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Abstract. In this study, we numerically investigate the yielding behavior of frictional granular materials using
stress-controlled simulations. The shear stress is applied to the granular materials, which induces shear defor-
mation. When the applied stress is below the yield stress, the shear strain saturates at a finite value; however,
it grows indefinitely over time once the stress exceeds the yield stress. Our numerical results suggest that the
characteristic strain required for a mechanically stable state diverges discontinuously at the yielding point. The
yielding point depends on the interparticle friction coefficient. We further examine how the characteristic strain
depends on the distance from the yielding point, revealing a non-monotonic relationship with the interparticle
friction coefficient.

1 Introduction

The disordered systems, such as granular materials and
colloidal suspensions, exhibit solid-like behavior with
rigidity when the packing fraction exceeds a critical value,
whereas they behave like fluids below this threshold [1, 2].
This transition, known as the jamming transition, has been
extensively studied for many years.

Previous studies have revealed the critical behavior of
the shear modulus under infinitesimal shear stress or shear
strain near the critical fraction, which characterizes the lin-
ear response of the disordered systems [2, 3]. Recently,
nonlinear rheological behavior under finite strain, known
as softening, has been reported and is attracting increasing
attention [4–7].

Jammed materials also exhibit a yielding transition
when the applied stress σt exceeds the yield stress σY
[8]. When σt < σY, the shear deformation remains fi-
nite, which is known as the arrested state. For σt ≥ σY,
the granular materials yield, and the shear strain grows in-
definitely over time, which is called the flow state. Re-
cent studies have investigated the transient dynamics near
the yielding transition, focusing on the characteristic strain
and time required to reach a mechanically stable configu-
ration in the arrested state [9, 10]. In Ref. [9], a finite-size
scaling for the characteristic strain in frictionless granu-
lar materials has been proposed, suggesting that the char-
acteristic shear strain follows a power-law behavior as a
function of the distance from the yielding point and con-
tinuously diverge as σt → σY. The characteristic time for
frictional granular materials has been numerically inves-
tigated in Ref. [10], where a non-monotonic dependence
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on the interparticle friction coefficient has been reported.
However, research on the critical behavior of granular ma-
terials near the yielding point remains limited, particularly
regarding the characteristic strain in frictional grains.

In this study, we numerically investigate the transient
dynamics of jammed frictional granular materials under a
constant shear stress. We describe our model and setup in
Sec. 2. In Sec. 3, we demonstrate that the characteristic
shear strain depends on the shear stress and the interparti-
cle friction coefficient. In Sec. 4, we discuss and summa-
rize our results.

2 Model and Simulation Setup

We perform numerical simulations of a three-dimensional
system consisting of frictional granular particles. To pre-
vent crystallization, we consider a 50:50 binary mixture of
small and large particles with diameters d0 and 1.4d0. The
density of each particle is assumed to be identical, and the
mass is proportional to the cube of its diameter. The mass
of a particle with diameter d0 is denoted by m0. The time
evolution of the position ri for the i-th particle is given by

mi
d2ri

dt2 =
∑
j�i

(Fn
i jni j + F t

i jti j). (1)

where mi is the mass of the i-th particle. Here, ni j and ti j

are the unit normal and tangential vectors at the contact be-
tween particles i and j, respectively [11]. The normal and
tangential forces are denoted by Fn

i j and F t
i j, respectively.

The normal force Fn
i j between particles i and j consists

of the elastic part Fel
i j and dissipative part Fdiss

i j as Fn
i j =
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Fel
i j + Fdiss

i j . The elastic part is given by

Fel
i j = kn(di j − ri j)Θ(di j − ri j), (2)

while the dissipative part is given by

Fdiss
i j = −ηnvi jΘ(di j − ri j) (3)

with the normal spring constant kn, the viscous constant
ηn, the diameter di of the i-th particle, di j ≡ (di + d j)/2,
ri j ≡ ri − r j, and vi j ≡ (ṙi − ṙ j) · ni j. Here, Θ(x) is
Heaviside’s step function satisfying Θ(x) = 1 for x ≥ 0
and Θ(x) = 0 otherwise.

The tangential force F t
i j is given by

F t
i j =


ktδi j − ηtv

t
i j (|F t

i j| < µp|Fn
i j|),

µpFn
i j (|F t

i j| ≥ µp|Fn
i j|).

(4)

(5)

Here, the tangential displacement δi j is given by δi j =∫
stick v

t
i jdt, where the integral is evaluated only if the parti-

cles remain in contact. The relative tangential velocity vti j

is defined as vti j = (ṙi− ṙ j) · ti j− 1
2 (diωi+d jω j). Here, kt is

the tangential spring constant, ηt is the tangential viscous
constant, ωi is the angular velocity, and µp is the interpar-
ticle friction coefficient [11].

We consider a rectangular system with lengths Lx, Ly,
and the time-dependent length Lz(t), and impose periodic
boundary conditions in the x- and y-directions. Here, Lx

and Ly are kept constant, while Lz(t) varies with time t.
The Cauchy stress is given by

σαβ(t) = −
1

V(t)

∑
i< j

ri j,αFi j,β, (α, β = x, y, z) (6)

with V(t) = LxLyLz(t). To control the stress, we adopt the
Parrinello-Rahman method with the Lees-Edwards bound-
ary condition in the z-direction [12, 13], using a feedback
protocol [14]. The evolution of the shear rate γ̇(t) is gov-
erned by

dγ̇(t)
dt
= B(S − σxz(t)), (7)

where B is the feedback parameter. In this method, γ̇(t)
evolves so that σxz(t) approaches a constant S . We also
control the pressure P(t) = −σzz(t) in the z-direction by
adjusting Lz(t) according to

dLz(t)
dt
= Lz(t)C(Pt − P(t)), (8)

where Pt is the target pressure and C is the feedback pa-
rameter.

In the initial state, we choose Lz(t) = Lz0, and the par-
ticles are randomly placed in the rectangular simulation
box without any overlap. First, the initial configuration is
gradually compressed along the z-direction following Eq.
(8) with γ̇(t) = 0 until a statically compressed state with
the target pressure Pt is obtained.

At t = 0, we apply a sufficiently small shear stress,
S = σt0 = 1.0 × 10−5knd−1

0 , and the system evolves to-
ward mechanical equilibrium according to Eqs. (7) and

(8) during a relaxation time τ, eventually achieving quasi-
static shear under constant pressure. For τ < t ≤ 2τ,
we set S = σt, where σt is the target stress. If σt ex-
ceeds the yield stress σY, the shear rate γ̇(t) remains fi-
nite at t = 2τ. In contrast, for σt < σY, γ̇(t = 2τ) ≃ 0.
The system is considered to be in the flow state when
γ̇ > 1.0 × 10−5 √kn/m0, whereas it is classified as the ar-
rested state when γ̇ ≤ 1.0 × 10−5 √kn/m0.

We use kt = (2/7)kn, ηn = (2/7)
√

m0kn, ηt = (2/7)ηn,
Lx = Ly = 16d0, Lz0 = 30d0, B = 0.001d0/m0, C =
0.001d0(m0kn)−1/2, and τ = 40000

√
m0/kn. The system

consists of N = 4096 particles. Note that our system
is significantly larger than those used in previous studies
[9]. We examine interparticle friction coefficients µp in
the range of 0.01 to 1.0. The time evolution is numerically
simulated using LAMMPS, an open-source molecular dy-
namics program developed at Sandia National Laborato-
ries, with a time step of ∆t = 0.05

√
m0/kn [15].

3 Result

Figure 1(a) shows the shear rate γ̇(t) as a function of
t − τ for µp = 0.05 with σt = 2.0 × 10−5knd−1

0 and
2.2 × 10−5knd−1

0 . For σt = 2.2 × 10−5knd−1
0 , γ̇(t) > 0 for

all t, indicating that the system is in the flow state. For
smaller σt, there is a transient period where γ̇(t) > 0, but
it decays to zero until t = 2τ, indicating that the system
is in the arrested state. Figures 1(b) and 1(c) respectively
show the shear stress σxz(t) and the pressure P(t) as func-
tions of t − τ for µp = 0.05 with σt = 2.0 × 10−5knd−1

0 and
2.2 × 10−5knd−1

0 . In the flow state (σt = 2.2 × 10−5knd−1
0 ),

the shear stress fluctuates around σt for all t, while in the
arrested state (σt = 2.0× 10−5knd−1

0 ), the fluctuation even-
tually stops. We note that P(t) remains almost unchanged
in both states. This fluctuation in σxz(t) and P(t) may de-
pend on the feedback parameters B and C.

Figure 1. (a) The shear rate γ̇(t) as a function of t − τ for
µp = 0.05 with σt = 2.0 × 10−5knd−1

0 and 2.2 × 10−5knd−1
0 . (b)

The shear stress σxz(t) as a function of t − τ for µp = 0.05 with
σt = 2.0 × 10−5knd−1

0 and 2.2 × 10−5knd−1
0 . (c) The pressure P(t)

as a function of t− τ for µp = 0.05 with σt = 2.0×10−5knd−1
0 and

2.2 × 10−5knd−1
0 .

Figure 1 indicates that the yield stress σY, which
distinguishes the flow and arrested states, lies between
σt = 2.0 × 10−5knd−1

0 and 2.2 × 10−5knd−1
0 . To character-

ize the transient dynamics after applying the shear stress
near the yielding point, we define the accumulated strain
as γMS =

∫ 2τ
0 γ̇(t)dt. In the arrested state, γMS remains fi-

nite, while it becomes infinite in the flow state for τ→ ∞.
Thus, the inverse γ−1

MS is nonzero in the arrested state with
σt < σY, while γ−1

MS ≃ 0 for sufficiently large τ in the flow
state with σt ≥ σY.

Figure 2. γ−1
MS as a function of µ for various values of the in-

terparticle friction coefficient µp. Open (closed) symbols corre-
spond to the flow (arrest) state. The inset provides a close-up
view near the transition point for µp = 1.0.

Following Refs. [9, 10], we use the dimensionless
shear stress as a control parameter, defined as

µ =
σt

Pt
. (9)

Figure 2 shows γ−1
MS as a function of µ for various values

of the interparticle friction coefficient µp. In this figure,
closed and open symbols represent the arrested and flow
states, respectively. For each µp, γ−1

MS decreases as µ in-
creases and decays to 0 at the boundary between the ar-
rested and flow states. We define the dimensionless yield
stress µc as the value of µ at this boundary. At µc, γ−1

MS
discontinuously drops to 0, which indicates that γMS dis-
continuously diverges at the yielding point. The inset of
Fig. 2 highlights the discontinuous change in γ−1

MS near the
boundary between the arrested and flowing states. This
behavior contrasts with the continuous divergence of γMS
suggested in the finite-size scaling for much smaller fric-
tionless systems in Ref. [9].

Figure 3 shows the dimensionless yield stress µc as a
function of the interparticle friction coefficient µp in simu-
lations under constant shear stress and constant shear rate
conditions. In the simulations under constant shear rate,
we set γ̇ = 1.0×10−5 √kn/m0 instead of using Eq. (7), and
estimate µc as the time-averaged value of σxz(t)/P(t) in the
steady state for γ ≥ 2. As µp increases, the dimensionless

Figure 3. Dimensionless yield stress µc as a function of the
interparticle friction coefficient µp in simulations under constant
shear stress and constant shear rate conditions.

yield stress µc increases and saturates for µp > 0.4 under
both conditions.

Figure 4. γMS as a function of µc − µ for various values of
the interparticle friction coefficient µp. The inset shows µp as a
function of γMS for µc − µ = 5.0 × 10−3.

Figure 4 shows the characteristic strain γMS as a func-
tion of µc−µ for various values of the interparticle friction
coefficient µp. As µc − µ approaches 0, the slope of the
curve decreases, which contradicts the power-law diver-
gence for µ → µc suggested in Ref. [9]. Additionally,
we observe a non-monotonic dependence of γMS on µp, as
shown in the inset of Fig. 4, which presents γMS as a func-
tion of µp for µc−µ = 5.0×10−3. This behavior is similar
to the one observed for the characteristic time required to
reach the mechanically stable state [10].

4 Discussion and Conclusion

In this study, we numerically investigated the characteris-
tic strain γMS required for the mechanically stable state in
a frictional granular system under a stress-controlled pro-
tocol. When the shear stress exceeds the yield stress, the
shear rate becomes non-zero, leading to a flow state. In
contrast, when the shear stress is below the yield stress, the
system remains in the arrested state. We found that γ−1

MS

2
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Fel
i j + Fdiss

i j . The elastic part is given by
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i j (|F t
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(4)

(5)
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Parrinello-Rahman method with the Lees-Edwards bound-
ary condition in the z-direction [12, 13], using a feedback
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adjusting Lz(t) according to

dLz(t)
dt
= Lz(t)C(Pt − P(t)), (8)

where Pt is the target pressure and C is the feedback pa-
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In the initial state, we choose Lz(t) = Lz0, and the par-
ticles are randomly placed in the rectangular simulation
box without any overlap. First, the initial configuration is
gradually compressed along the z-direction following Eq.
(8) with γ̇(t) = 0 until a statically compressed state with
the target pressure Pt is obtained.

At t = 0, we apply a sufficiently small shear stress,
S = σt0 = 1.0 × 10−5knd−1

0 , and the system evolves to-
ward mechanical equilibrium according to Eqs. (7) and

(8) during a relaxation time τ, eventually achieving quasi-
static shear under constant pressure. For τ < t ≤ 2τ,
we set S = σt, where σt is the target stress. If σt ex-
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γ̇ > 1.0 × 10−5 √kn/m0, whereas it is classified as the ar-
rested state when γ̇ ≤ 1.0 × 10−5 √kn/m0.

We use kt = (2/7)kn, ηn = (2/7)
√

m0kn, ηt = (2/7)ηn,
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√
m0/kn. The system

consists of N = 4096 particles. Note that our system
is significantly larger than those used in previous studies
[9]. We examine interparticle friction coefficients µp in
the range of 0.01 to 1.0. The time evolution is numerically
simulated using LAMMPS, an open-source molecular dy-
namics program developed at Sandia National Laborato-
ries, with a time step of ∆t = 0.05

√
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Figure 1(a) shows the shear rate γ̇(t) as a function of
t − τ for µp = 0.05 with σt = 2.0 × 10−5knd−1

0 and
2.2 × 10−5knd−1

0 . For σt = 2.2 × 10−5knd−1
0 , γ̇(t) > 0 for

all t, indicating that the system is in the flow state. For
smaller σt, there is a transient period where γ̇(t) > 0, but
it decays to zero until t = 2τ, indicating that the system
is in the arrested state. Figures 1(b) and 1(c) respectively
show the shear stress σxz(t) and the pressure P(t) as func-
tions of t − τ for µp = 0.05 with σt = 2.0 × 10−5knd−1
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0 . In the flow state (σt = 2.2 × 10−5knd−1
0 ),

the shear stress fluctuates around σt for all t, while in the
arrested state (σt = 2.0× 10−5knd−1

0 ), the fluctuation even-
tually stops. We note that P(t) remains almost unchanged
in both states. This fluctuation in σxz(t) and P(t) may de-
pend on the feedback parameters B and C.

Figure 1. (a) The shear rate γ̇(t) as a function of t − τ for
µp = 0.05 with σt = 2.0 × 10−5knd−1

0 and 2.2 × 10−5knd−1
0 . (b)

The shear stress σxz(t) as a function of t − τ for µp = 0.05 with
σt = 2.0 × 10−5knd−1

0 and 2.2 × 10−5knd−1
0 . (c) The pressure P(t)

as a function of t− τ for µp = 0.05 with σt = 2.0×10−5knd−1
0 and

2.2 × 10−5knd−1
0 .

Figure 1 indicates that the yield stress σY, which
distinguishes the flow and arrested states, lies between
σt = 2.0 × 10−5knd−1

0 and 2.2 × 10−5knd−1
0 . To character-

ize the transient dynamics after applying the shear stress
near the yielding point, we define the accumulated strain
as γMS =

∫ 2τ
0 γ̇(t)dt. In the arrested state, γMS remains fi-

nite, while it becomes infinite in the flow state for τ→ ∞.
Thus, the inverse γ−1

MS is nonzero in the arrested state with
σt < σY, while γ−1

MS ≃ 0 for sufficiently large τ in the flow
state with σt ≥ σY.

Figure 2. γ−1
MS as a function of µ for various values of the in-

terparticle friction coefficient µp. Open (closed) symbols corre-
spond to the flow (arrest) state. The inset provides a close-up
view near the transition point for µp = 1.0.

Following Refs. [9, 10], we use the dimensionless
shear stress as a control parameter, defined as

µ =
σt

Pt
. (9)

Figure 2 shows γ−1
MS as a function of µ for various values

of the interparticle friction coefficient µp. In this figure,
closed and open symbols represent the arrested and flow
states, respectively. For each µp, γ−1

MS decreases as µ in-
creases and decays to 0 at the boundary between the ar-
rested and flow states. We define the dimensionless yield
stress µc as the value of µ at this boundary. At µc, γ−1

MS
discontinuously drops to 0, which indicates that γMS dis-
continuously diverges at the yielding point. The inset of
Fig. 2 highlights the discontinuous change in γ−1

MS near the
boundary between the arrested and flowing states. This
behavior contrasts with the continuous divergence of γMS
suggested in the finite-size scaling for much smaller fric-
tionless systems in Ref. [9].

Figure 3 shows the dimensionless yield stress µc as a
function of the interparticle friction coefficient µp in simu-
lations under constant shear stress and constant shear rate
conditions. In the simulations under constant shear rate,
we set γ̇ = 1.0×10−5 √kn/m0 instead of using Eq. (7), and
estimate µc as the time-averaged value of σxz(t)/P(t) in the
steady state for γ ≥ 2. As µp increases, the dimensionless

Figure 3. Dimensionless yield stress µc as a function of the
interparticle friction coefficient µp in simulations under constant
shear stress and constant shear rate conditions.

yield stress µc increases and saturates for µp > 0.4 under
both conditions.

Figure 4. γMS as a function of µc − µ for various values of
the interparticle friction coefficient µp. The inset shows µp as a
function of γMS for µc − µ = 5.0 × 10−3.

Figure 4 shows the characteristic strain γMS as a func-
tion of µc−µ for various values of the interparticle friction
coefficient µp. As µc − µ approaches 0, the slope of the
curve decreases, which contradicts the power-law diver-
gence for µ → µc suggested in Ref. [9]. Additionally,
we observe a non-monotonic dependence of γMS on µp, as
shown in the inset of Fig. 4, which presents γMS as a func-
tion of µp for µc−µ = 5.0×10−3. This behavior is similar
to the one observed for the characteristic time required to
reach the mechanically stable state [10].

4 Discussion and Conclusion

In this study, we numerically investigated the characteris-
tic strain γMS required for the mechanically stable state in
a frictional granular system under a stress-controlled pro-
tocol. When the shear stress exceeds the yield stress, the
shear rate becomes non-zero, leading to a flow state. In
contrast, when the shear stress is below the yield stress, the
system remains in the arrested state. We found that γ−1

MS

3
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discontinuously decays to 0 as µ increases. This discon-
tinuous change contrasts with the power-law divergence
of the shear strain suggested for frictionless grains in Ref.
[9]. However, extensive studies of the finite-size effect are
needed to clarify the divergence.

The relation between γMS and µc − µ exhibits a non-
monotonic dependence on the interparticle friction coeffi-
cient µp. In addition to Ref. [10], a similar non-monotonic
dependence has been reported for the relaxation time of
granular materials under cyclic shear in Ref. [16]. This
non-monotonic dependence has been attributed to the cou-
pling between changes in the contact network and the in-
terparticle friction. This explanation may help to under-
stand the non-monotonic dependence of the shear strain
γMS under a constant shear stress.

We apply shear stress to granular materials in two steps
(σt0 and σt). However, it is well known that the me-
chanical properties of disordered systems exhibit protocol-
dependent behaviors, such as history-dependent rheologi-
cal changes [17, 18] and shear jamming induced by initial
training [19]. Since the protocols used in this study dif-
fer from those used in Refs. [9, 10], the effect of different
protocols should be clarified in future work.
The numerical simulations were mainly conducted using the

JAXA Supercomputer System Generation 3 (JSS3). A part of
the numerical analysis in this work was carried out at the Yukawa
Institute Computer Facility. K.Y. is partially supported by JSPS
KAKENHI (Grants No.24KJ0110) and The Public Foundation
of Chubu Science and Technology Center. M.O. is partially sup-
ported by JSPS KAKENHI (Grants No.23K03248).
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