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Abstract. We theoretically study the flows of jammed frictionlessu granular materials driven by an external
force between parallel plates. Using a continuum model, we analytically derive a scaling law that characterizes
the critical behavior of the mass flux. When the external force is below a critical threshold, the mass flux
remains zero, while it increases above this threshold, following a power-law dependence on the distance from
the critical point. This scaling law is numerically verified using the discrete element method.

1 Introduction

Granular materials exhibit a wide range of behaviors de-
pending on the packing fraction ¢ [1]. When ¢ exceeds
the jamming transition point ¢j, they behave as solids,
while for ¢ < ¢y, they flow like fluids. This rheological
transition, known as the jamming transition, is commonly
observed in disordered materials such as colloidal suspen-
sions, foams, and emulsions [2]. Jammed granular materi-
als act as linear elastic solids under sufficiently small shear
stress 7, but they begin to flow with a nonzero shear rate
¥ when 7 exceeds the yield stress. Jamming in granular
materials frequently occurs in industrial processes. There-
fore, it has been widely studied in recent years [3].

In disordered materials near ¢y, physical quantities
such as pressure, shear modulus, and coordination num-
ber exhibit critical power-law behavior [3]. Under uniform
shear, the shear stress 7 and pressure p, which depend on
¢ and , follow critical scaling laws [4]. These critical be-
haviors have been primarily investigated in homogeneous
systems, where ¢ and y are spatially uniform. However, in
manufacturing processes such as hoppers, sand piles, and
rotating drums [5], jamming typically occurs in inhomoge-
neous systems, raising the question of whether the critical
scaling laws established for homogeneous systems remain
applicable.

To investigate the critical behavior in inhomogeneous
systems, a previous study has examined granular flow be-
tween rough parallel plates driven by an external force f
[6]. The mass flux Q, which characterizes the flow, re-
mains zero when f is below a critical force f. and in-
creases once f exceeds f.. Using a continuum model
based on the constitutive equation known as u(/)-rheology
[7], a critical scaling law for Q has been analytically de-
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rived and verified through numerical simulations using the
discrete element method (DEM).

The p(I)-rheology, originally proposed for homoge-
neous steady flows [8], describes the local bulk friction
u = |t|/p in terms of the local inertial number [ =
l¥ld/ «/p/ps, where p; is the grain material density and d is
the mean grain diameter:

= poell) = s+ 15 (1)
Here, ug, p2, and Iy are dimensionless parameters. How-
ever, recent studies have shown that the local wu(l)-
rheology fails to capture creep flow in inhomogeneous sys-
tems due to nonlocal effects [9—11]. Therefore, the valid-
ity of the critical scaling law derived from the local u(/)-
rheology needs to be reassessed carefully.

In this paper, we analytically investigate granular flows
between parallel plates based on a continuum model that
incorporates the nonlocal effect. In Sec. 2, we derive the
velocity profile and demonstrate that the scaling law ob-
tained from the local u(/) rheology becomes valid when
the plate separation is sufficiently large. In Sec. 3, we nu-
merically verify the scaling law using DEM simulations.
Finally, we discuss and conclude our results in Sec. 4.

2 Theoretical analysis
2.1 Setup for theoretical analysis

We consider the two-dimensional flow of frictionless
grains with identical density ps between parallel plates, as
shown in Fig. 1. The plates are rough, aligned parallel
to the x-direction, and positioned at z = +H/2. The dis-
tance between the plates is denoted by H. The interaction
between grains is modeled using a linear spring-dashpot
model [6]. The grains are driven by an external force f
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Figure 1. Schematic of granular flow between rough parallel
plates, showing the configuration, direction of the applied force,
and the general profile of the velocity field u(z).

per unit mass along the x-direction, which induces a steady
flow characterized by the velocity profile u(z) along the x-
direction.

We now examine the case where the spatially averaged
packing fraction ¢ is greater than ¢;. For ¢o > ¢y, the ve-
locity u(z) remains zero throughout the entire system if the
external force is below a critical force f., which depends
on ¢ and H. In contrast, for f > f, the granular materials
exhibit flow, satisfying u(z) > 0 for |z| < H/2 [6]. Due to
the symmetry of the system, the velocity profile satisfies
u(z) = u(-z).

We focus on the critical behavior of the steady flow
near f, for a sufficiently large system with d/H < 1. For
f ~ f., the packing fraction and pressure are approximated
as ¢o and p(¢o) = B(¢o — ¢y), respectively, for all z, where
B is a constant, which are perturbatively derived using a
continuum model in Ref. [6]. Under steady flow condi-
tions, the shear stress 7(z) satisfies the momentum conser-
vation equation:

d
"D = o, @
z
In Ref. [6], the shear rate
o du(z)
¥(2) = dz 3

and the velocity profile u(z) have been derived from the
shear stress 7(z) satisfying Eq. (2) and the local u([)-
rheology given by Eq. (1). However, in this study, we
adopt a nonlocal constitutive model proposed in Ref. [9].
In this constitutive model, the granular fluidity g(z) is
introduced, which gives the shear rate y(z) as [9]

dZ
V(I = u2)9(z),  9(2) = gioe(2) + 62(Z)Eg(z)- @

with u(z) = |r(z)l/p. Note that, in the case of emulsions,
the relation between 7y and 7 is described in terms of the
fluidity within a nonlocal constitutive model [9]. Here,
gloc(2) 1s the local fluidity given by [10]

Pl p@)—ps
ps d p(@)(u2 = p(2)”

with the Heaviside function ®(x), and &(z) is the coopera-
tivity length given by [11]

§(2) = Ad/ \u(z) — psl (6)

Joc(2) = Ou(z) — ps) (&)

with a dimensionless parameter A. At the parallel plates
(z = £H/2), we set g = gjoc following Ref. [9]. It should
be noted that when ¢ is approximately neglected in Eq.
(4), g(z) approaches gjoc(z), and the constitutive equation
simplifies to the local u(/)-rheology (Eq. (1)). However,
& diverges as 4 — us. Therefore, this approximation re-
quires careful treatment.

2.2 Shear Rate

Due to the symmetry of u(z), we find ¥(z) = 7(z) = 0
at z = 0. Using this condition and Eq. (2), we obtain
7(2) = psdofz, which gives

@) = 1r@I/p = ps¢oflzl/p- )

In the static state, where u(z) = y(z) = 0 throughout the
system, we have gjo.(z) = 0 and u(z) < . From Eq. (7),
u(z) is largest at z = +H/2, which provides the condition
for the static state:

f < Jfe =2usp/(pspoH). ¥

Here, f. is the critical force.

To obtain the velocity profile u(z) for f > f., we intro-
duce the size of the region where u(z) > g, which is given
by ¢ = (H/2)(e/(1 + €)) with

e=(f-folfe €))

Here, € represents the deviation from the critical force f.
We divide the system into two regions: |z| < H/2 — ¢ and
|H/2 — | < z. We then introduce the normalized position
in each region as

{e(@) = Izl = (H/2 = D)}/¢, (10)
{-(2) = {(H/2 = ) = 21}/ (H/2 = ). (1)

With the introduction of £.(z), we express u(z) in Eq. (7)
as

el H2~ (<[l
— s = 12
Hen {—#sé"—(z), d<np-c

Substituting Eq. (12) into Egs. (5) and (6), we obtain

ph_e -
Jroc(2) = {\/:d b (13)

0 il < HJ2 - ¢,
and
A2d? [(usel s (z)), HJ2—€ <,
B » 14
f(z) {A2d2/(/~ls§_(z)), |Z| < H/2 e ( )

Here, we have approximated u(z) = ps(1+ €£..(z)) = s for
H/2 — € < |7], as we consider the case near f; (€ < 1).
We represent g(z) using {.(z) as

g(z)=\/zl—0 € _F@) (15)
ps d po — g
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with

H/2-€<|,

|zl < H/2 - ¢€. (16)

I'_({-(2),

Substituting Eqgs. (13), (14), (15), and (16) along with Eqgs.
(10) and (11) into Eq. (4), we find I'..({) satisfies

o {@(z) + T4 ),

d2
(L) = ai@ri@) (17)

with oy = (A%/u)" (1 + 2P 2d/HY and o =
ea.. It should be noted that @, converges to 0 for suffi-
ciently large system with d/H — 0. From the boundary
conditions g = gjoc at { = 1 (z = +H/2) and continuity
ofgat{ =0(z=H/2-0),T.()satisfy'.({ =1) =0,
I';(0) = I'_(0), and I'’,(0) = I'_(0). The solution of Eq.
(17) satisfying these conditions is given by

Es
‘EF+ E_F+‘Pi({) (18)
with W.(0) = Ai({/as)Bi(l/ax) — Ai(1/as)Bi({/as)
and £, = ¥Y.({ =0), F.=a.¥.({=0). Here, Ai(x)
and Bi(x) are the Airy functions of the first and second
kind.
With Egs. (4), (15), and (16), we obtain

()=«

VEHEEE @+ T @), H2= <1
j/(Z) — s 27 Hs
JEB T (2, el < H/2 = ¢.
(19)

The nonlocal effect associated with the slow creep motion
is represented by I'..({), because the shear rate y is nonzero
even in the region with y < g (|z| < H/2 - 0) if T.() #
0. The function I'.({) given by Eq. (18) is a decreasing
function for 0 < ¢ < 1 satisfying 0 < I'.({) < a,x with
x = EiE_/(E.F_ + E_F,). A similar solution is also
derived in Ref. [11], but the critical behavior near f; has
not been discussed.

2.3 Velocity profile and mass flux

Here, we consider a sufficiently large system with d/H —
0. In the limit d/H — 0, the maximum value of I'.(¢)
converges to a.y — a; |Ai(0)/Ai’(O)| ~ 0((H/d)2/ 3).
Hence, in the limit of a sufficiently large distance with
d/H — 0 for a given €, we can neglect the nonlocal ef-
fect, I'.(¢), in Eq. (19) and obtain

Iy
F@l=00d+H2-0 |22 B o), 0
os d o — s

where we have also neglected the higher-order terms of €
for € < 1. Integrating Eq. (3) with respect to z and using
Eq. (20) and the boudary conditions (u(z = +H/2) = 0),
we obtain the velocity profile as
o) = {UM 1-e@ HR2-C<d
Uw, Izl < H/2 - <.

with

o H
UM—”S—O ra

- 4(/12 _ﬂs) Ps d

which is consistent with the velocity profile obtained using

the local p(7)-rheology [6]. In Eq. (22), ®(e) indicates that

the flow stops for f < f. (€ < 0). The mass flux Q is ob-
. . H/2

tained from Eqgs. (21) and (22) with Q = L P dz pspou(z)

as

O(e)e, (22)

0= Hslopsdo P iz
Yy —ps) N ps d
where we have neglected the higher-order terms O(e?).

Substituting Eq. (9) into Eq. (23) with Eq. (8), we
obtain the following scaling law for Q:

O(e)e, (23)

_ lopod® [ pg) ) (HY! i
e () B L NRAT
(24)

for f > f., while Q = 0 for f < f.. This equation shows
that the square root of the mass flux, /0, increases lin-
early with f above f;, with the slope being proportional
to H?. Note that while there are many studies on scaling
laws for granular flows on inclined planes [5, 12], the criti-
cal scaling behavior near jamming has not been addressed.

3 Numerical verification

In Ref. [6], Eq. (24) has been derived from the local u(7)-
rheology, and the critical scaling law near ¢, obtained by
using the ¢o-dependence of p, has been numerically ver-
ified. However, the dependence of Q on f has not been
discussed in detail. Therefore, in this subsection, we in-
vestigate Q as a function of f for a given ¢y using DEM
simulations.

In these simulations, granular materials, as shown in
Fig. 1, consist of an equal number of particles with diam-
eters dy and sdy with s = 1.4. The mean diameter is given
by d = (1 + s)dy/2. The interaction force, realized by the
linear spring-dashpot model, is characterized by the elastic
constant k and viscosity 1. The rough parallel walls with
length L are made of particles with diameter dy, equally
spaced at z = +H/2. The parameters are set as ¢y = 0.850,
L/dy = 200, and / \Vmok = 1, with m, being the mass of
a particle with diameter dy. We use H/dy > 200 to neglect
the nonlocal effect, as assumed in our analytical calcula-
tions. The units of the external force and mass flux are
denoted by fy = kdo/mo and Qy = +mgk, respectively.
The details are provided in Ref. [6].

In Fig. 2(a), we plot v/Q against f for H/dy = 200,
300, and 400. The square root of Q increases linearly
when f exceeds f;, where f. decreases with increasing H.
The slope of V/Q increases with H. These behaviors are
consistent with our analytical results given by Egs. (8) and
(24).

From Eq. (24), we obtain a scaling law for VO at a
given ¢ as

VO/H? « [~ f.. (25)
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Figure 2. (a) Plot of v/Q versus f for various values of H. (b)
Scaling plot of /O based on Eq. (25) for various values of H.
The solid line represents VO/H? ~ (f — f.).

In Fig. 2(b), we present the scaling plot of /0 based on
Eq. (25). Here, we estimate f; as the value of f at which
0 exceeds 1074 Qy(H/dy)*>. We observe excellent data col-
lapse for various values of H, which verifies our analytical
results given by Eq. (24).

4 Discussion and Conclusion

In this paper, we have theoretically and numerically shown
that the nonlocal effect is negligible for the dependence of
Q on f in the limit of d/H < 1. However, the nonlocal
effect becomes significant for smaller values of H in the
profiles of ¥(z) and u(z), as shown in Ref. [6]. The de-
pendence of the nonlocal effect on Q for smaller H will be
addressed in future work.

We have numerically investigated the mass flux Q as
a function of the external force f. Our system can be re-
garded as an assembly of disks on a slope with angle 6,
where f is given by G sin 6 with the gravitational acceler-
ation G. We introduced € as the nondimensionalized de-
viation from the critical force in Eq. (9), and it can also
be written as € = (H — H.)/H. with H, = 2usp)/(osdof)-
Here, H. can be interpreted as the critical distance for a
given f, where the flow occurs for H > H.. Hence, Eq.
(23) can be used to describe the critical behavior of the
flow when varying the distance H between the plates.

It has been reported that the frictionless limit of the
I relation is singular for sufficiently small 7 [12]. While
our study focuses on flows of frictionless grains, the influ-
ence of this singularity on the scaling laws remains to be
addressed in future work.

In conclusion, we have theoretically investigated the
velocity field of frictionless granular materials between
parallel plates driven by an external force based on a con-
tinuum model. From the solution for the shear rate (z),
we derived a scaling law for the mass flux Q in the limit
of d/H < 1. This scaling law has been numerically ver-
ified using DEM simulations, confirming the consistency
between the theoretical and numerical results. Our find-
ings provide a deeper understanding of the flow behavior
of granular materials under external forces.
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