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Harmonic resonances in granular plane Couette flow
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Abstract. The shearbanding instability patterns and bifurcations have been well-studied in granular plane
Couette flow using the single-mode Landau equations. However, shearbanding modes interact with each other
and undergo harmonic resonances. The present study explores the nonlinear resonant interactions among these
shearbanding modes. Using analytical solutions of the linear stability analysis, we determine the critical param-
eters for harmonic resonance, particularly the 1:2 resonance. At these resonant points, the single-mode Landau
equation is invalid because it does not capture the interactions. Thus, a coupled Landau equation is derived to
understand 1:2 resonance, where one wavenumber acts as the fundamental harmonic of another. It is found that
there is energy exchange between the primary and second-harmonic shear bands, together with amplitude mod-
ulation. Thus, harmonic resonance substantially affects macroscopic flow behavior by enhancing or decaying
energy dissipation.

1 Introduction

Granular Couette flow (GCF) describes the shear-induced
movement and deformation of collections of discrete parti-
cles, such as sand, grains, or powders. These flows exhibit
complex rheology, transitioning between solid-like resis-
tance and fluid-like motion based on applied forces and
particle interactions. Unlike conventional fluid particles,
granular particles can form force chains, experience jam-
ming, or undergo sudden flow transitions, making their be-
havior highly nonlinear and dependent on factors such as
particle size, shape, and friction. These flows are found in
both natural and industrial settings, and play a crucial role
in processes like mineral processing, pharmaceuticals, and
food production industries, where controlling flow dynam-
ics is essential for efficiency and quality [1].

The behavior of GCFs is categorized into distinct
regimes based on stress conditions and particle interac-
tions. These regimes are: (i) the quasi-static regime,
where enduring force chains dominate and the flow is well-
described by soil mechanics principles; (ii) the collisional
regime, in which particle collisions drive the dynamics re-
sembling the behavior of granular gases; and (iii) dense
flow regime, where both frictional contacts and collisions
influence the flow. GCFs in the collisional regime often
exhibit various dynamical phenomena. One such dynami-
cal behavior is the emergence of 1:2 harmonic resonances,
where periodic energy exchanges between different modes
of motion create structured patterns within the flow [2].
These resonances arise from particle collisions, forming
self-organized states that impact transport properties and
energy dissipation. Additionally, harmonic resonances can
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stabilize, destabilize, or restructure shear bands in GCFs,
influencing overall flow behavior. In this context, the
present study focuses on a specific harmonic resonance,
namely the 1:2 resonance, in uniform GCF. Specifically,
parameters are identified for the 1:2 resonance. Further,
the coupled amplitude equations are derived and equilib-
rium solutions are analyzed.

2 Problem formulation

Consider a plane Couette flow of monodisperse, smooth,
inelastic granular particles between two infinite horizon-
tal plates separated by a distance h. The particles are as-
sumed to be monodisperse, smooth, inelastic hard disks
with restitution coefficient e, diameter dp, and mass den-
sity ρ̄ = ρpφ, with ρp and φ being the mass density of
each particle and volume fraction, respectively. The flow
is driven by the top and bottom plates moving in oppo-
site directions along the stream-wise (x) direction, with
speed Ūw/2. Here, our focus is on studying shearbanding
along the flow gradient direction. The balance equations
are thus considered to be stream-wise independent, i.e., the
flow variables depend only on y. Using scales for length,
velocity, time, and mass density as h, Ūw, h/Ūw, and ρp,
respectively, the non-dimensional mass, momentum and
energy equations read
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where (u, v), φ and T are the velocity vector, volume frac-
tion and granular energy, respectively, and H = h/d is the
scaled Couette gap. Other parameters p, η, λ, κ, µ, D0,
Du are the pressure, shear viscosity, bulk viscosity, pseu-
dothermal conductivity, Dufour-like coefficient, zeroth-
and first-order contributions to the collisional dissipation,
respectively, and given in [3]. The boundary conditions at
y = ±1/2 are u = ±1/2 and ∂T/∂y = 0.

3 Linear stability analysis (LSA)

The base flow under study is steady, fully developed, two-
dimensional flow, i.e. φ = φ(y), u = u(y), v = 0, T = T (y).
Under the above assumption, the base state is composed of
a linear velocity (u = y) with a constant volume fraction
(φ = φ0) and constant granular temperature (T = T0). To
derive the linear stability equations, we decompose each
flow variable as the base flow plus infinitesimal pertur-
bation, substitute the decomposition into (1a)–(1c), and
then subtract the base flow equations, and then collecting
only the linear terms of the perturbation variables, we get
the linearized form of disturbance equations, which can
be written in matrix form as ∂X′/∂t = L X′, where the
vector X′ = (φ′, u′, v′, T ′)T represents the perturbed flow
variables and L is the linear stability operator associated
with the linearized equations. The boundary conditions
are u′(y = ±1/2) = ∂T ′/∂y|y=±1/2 = 0

Furthermore, assume a normal mode solution,
i.e. X(y, t) = X̂(y) exp(ωt), X̂ = (φ̂, û, v̂, T̂ )T, ω = ωr + iωi

is the complex frequency whose real and imaginary parts
represent the growth or decay rate and frequency of the
perturbations, respectively. Substituting normal mode so-
lution in linearized disturbance equation, we get

L̂X̂ = ωX̂, û (±1/2) = dT̂/dy = 0, (2)

where L̂ = L
(
∂/∂y→ d/dy, ∂2/∂y2 → d2/dy2

)
. This

system admits an analytical solution, which is given
as, X̂(t, y) = (φ1(t) cosΓ, u1(t) sinΓ, v1(t) sinΓ, T1(t) sinΓ)
where Γ = πβ(y ± 1/2), and β = 1, 2, 3, . . . is the mode
number and (φ1, u1, v1, T1)T is the amplitude of the normal
mode solution [4]. Applying analytical solutions in (2),
we get L1X1 = ωX1, where X1 = (φ1, u1, v1, T1)T and L1 is
simplified form of L̂. For more details on LSA, see [3].
Figure 1 presents the neutral stability curves for mode
numbers β = 1, 2, 3 and for restitution coefficient e = 0.6.
The flow is unstable (stable) inside (outside) the contour.
There is a critical volume fraction φ0 = φ0

crit = 0.3926
below which the flow is linearly stable for all mode num-
bers. Similarly, there is a critical Couette gap Hcrit below
which the flow is always linearly stable. However, Hcrit

increases with the mode number, indicating that the onset
of linear instability decreases with the mode number. Note
that uniform shear flow is subcritically unstable [5, 6]. We
look for the occurrence of 1:2 resonant interactions, where
the flow is linearly unstable, i.e., supercritical region.

4 Existence of 1:2 resonance interaction

We first focus on identifying the harmonic resonance,
specifically the 1:2 resonance in uniform GCF, where the
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Figure 1. Neutral stability curves in (H, φ0)-plane for e = 0.6.

fundamental shearbanding mode interacts with its second
harmonic. Specifically, the two frequencies or the eigen-
values (say ω1 and ω2) and the corresponding mode num-
bers (say β1 and β2) of the interacting modes satisfy the
relation ω1 : ω2 = β1 : β2 =1:2. Note that, in uni-
form GCF eigenvalues are always real. Figure 2 depicts
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Figure 2. Variation of ωl/β with H for various mode number
β with φ0 = 0.6 and e = 0.6. The circled interaction points
represent the locations of 1:2 resonances.

the variation of ωl/β with the scaled Couette gap H for
various mode numbers. At each intersection point (circle)
the ratio between the growth rates and the ratio between
the corresponding mode number are equal to 1:2, which
is the required condition for the 1:2 resonant interaction.
At the resonance points the single amplitude equation be-
comes invalid, and we need to study the coupled amplitude
equations in order to understand energy transfer mecha-
nism and bifurcations in shearbanding at resonant param-
eters [6]. Hereafter β1 and β2 will be used to denote the
mode numbers of the 1:2 interacting modes; and ωl

1 and
ωl

2 will be used for the corresponding growth rates. Ta-
ble 1 displays parameters where 1:2 resonance exists.

From linear stability analysis, it follows that if the
mode number and frequency pair (β, ω) satisfies (2) at
H = H1, then the pairs (2β, ω), (3β, ω), and so on, also sat-
isfy equation (2) at H = 2H1, H = 3H1, respectively. This
indicates a systematic scaling behavior of the modes with
increasing H. This suggests that if (β1, ω1) and (β2, ω2)
satisfy the resonance conditions ω1 : ω2 = β1 : β2 =1:2

H β1 β2 ωl
1 ωl

2
27.6905 1 2 1.062E-03 2.12402E-03
55.3803 2 4 1.062E-03 2.12401E-03
83.0703 3 6 1.062E-03 2.12401E-03
110.7604 4 8 1.062E-03 2.12401E-03
138.4505 5 10 1.062E-03 2.12401E-03

Table 1. Couette gap, mode number and frequency for 1:2
resonance. Here ωl

1 : ωl
2 = β1 : β2 =1:2; see figure 2.

at H = H1, then (2β1, ω1) and (2β2, ω2) will also satisfy
ω1 : ω2 = 2β1 : 2β2 =1:2 at H = 2H1, and so on. This sug-
gests that if 1:2 resonance exists between modes 1 and 2
at H = H1, then a similar resonance arises between modes
2 and 4 at H = 2H1, between modes 3 and 6 at H = 3H1,
and so on. The repeating pattern of these resonances is vi-
sually evident in the intersections of different colored lines
in Figure 2 and the parameter values listed in Table 1. This
systematic resonance cascade suggests that increasing the
scaled plate separation H does not introduce random mode
interactions but instead leads to a structured sequence of
resonances between higher order harmonics. In the next
section, we derive the general form of the amplitude equa-
tions under 1:2 resonances, and then analyze the particular
case of mode 1 interacting with mode 2.

5 Coupled amplitude equations

The coupled amplitude equations have been thoroughly
derived in Ref. [7]. For the sake of completeness, here we
briefly outline the derivation. The nonlinear disturbance
equations can be expressed as, (∂/∂t − L) X = N2 + N3,
whereL is the linear operator,N2 andN3 are the quadratic
and cubic nonlinear terms, respectively. The analytical so-
lution of a homogeneous problem is known from LSA de-
scribed in Sec.3. We write disturbance X as X = Φ + Ψ,
where Φ corresponds to the resonating modes, and Ψ to
all other modes: X(y, t) = Φ(y, t) + Ψ(y, t), with Φ(y, t) =
A1(t)E1X[1;1](y) + A2(t)E2Y [1;1](y) + c.c, where X[1;1](y)
and Y [1;1](y) are the eigenfunctions corresponding to the
eigenvalue with the maximum real part of the linearized
problem at mode numbers β1 and β2, respectively. Thus,
Lβ1 X[1;1] = ωl

1X[1;1] and Lβ2 Y [1;1] = ωl
2Y [1;1], where Lβ1 =

L1(β = β1) and Lβ2 = L1(β = β2). E1 = eω
l
1t and E2 = eω

l
2t

are the exponential contributions of the resonating modes.
Writing solution of nonlinear disturbance equations as
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where X(k) represents the amplitudes of the modes gener-
ated by the interactions of the first resonating mode (the
mode with growth rate ωl

1, mode number β1, amplitude
A1) with its different harmonics. Similarly, Y (k) represents
the amplitudes of the modes generated by the interactions
of the second resonating mode (the mode with growth rate
ωl

2, mode number β2, amplitudeA2) with its different har-
monics. Z(i j) denotes amplitudes of the modes generated
by the interactions of X(k) and Y (k). Substituting (3) into
the nonlinear disturbance equation and collecting the co-

efficients of the same power of E1, E2 we obtain :
(

d
dt
− ωl

1

)
A1X[1;1] = N2(X(1), X(0)) +N2(X(0), X(1)) +N2(X̃(1), X(2))

+N2(X(2), X̃(1)) +N2(X(1), Y (0)) +N2(Y (0), X(1))

+N2(Z(11), Ỹ (1)) +N2(Ỹ (1), Z(11)) +N2(Y (1), Z(1−1))

+N2(Z(1−1), Y (1)) +N2(X̃(1), Y (1)) +N2(Y (1), X̃(1)) + . . . , (4)
(

d
dt
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2

)
A2Y [1;1] = N2(Y (1), Y (0)) + N2(Y (0), Y (1)) +N2(Ỹ (1), Y (2))

+N2(Y (2), Ỹ (1)) +N2(Y (1), X(0)) +N2(X(0), Y (1))

+N2(Z(11), X̃(1)) +N2(X̃(1), Z(11)) +N2(X(1), Z(−11))

+N2(Z(−11), X(1)) +N2(X(1), X(1)) + . . . . (5)

The underlined terms arise due to the 1:2 resonance inter-
action of X[1;1] and Y [1;1]. To reduce the dimensionality, we
use the center manifold reduction method [5], which helps
to make the system four dimensional consists of A1, A2,
Ā1 and Ā2. The center manifold theorem states that the
dynamics in the neighborhood of the critical conditions is
governed by a low dimensional system, which can be ob-
tained by projecting the infinite dimensional non-critical
modes onto critical modes, i.e.Ψ = Ψ(Φ) [for more details
see [5] and the references therein]. Thus we can approx-
imate noncritical modes as the function of critical modes
using the Taylor series expansion as follows:
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(
X[0;2] + |A1 |2 X[0;4] + · · ·
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(6)

where subscripts X and Y denote the mean flow contri-
butions from X(k) and Y (k) modes, respectively. Replacing
the expressions X(k), Y (k) and Z(i j) in the nonlinear terms of
(4) and (5) by the above ansatz (6) and simplifying the ob-
tained expression, we get the coupled amplitude equations
truncated at the cubic order,
( d

dt
− ωl
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)
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13A1 |A1 |2 +G12
13A1 |A2 |2 +G13

13Ã1A2,
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2
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(7)

where G11
13, G12

13, G21
13, G22

13, G13
13 and G23

13 are functions of
the higher order harmonics of the resonating fundamental
modes, and harmonics satisfy the following equations

(2ωl
1 − L)X[0;2] = N2(X[1;1], X̃[1;1]) + N2(X̃[1;1], X[1;1]),

(2ωl
1 − L)X[2;2] = N2(X[1;1], X[1;1]),

(2ωl
2 − L)Y [0;2] = N2(Y [1;1], Ỹ [1;1]) + N2(Ỹ [1;1], Y [1;1]),

(2ωl
2 − L)Y [2;2] = N2(Y [1;1], Y [1;1]),

((ωl
1 + ω

l
2) − L)Z[0;2]

−11 = N2(Y [1;1], X̃[1;1]) + N2(X̃[1;1], Y [1;1]),

((ωl
1 + ω

l
2) − L)Z[0;2]

1−1 = N2(Ỹ [1;1], X[1;1]) + N2(X[1;1], Ỹ [1;1]).

Here, L = L(∂/∂y → d/dy). Taking the inner product
of (7) with adjoint eigenfunctions X† and Y†, respectively,

2
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where (u, v), φ and T are the velocity vector, volume frac-
tion and granular energy, respectively, and H = h/d is the
scaled Couette gap. Other parameters p, η, λ, κ, µ, D0,
Du are the pressure, shear viscosity, bulk viscosity, pseu-
dothermal conductivity, Dufour-like coefficient, zeroth-
and first-order contributions to the collisional dissipation,
respectively, and given in [3]. The boundary conditions at
y = ±1/2 are u = ±1/2 and ∂T/∂y = 0.

3 Linear stability analysis (LSA)

The base flow under study is steady, fully developed, two-
dimensional flow, i.e. φ = φ(y), u = u(y), v = 0, T = T (y).
Under the above assumption, the base state is composed of
a linear velocity (u = y) with a constant volume fraction
(φ = φ0) and constant granular temperature (T = T0). To
derive the linear stability equations, we decompose each
flow variable as the base flow plus infinitesimal pertur-
bation, substitute the decomposition into (1a)–(1c), and
then subtract the base flow equations, and then collecting
only the linear terms of the perturbation variables, we get
the linearized form of disturbance equations, which can
be written in matrix form as ∂X′/∂t = L X′, where the
vector X′ = (φ′, u′, v′, T ′)T represents the perturbed flow
variables and L is the linear stability operator associated
with the linearized equations. The boundary conditions
are u′(y = ±1/2) = ∂T ′/∂y|y=±1/2 = 0

Furthermore, assume a normal mode solution,
i.e. X(y, t) = X̂(y) exp(ωt), X̂ = (φ̂, û, v̂, T̂ )T, ω = ωr + iωi

is the complex frequency whose real and imaginary parts
represent the growth or decay rate and frequency of the
perturbations, respectively. Substituting normal mode so-
lution in linearized disturbance equation, we get

L̂X̂ = ωX̂, û (±1/2) = dT̂/dy = 0, (2)

where L̂ = L
(
∂/∂y→ d/dy, ∂2/∂y2 → d2/dy2

)
. This

system admits an analytical solution, which is given
as, X̂(t, y) = (φ1(t) cosΓ, u1(t) sinΓ, v1(t) sinΓ, T1(t) sinΓ)
where Γ = πβ(y ± 1/2), and β = 1, 2, 3, . . . is the mode
number and (φ1, u1, v1, T1)T is the amplitude of the normal
mode solution [4]. Applying analytical solutions in (2),
we get L1X1 = ωX1, where X1 = (φ1, u1, v1, T1)T and L1 is
simplified form of L̂. For more details on LSA, see [3].
Figure 1 presents the neutral stability curves for mode
numbers β = 1, 2, 3 and for restitution coefficient e = 0.6.
The flow is unstable (stable) inside (outside) the contour.
There is a critical volume fraction φ0 = φ0

crit = 0.3926
below which the flow is linearly stable for all mode num-
bers. Similarly, there is a critical Couette gap Hcrit below
which the flow is always linearly stable. However, Hcrit

increases with the mode number, indicating that the onset
of linear instability decreases with the mode number. Note
that uniform shear flow is subcritically unstable [5, 6]. We
look for the occurrence of 1:2 resonant interactions, where
the flow is linearly unstable, i.e., supercritical region.

4 Existence of 1:2 resonance interaction

We first focus on identifying the harmonic resonance,
specifically the 1:2 resonance in uniform GCF, where the
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Figure 1. Neutral stability curves in (H, φ0)-plane for e = 0.6.

fundamental shearbanding mode interacts with its second
harmonic. Specifically, the two frequencies or the eigen-
values (say ω1 and ω2) and the corresponding mode num-
bers (say β1 and β2) of the interacting modes satisfy the
relation ω1 : ω2 = β1 : β2 =1:2. Note that, in uni-
form GCF eigenvalues are always real. Figure 2 depicts
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Figure 2. Variation of ωl/β with H for various mode number
β with φ0 = 0.6 and e = 0.6. The circled interaction points
represent the locations of 1:2 resonances.

the variation of ωl/β with the scaled Couette gap H for
various mode numbers. At each intersection point (circle)
the ratio between the growth rates and the ratio between
the corresponding mode number are equal to 1:2, which
is the required condition for the 1:2 resonant interaction.
At the resonance points the single amplitude equation be-
comes invalid, and we need to study the coupled amplitude
equations in order to understand energy transfer mecha-
nism and bifurcations in shearbanding at resonant param-
eters [6]. Hereafter β1 and β2 will be used to denote the
mode numbers of the 1:2 interacting modes; and ωl

1 and
ωl

2 will be used for the corresponding growth rates. Ta-
ble 1 displays parameters where 1:2 resonance exists.

From linear stability analysis, it follows that if the
mode number and frequency pair (β, ω) satisfies (2) at
H = H1, then the pairs (2β, ω), (3β, ω), and so on, also sat-
isfy equation (2) at H = 2H1, H = 3H1, respectively. This
indicates a systematic scaling behavior of the modes with
increasing H. This suggests that if (β1, ω1) and (β2, ω2)
satisfy the resonance conditions ω1 : ω2 = β1 : β2 =1:2

H β1 β2 ωl
1 ωl

2
27.6905 1 2 1.062E-03 2.12402E-03
55.3803 2 4 1.062E-03 2.12401E-03
83.0703 3 6 1.062E-03 2.12401E-03
110.7604 4 8 1.062E-03 2.12401E-03
138.4505 5 10 1.062E-03 2.12401E-03

Table 1. Couette gap, mode number and frequency for 1:2
resonance. Here ωl

1 : ωl
2 = β1 : β2 =1:2; see figure 2.

at H = H1, then (2β1, ω1) and (2β2, ω2) will also satisfy
ω1 : ω2 = 2β1 : 2β2 =1:2 at H = 2H1, and so on. This sug-
gests that if 1:2 resonance exists between modes 1 and 2
at H = H1, then a similar resonance arises between modes
2 and 4 at H = 2H1, between modes 3 and 6 at H = 3H1,
and so on. The repeating pattern of these resonances is vi-
sually evident in the intersections of different colored lines
in Figure 2 and the parameter values listed in Table 1. This
systematic resonance cascade suggests that increasing the
scaled plate separation H does not introduce random mode
interactions but instead leads to a structured sequence of
resonances between higher order harmonics. In the next
section, we derive the general form of the amplitude equa-
tions under 1:2 resonances, and then analyze the particular
case of mode 1 interacting with mode 2.

5 Coupled amplitude equations

The coupled amplitude equations have been thoroughly
derived in Ref. [7]. For the sake of completeness, here we
briefly outline the derivation. The nonlinear disturbance
equations can be expressed as, (∂/∂t − L) X = N2 + N3,
whereL is the linear operator,N2 andN3 are the quadratic
and cubic nonlinear terms, respectively. The analytical so-
lution of a homogeneous problem is known from LSA de-
scribed in Sec.3. We write disturbance X as X = Φ + Ψ,
where Φ corresponds to the resonating modes, and Ψ to
all other modes: X(y, t) = Φ(y, t) + Ψ(y, t), with Φ(y, t) =
A1(t)E1X[1;1](y) + A2(t)E2Y [1;1](y) + c.c, where X[1;1](y)
and Y [1;1](y) are the eigenfunctions corresponding to the
eigenvalue with the maximum real part of the linearized
problem at mode numbers β1 and β2, respectively. Thus,
Lβ1 X[1;1] = ωl

1X[1;1] and Lβ2 Y [1;1] = ωl
2Y [1;1], where Lβ1 =

L1(β = β1) and Lβ2 = L1(β = β2). E1 = eω
l
1t and E2 = eω

l
2t

are the exponential contributions of the resonating modes.
Writing solution of nonlinear disturbance equations as

X(y, t) =
∞∑

k=−∞

[
X(k)(y, t)Ek

1 + Y (k)(y, t)Ek
2

]

+


∞∑

i, j≥0,i= j�0

Z(i j)(y, t)Ei
1E j

2 + c.c.

 , (3)

where X(k) represents the amplitudes of the modes gener-
ated by the interactions of the first resonating mode (the
mode with growth rate ωl

1, mode number β1, amplitude
A1) with its different harmonics. Similarly, Y (k) represents
the amplitudes of the modes generated by the interactions
of the second resonating mode (the mode with growth rate
ωl

2, mode number β2, amplitudeA2) with its different har-
monics. Z(i j) denotes amplitudes of the modes generated
by the interactions of X(k) and Y (k). Substituting (3) into
the nonlinear disturbance equation and collecting the co-

efficients of the same power of E1, E2 we obtain :
(

d
dt
− ωl

1

)
A1X[1;1] = N2(X(1), X(0)) +N2(X(0), X(1)) +N2(X̃(1), X(2))

+N2(X(2), X̃(1)) +N2(X(1), Y (0)) +N2(Y (0), X(1))

+N2(Z(11), Ỹ (1)) +N2(Ỹ (1), Z(11)) +N2(Y (1), Z(1−1))

+N2(Z(1−1), Y (1)) +N2(X̃(1), Y (1)) +N2(Y (1), X̃(1)) + . . . , (4)
(

d
dt
− ωl

2

)
A2Y [1;1] = N2(Y (1), Y (0)) + N2(Y (0), Y (1)) +N2(Ỹ (1), Y (2))

+N2(Y (2), Ỹ (1)) +N2(Y (1), X(0)) +N2(X(0), Y (1))

+N2(Z(11), X̃(1)) +N2(X̃(1), Z(11)) +N2(X(1), Z(−11))

+N2(Z(−11), X(1)) +N2(X(1), X(1)) + . . . . (5)

The underlined terms arise due to the 1:2 resonance inter-
action of X[1;1] and Y [1;1]. To reduce the dimensionality, we
use the center manifold reduction method [5], which helps
to make the system four dimensional consists of A1, A2,
Ā1 and Ā2. The center manifold theorem states that the
dynamics in the neighborhood of the critical conditions is
governed by a low dimensional system, which can be ob-
tained by projecting the infinite dimensional non-critical
modes onto critical modes, i.e.Ψ = Ψ(Φ) [for more details
see [5] and the references therein]. Thus we can approx-
imate noncritical modes as the function of critical modes
using the Taylor series expansion as follows:

X(0)(y, t) = |A1 |2
(
X[0;2] + |A1 |2 X[0;4] + · · ·

)

X(1)(y, t) = A1
(
X[1;1] + |A1 |2 X[1;3] + · · ·

)

X(2)(y, t) = A2
1

(
X[2;2] + |A1 |2 X[2;4] + · · ·

)

Y (0)(y, t) = |A2 |2
(
Y [0;2] + |A2(t)|2 Y [0;4] + · · ·

)

Y (1)(y, t) = A2
(
Y [1;1] + |A2 |2 Y [1;3] + · · ·

)

Y (2)(y, t) = A2
2

(
Y [2;2] + |A2 |2 Y [2;4] + · · ·

)

Z(1−1)(y, t) = A1Ã2
(
Z[0;2]

1−1 + |A1 |2 Z[0;4]
1−1X + |A2 |2 Z[0;4]

1−1Y + · · ·
)

Z(−11)(y, t) = Ã1A2
(
Z[0;2]
−11 + |A1 |2 Z[0;4]

−11X + |A2 |2 Z[0;4]
−11Y + . . .

)

Z(10)(y, t) = A1
(
|A2 |2 Z[1;3]

10Y + |A2 |4 Z[1;5]
10Y + . . .

)

Z(01)(y, t) = A2
(
|A1 |2 Z[1;3]

01X + |A1 |4 Z[1;5]
01X + . . .

)

Z(11)(y, t) = A1A2
(
Z[2;2]

11 + |A1 |2 Z[2;4]
11X + |A2 |2 Z[2;4]

11Y + . . .
)

(6)

where subscripts X and Y denote the mean flow contri-
butions from X(k) and Y (k) modes, respectively. Replacing
the expressions X(k), Y (k) and Z(i j) in the nonlinear terms of
(4) and (5) by the above ansatz (6) and simplifying the ob-
tained expression, we get the coupled amplitude equations
truncated at the cubic order,
( d

dt
− ωl

1

)
A1X[1;1] = G11

13A1 |A1 |2 +G12
13A1 |A2 |2 +G13

13Ã1A2,

( d
dt
− ωl

2

)
A2Y [1;1] = G21

13A2 |A1 |2 +G22
13A2 |A2 |2 +G23

13A
2
1,

(7)

where G11
13, G12

13, G21
13, G22

13, G13
13 and G23

13 are functions of
the higher order harmonics of the resonating fundamental
modes, and harmonics satisfy the following equations

(2ωl
1 − L)X[0;2] = N2(X[1;1], X̃[1;1]) + N2(X̃[1;1], X[1;1]),

(2ωl
1 − L)X[2;2] = N2(X[1;1], X[1;1]),

(2ωl
2 − L)Y [0;2] = N2(Y [1;1], Ỹ [1;1]) + N2(Ỹ [1;1], Y [1;1]),

(2ωl
2 − L)Y [2;2] = N2(Y [1;1], Y [1;1]),

((ωl
1 + ω

l
2) − L)Z[0;2]

−11 = N2(Y [1;1], X̃[1;1]) + N2(X̃[1;1], Y [1;1]),

((ωl
1 + ω

l
2) − L)Z[0;2]

1−1 = N2(Ỹ [1;1], X[1;1]) + N2(X[1;1], Ỹ [1;1]).

Here, L = L(∂/∂y → d/dy). Taking the inner product
of (7) with adjoint eigenfunctions X† and Y†, respectively,
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and using bi-orthogonality, we obtain the coupled ampli-
tude equations:

dA1

dt
= ωl

1A1 + λ11A1|A1|2 + λ12A1|A2|2 + λ13Ã1A2,

dA2

dt
= ωl

2A2 + λ21A2|A1|2 + λ22A2|A2|2 + λ23A2
1,

(8)

where λi j’s are defined in terms of inner products [7]. Sub-
stituting A1 = ρ1eθ1 and A2 = ρ2eθ2 and separating the
real and imaginary parts, we get equations for ρ1, ρ2 and
Θ = θ2 − 2θ1:

dρ1

dt
= ωl

1ρ1 + λ11ρ
3
1 + λ12ρ1ρ

2
2 + λ13ρ1ρ2 cosΘ,

dρ2

dt
= ωl

2ρ2 + λ21ρ
2
1ρ2 + λ22ρ

3
2 + λ23ρ

2
1 cosΘ,

dΘ
dt
= −
(
λ23
ρ2

1

ρ2
+ 2λ13ρ2

)
sinΘ.

(9)

The equilibrium solutions are found to be non-traveling
(standing) waves, given by:

ρ1± = −
1
λ11

(
ωl

1 + λ12ρ
2
2± ± λ13ρ2±

)
, where ρ2± satisfy

(λ21λ12 − λ11λ22) ρ3
2± ± (λ21λ13 + λ23λ12) ρ2

2±

+
(
ωl

1λ21 − ωl
2λ11 + λ23λ13

)
ρ2± ± λ23ω

l
1 = 0

Θ+ = 2nπ, and Θ− = (2 n + 1) π, for n = 0, 1, 2, 3...

The linear stability of the coupled amplitude equations (9)
around these equilibrium points is determined by evalu-
ating the eigenvalues of the corresponding Jacobian ma-
trix at the resonating parameters. This analysis reveals
the presence of one unstable equilibrium and one saddle-
type equilibrium for the parameters mentioned in the first
row of Table 1. The phase space dynamics in (ρ1, ρ2)
plane around these equilibrium points is shown in fig-
ure 3, where the red and green circles represent the unsta-
ble node and saddle-type equilibrium points, respectively,
highlighting the instability of the resonating modes.

0 0.005

-0.005

0

0.005

Figure 3. Streamlines in (ρ1, ρ2) plane, where ρ1 and ρ2 are abso-
lute amplitudes of resonating modes β1 = 1 and β2 = 2, respec-
tively, at H = 27.69. Other parameters are the same as figure 2.
The red and green markers highlight unstable node and saddle
equilibrium points, respectively.

6 Conclusion

A semi-analytical framework has been developed to de-
termine parameters for 1:2 resonant interaction in uniform
GCF. The coupled amplitude equations (8) describing the
amplitudes of shearbanding modes under 1:2 resonances
have been derived in detail. Additionally, their equilibrium
solutions have been analytically obtained, especially of the
mixed-mode type. Furthermore, the method outlined here
can also be extended to derive amplitude evolution equa-
tions for other higher harmonic resonances, for instance,
1:3 and 1:2:3 resonances. The coefficients of the ampli-
tude equations are used to predict the dynamical behavior
of resonating shearbanding modes. For the chosen param-
eters, the present analysis has revealed the existence of two
unstable equilibrium solutions. These findings advance
the theoretical understanding of harmonic resonant inter-
actions in uniform GCF. This model can be extended to a
more realistic scenario by considering arbitrary elasticity,
particle size, and volume fraction in a three-dimensional
configuration. Furthermore, the comparison of the present
work with the simulations and experiments will be carried
out in the future.
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