a turbulent gas on the present theory, will be discussed at
the conference.

4 Conclusion and outlook

We have proposed a nonlinear 14 moment theory for a di-
lute gas-solid suspension undergoing general deformation.
The particle phase dynamics is governed by the inelastic
Boltzmann equation that includes the viscous gas effects.
This theory is applied to analyse the simple shear flow

of a gas-solid suspension. It is observed that the granu-
lar temperature, shear viscosity, and the first normal stress
difference agree well with the particle simulation results,
and the agreement remains excellent even for large dis-
sipations (e ∼ 0). We have predicted a non-zero second
normal stress difference that agrees qualitatively with sim-
ulation results, and the origin of the non-zero second nor-
mal stress difference in the present theory is tied to the
inclusion of nonlinear terms.

The solution we have analysed in this paper so far is an
ignited state description where the granular temperature is
large: the present theory can be modified by taking into
account the quenched state contribution to the collisional
source term [7] to probe the existence of a low temperature
quenched state. Finally, the collisional contributions to the
stress tensor can be calculated to obtain the normal stress
differences for a dense suspension [12, 14] at any Stokes
number (1 < St < ∞).
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