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Abstract. We carry out computational study of pattern formation during cooling in assemblies of inelastically
colliding granular particles, under force free condition. Typically, in such systems, following a homogeneous
cooling phase, a crossover occurs to a phase that is defined by the inhomogeneity in the density field. This
inhomogeneity is known to persist for the remaining part of the evolution process, if the coefficient of restitution
(e) is chosen to be a constant. However, in real situations, e depends upon the relative velocity of the colliding
partners. In this work, we choose a model that mimics this scenario. In addition to presenting results on
the pattern dynamics, an important objective of the work is to initiate a study for obtaining a picture on the
effectiveness of model parameters.

1 Introduction

Granular materials are commonly seen in nature, cover-
ing a wide range of lengths. Typical examples include
sand particles, food grains and cosmic dust. Unlike molec-
ular gases, the granular particles undergo inelastic col-
lisions and thus, naturally cool with time by losing ki-
netic energy [1]. We note here that the time (t)-dependent
granular temperature, for N particles, is defined as [1]
T (t) = 1/N

∑N
i=1 mv2i (t)/2, vi being the speed of particle

i and m the mass of each particle. These cooling systems
remain out-of-steady-state unless the energy loss is com-
pensated via external supplies. Such evolving systems, un-
der force-free conditions, are referred to as freely cooling
granular gases [1]. During the initial stage of cooling, the
density remains uniform. This is referred to as the ho-
mogeneous cooling state (HCS) [1, 2]. At late times, in-
homogeneity appears in the density field [3, 4], alongside
the velocity field, showing particle-rich and particle-poor
regions, similar to those observed during a vapor-liquid
phase transition [3–6]. While there exists rigorous ana-
lytical understanding [1, 2] of the temperature decay in
the HCS, the knowledge about the inhomogeneous cool-
ing state (ICS) [1, 3, 4] is primarily acquired via computer
simulations and dimensional arguments [3–8].

While in a large set of theoretical studies, the value of
e, the coefficient of restitution, is considered to be a con-
stant, for real materials e typically depends upon the rela-
tive velocity (ωvrel) of the colliding partners [9, 10]. Essen-
tially, in such viscoelastic systems [1], higher ωvrel leads to
inelastic collisions and the collisions are practically elastic
for small values of ωvrel. The effective coefficient of resti-
tution, in these systems, can be modeled via an expansion
[11–15] in gi j ↑ |ωvrel ·n̂|, with n̂[= (ωri↓ωr j)/|ωri↓ωr j|] being the
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direction of the unit vector joining the colliding particles
i and j. In this work, we focus on the density relaxation,
temperature decay and evolution in restitution coefficients
in such a class of viscoelastic granular gases. In the HCS,
for the constant e case, the decay of T follows Haff’s cool-
ing law [2]: T (t) ↔ (1+ t/t0)↓2, t0 being a time-scale [2, 4].
For a viscoelastic gas, the early time decay is somewhat
slower [16]: T (t) ↔ (1+ t/tv)↓5/3. After the system crosses
over to the ICS regime, T (t) deviates from the Haff’s law.
Certain scaling arguments predict [4, 7, 8, 17] T (t) ↔ t↓ε,
with ε = 2d/(d + 2), d being the space dimension. The
validity of this prediction has been verified in the ICS via
numerical simulations, for the constant e case [5, 7, 8].
Part of the present work is related to corresponding inves-
tigation in a model viscoelastic gas with the variation of
crucial model parameters.

2 Model and methods

We perform numerical simulations using event-driven
molecular dynamics [18] (EDMD), during which we keep
track of the collision times and the colliding partners for
all events. Following a collision, the velocity update equa-
tions, obeying the momentum conservation rule, can be
written as [18] ωv↗i = ωvi ↓ [(1 + e)/2][n̂ · (ωvi ↓ ωv j)]n̂, ωv↗ j =

ωv j + [(1 + e)/2][n̂ · (ωvi ↓ ωv j)]n̂. Here ωvi, j and ωv↗i, j are pre-
and post-collisional velocities of particles i and j, respec-
tively. The (relative) velocity-dependent effective coeffi-
cient of restitution for the viscoelastic particles is modeled
as [14, 15]

eeff = (1 ↓ e0) exp(↓|gi j/vc|ϑ) + e0, (1)

where vc is a cut-off velocity and e0 is a constant. The
value of vc is set to unity as this provides a physically rele-
vant velocity scale for the system. This form suggests that
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Figure 1. (a) – (c): Evolution snapshots for a freely cooling
granular gas when e is fixed at = 0.8. (d) – (f): Similar to the top
panels but here the snapshots are for the viscoelastic case, with
the chosen parameters e0 = 0.8, vc = 1 and ϑ = 1/5. For both
the cases, the considered system size is L = 128, with number
density of particles being 0.3.

eeff ↘ 1, for ωvrel ↘ 0, and eeff ↘ e0, for high ωvrel. This
complies with the experimental scenario [9, 10]. While it
is possible that [11–13] there exists an optimum value of
the exponent ϑ, studies on the effects of variation of ϑ (as
well as of e0 and the initial temperature T (0)) are limited.
Such investigations are of practical relevance [9, 10], in the
sense of existence or absence of universality, by consider-
ing the fact that even a simple step function like model
[16], where above a certain cut-off velocity e = e0 (< 1),
and below that it is elastic, i.e., e = 1, can produce cer-
tain basic properties of viscoelastic particles. For different
model varieties the readers may look at Refs. [12, 13]. In
this study, we consider wide ranges of values for the pa-
rameters ϑ and T (0).

All our simulations (with 2D systems) are performed
in square boxes of linear dimension L, in units of particle
diameter ϖ (= 1), with the number density ϱ = 0.3. Unless
otherwise mentioned, we have used L = 256, T (0) = 10
and e0 = 0.8. To compare with experiments appropriate
units for m, ϖ and v can be set, e.g., as kg, meter and me-
ter/sec. Initial positions and velocities of the grains were
assigned randomly. Periodic boundary conditions are ap-
plied in both the directions. We measure time by summing
up intervals between “every” two successive collisions. In
the literature, for such problems, another measure of time
is used, viz., the collision time (ς). Increment of ς, by one
unit, is related to N/2 number of collisions, with N being
the total number of particles [5, 6]. We present the results
as a function of t, as well as ς, after averaging over runs
with 50 independent initial configurations.

3 Results

We start by showing the time evolution snapshots in Fig.
1. There, for a comparison, we show the corresponding
pictures for the case of constant e as well. See the top pan-
els. Starting from a homogeneous distribution of particles,
at ς = 0, the density inhomogeneity, relating particle-rich
and particle-poor regions, appears due to inelastic colli-

Figure 2. (a) Plot of normalized temperature, T (t)/T (0), versus t,
for the viscoelastic gas. The solid line corresponds to Haff’s law
in the HCS, whereas the dashed line suggests another power-law
decay in the ICS with exponent 1. Inset shows the same data but
here plotted against the collision time, ς. In the HCS, it appears
linear, on a semi-log scale, suggesting an exponential decay. (b)
Variation of ēeff, as a function of ς, for the same system as in (a).
Inset shows the same data but here the abscissa is shown in a log
scale to display the early time feature. (c) Plot of the distribution
P(eeff), versus eeff, at different times. (d) Plot of kurtosis, φe,
versus ς, for the same set of parameter values.

sions. As seen, the time evolution is quite similar for both
of them (constant e and viscoelastic cases) only until a cer-
tain time. For fixed e, the clusters keep growing [5, 6].
Contrary to that, for the viscoelastic particles, the clus-
tering behavior disappears at a later time, i.e., the system
relaxes back to a homogeneous density state, as evident
from the snapshot at ς = 3000. This can be quantified
via the calculation of equal time two-point correlations [5]
in the density field. With time, in the constant e case, the
decay of the correlation function becomes slower, suggest-
ing continuous growth of the length scale [6]. For the vis-
coelastic case, the length scale will show a non-monotonic
behavior, within which the later time decay would suggest
decorrelation in the density field due to re-entrance into
the homogeneous phase. These multiple regimes of re-
laxation, in the latter case, may be tunable by varying the
parameters T (0), e0 and ϑ. In the remaining part of the
paper, we investigate these.

In Fig. 2(a) we show the decay of normalized tempera-
ture, T (t)/T (0), versus t, for e0 = 0.8, vc = 1 and ϑ = 1/5.
At initial times, we see that the Haff-like law is valid with
[16] T (t) ↔ (1+ t/tv)↓5/3. After a certain time, the decay of
T (t), however, deviates from the HCS behavior, marking
the onset of a crossover to the ICS. In this region, decay
of temperature approximately obeys T (t) ↔ t↓1, similar to
that [4–6] with constant e. However, at a much later time,
the system goes to a homogeneous state again, as seen in
Fig. 1(f), and the energy decay deviates from t↓1 behav-
ior (not shown for extended period). The inset shows the
same decay as a function of the collision time ς.

To capture the microscopic details of the re-entrant be-
havior of the density relaxation, towards a homogeneous
phase, via an inhomogeneous route, we show in Fig 2(b)
the time dependence of ēeff. For each ς, the value of ēeff
has been calculated as the mean of the distribution of eeff
obtained from its N/2 values. For given vc, T (0) and ϑ,
eeff shows a monotonic increase towards 1. This is effec-
tively due to decreasing gi j, because of parallelization of
velocities, owing to reduction in normal components of
relative velocities via inelastic collisions. See Eq. (1). As
eeff ↘ 1, the collisions become increasingly elastic, lead-
ing to the breakdown of clusters that, in turn, leads to the
homogeneous density distribution. Further details on this
evolution are provided below.

In Fig. 2(c) we plot the distribution, P(eeff), of eeff,
from a few values of ς. These values of ς, in ascending or-
der, are chosen in such a way that they correspond to HCS,
ICS, and the final homogeneous regime, respectively. At
early times, the distributions are non-Gaussian, though the
velocities may obey Gaussian form. However, at much
later times, the distributions tend to be Gaussian. Also,
as ς increases the mean shifts to higher values, asymp-
totically moving toward unity, the elastic limit. To have
a quantitative understanding of this transformation of the
distribution, we calculate the corresponding kurtosis (φe),
defined as [19] φe = (

〈
(eeff ↓ ēeff)4〉/

〈
(eeff ↓ ēeff)2〉2) ↓ 3.

Departure from φe = 0 corresponds to a deviation from
Gaussian. In Fig. 2(d) we plot φe, versus ς. Starting from
a much higher value, φe moves towards 0. This happens
when ēeff moves towards unity, and density tends to be ho-
mogeneous. Here we note that the values of ϑ, e0 and
T (0) take part in determining the value of eeff and thus, its
distribution, which in turn determines the rate of energy
dissipation. Thus, it is useful to investigate the evolutions
of energy and φe with the variations of these parameters.

In Fig. 3(a) we plot T (ς)/T (0), versus ς, for a few
different values of ϑ, by fixing other parameters at val-
ues same as in Fig. 2. Data for different ϑ values show
consistency in the HCS. Furthermore, this common early
period behavior appears consistent with the Haff-like law,
as demonstrated in the inset. However, the crossover, to
the ICS, occurs earlier for a higher value of ϑ. We plot
ēeff, versus ς, in Fig. 3(b), for the same set of values of ϑ
as in Fig. 3(a). The data for ϑ = 0.2 clearly appears slow-
est in approach to the elastic limit. To probe the behavior
at early times, we present the same data sets on a log-log
scale, in the inset. Note here that at early times, for same
value of gi j, say, when > vc, the factor exp(↓|gi j/vc|ϑ) will
be smaller for a larger ϑ. This corresponds to a smaller
value of ēeff, closer to e0. See Eq. (1). This can be appre-
ciated from the early parts of the plots in the inset. A lower
value of the coefficient of restitution should lead to larger
dissipation, which eventually will lead to lowering, as well
as parallelization, of velocities faster and correspondingly
the value of gi j. Then a fall in the value of gi j makes ēeff
larger, leading the collisions to be more elastic. Thus, ēeff
reaches unity earlier for a higher value of ϑ, even though
the starting value is smaller. For a quantification of the de-
pendencies of related time, on ϑ, we look at the behavior
of a characteristic time scale (ςc) at which the collisions

Figure 3. (a) Log-linear plots of T (ς)/T (0), versus ς, for a few
values of ϑ, keeping the other parameters same as in Fig. 2. Inset
shows a log-log plot, for ϑ = 1.0, versus t. There the dashed line
corresponds to Haff’s law. (b) Plots of ēeff, versus ς, for different
ϑ values, as in (a). The inset shows the same data sets, now the
abscissa being presented in a log scale. (c) Plot of a characteristic
time scale ςc, at which ēeff crosses a certain value, viz., 0.97,
versus ϑ. (d) Plot of kurtosis φe, versus ς, for different values of
ϑ.

Figure 4. (a) Plots of the decay of T (ς)/T (0), versus ς, on a
semi-log scale, for a few choices of the initial temperature, T (0),
with ϑ = 1/5, vc = 1 and e0 = 0.8. (b) Plots of ēeff, versus ς,
for the same choices of T (0). (c) Same as (b) but here a semi-
log scale is used. (d) Same as (c), now with a T (0)-dependent
prefactor in the ordinate.

become nearly elastic, viz., when ēeff reaches a value 0.97.
A plot of this quantity is shown in Fig. 3(c), as a function
of ϑ. Furthermore, analogous to Fig. 2(d), we plot φe, ver-
sus ς, in Fig. 3(d), now for different choices of ϑ. In each
of the cases, φe changes from a much higher value towards
0. The approach is quicker for higher ϑ.
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sions. As seen, the time evolution is quite similar for both
of them (constant e and viscoelastic cases) only until a cer-
tain time. For fixed e, the clusters keep growing [5, 6].
Contrary to that, for the viscoelastic particles, the clus-
tering behavior disappears at a later time, i.e., the system
relaxes back to a homogeneous density state, as evident
from the snapshot at ς = 3000. This can be quantified
via the calculation of equal time two-point correlations [5]
in the density field. With time, in the constant e case, the
decay of the correlation function becomes slower, suggest-
ing continuous growth of the length scale [6]. For the vis-
coelastic case, the length scale will show a non-monotonic
behavior, within which the later time decay would suggest
decorrelation in the density field due to re-entrance into
the homogeneous phase. These multiple regimes of re-
laxation, in the latter case, may be tunable by varying the
parameters T (0), e0 and ϑ. In the remaining part of the
paper, we investigate these.

In Fig. 2(a) we show the decay of normalized tempera-
ture, T (t)/T (0), versus t, for e0 = 0.8, vc = 1 and ϑ = 1/5.
At initial times, we see that the Haff-like law is valid with
[16] T (t) ↔ (1+ t/tv)↓5/3. After a certain time, the decay of
T (t), however, deviates from the HCS behavior, marking
the onset of a crossover to the ICS. In this region, decay
of temperature approximately obeys T (t) ↔ t↓1, similar to
that [4–6] with constant e. However, at a much later time,
the system goes to a homogeneous state again, as seen in
Fig. 1(f), and the energy decay deviates from t↓1 behav-
ior (not shown for extended period). The inset shows the
same decay as a function of the collision time ς.

To capture the microscopic details of the re-entrant be-
havior of the density relaxation, towards a homogeneous
phase, via an inhomogeneous route, we show in Fig 2(b)
the time dependence of ēeff. For each ς, the value of ēeff
has been calculated as the mean of the distribution of eeff
obtained from its N/2 values. For given vc, T (0) and ϑ,
eeff shows a monotonic increase towards 1. This is effec-
tively due to decreasing gi j, because of parallelization of
velocities, owing to reduction in normal components of
relative velocities via inelastic collisions. See Eq. (1). As
eeff ↘ 1, the collisions become increasingly elastic, lead-
ing to the breakdown of clusters that, in turn, leads to the
homogeneous density distribution. Further details on this
evolution are provided below.

In Fig. 2(c) we plot the distribution, P(eeff), of eeff,
from a few values of ς. These values of ς, in ascending or-
der, are chosen in such a way that they correspond to HCS,
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early times, the distributions are non-Gaussian, though the
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(eeff ↓ ēeff)4〉/

〈
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distribution, which in turn determines the rate of energy
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of energy and φe with the variations of these parameters.
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ues same as in Fig. 2. Data for different ϑ values show
consistency in the HCS. Furthermore, this common early
period behavior appears consistent with the Haff-like law,
as demonstrated in the inset. However, the crossover, to
the ICS, occurs earlier for a higher value of ϑ. We plot
ēeff, versus ς, in Fig. 3(b), for the same set of values of ϑ
as in Fig. 3(a). The data for ϑ = 0.2 clearly appears slow-
est in approach to the elastic limit. To probe the behavior
at early times, we present the same data sets on a log-log
scale, in the inset. Note here that at early times, for same
value of gi j, say, when > vc, the factor exp(↓|gi j/vc|ϑ) will
be smaller for a larger ϑ. This corresponds to a smaller
value of ēeff, closer to e0. See Eq. (1). This can be appre-
ciated from the early parts of the plots in the inset. A lower
value of the coefficient of restitution should lead to larger
dissipation, which eventually will lead to lowering, as well
as parallelization, of velocities faster and correspondingly
the value of gi j. Then a fall in the value of gi j makes ēeff
larger, leading the collisions to be more elastic. Thus, ēeff
reaches unity earlier for a higher value of ϑ, even though
the starting value is smaller. For a quantification of the de-
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of a characteristic time scale (ςc) at which the collisions

Figure 3. (a) Log-linear plots of T (ς)/T (0), versus ς, for a few
values of ϑ, keeping the other parameters same as in Fig. 2. Inset
shows a log-log plot, for ϑ = 1.0, versus t. There the dashed line
corresponds to Haff’s law. (b) Plots of ēeff, versus ς, for different
ϑ values, as in (a). The inset shows the same data sets, now the
abscissa being presented in a log scale. (c) Plot of a characteristic
time scale ςc, at which ēeff crosses a certain value, viz., 0.97,
versus ϑ. (d) Plot of kurtosis φe, versus ς, for different values of
ϑ.

Figure 4. (a) Plots of the decay of T (ς)/T (0), versus ς, on a
semi-log scale, for a few choices of the initial temperature, T (0),
with ϑ = 1/5, vc = 1 and e0 = 0.8. (b) Plots of ēeff, versus ς,
for the same choices of T (0). (c) Same as (b) but here a semi-
log scale is used. (d) Same as (c), now with a T (0)-dependent
prefactor in the ordinate.

become nearly elastic, viz., when ēeff reaches a value 0.97.
A plot of this quantity is shown in Fig. 3(c), as a function
of ϑ. Furthermore, analogous to Fig. 2(d), we plot φe, ver-
sus ς, in Fig. 3(d), now for different choices of ϑ. In each
of the cases, φe changes from a much higher value towards
0. The approach is quicker for higher ϑ.
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Next we investigate the effects of varying T (0) in Fig.
4. While this may be equivalent to varying vc, it should be
noted that vc sets a velocity scale. Thus, we refrain from
varying this quantity. In Fig. 4 (a), we plot T (ς)/T (0), ver-
sus ς, on a semi-log scale. General character is same, irre-
spective of the values of T (0), except for minor variation
in crossover time. In Fig. 4(b) we plot ēeff, versus ς, for the
same set of values of T (0). The ones having the lower T (0)
is reaching the elastic limit earlier. This can be explained
along the same line as done for the case of variation in
ϑ. For better visualization of different regimes, same set
of plots are shown again in part (c), on a semi-log scale.
They appear reasonably parallel to each other, throughout.
Thus, it was possible to obtain a collapse by a simple trans-
formation via introduction of a T (0)-dependent prefactor
‘a’ in the ordinate. See Fig. 4(d). This collapse implies
that basic evolution properties remain largely unchanged
with the variation of T (0). However, such a collapse is
not possible against the variation in ϑ, implying a complex
role of ϑ in the modeling of viscoelastic particles. We note
that the variation in e0, like in T (0), also does not change
the qualitative behavior in the evolution of eeff. However,
in future it will be interesting to find out long-time effects
via extended simulations.

4 Conclusion
In this work, we consider a freely cooling granular gas
with impact velocity-dependent coefficient of restitution
[14, 15] that mimics collisions in real situations [9, 10].
Starting from a homogeneous density phase, the system
shows a re-entrant behavior at a later time, via interme-
diate inhomogeneous cooling state in which particle-rich
and particle-poor regions appear. For quantitative under-
standing we explore evolutions in energy and coefficient
of restitution. A non-Gaussian distribution of the latter
quantity, in the initial homogeneous phase, tends towards a
Gaussian one in the late time uniform density phase. Thus,
there exists fundamental difference between the two ho-
mogeneous phases. We have studied the effects of certain
model parameters on such evolution. In future we would
like to simulate larger systems over longer periods to come
to a better conclusion by discarding the effects due to finite
size. Such future study will also include quantities related
to the evolution of velocity distribution. It will be interest-
ing to bring connection between this and that for eeff.
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