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Abstract. The mechanical behavior of granular assemblies is strongly influenced by particle shape, yet 
many discrete element method (DEM) simulations rely on spheres or ellipsoids to reduce computational 
overhead and employ well-established stress-force-fabric relationships. Advanced imaging techniques such 
as X-ray micro-computed tomography (μCT) are increasingly capable of capturing high-resolution particle 
geometries but remain expensive and limited in availability. Superellipsoids capture key characteristics of 
natural particles – such as elongation, triaxiality, and varying surface curvature – through a relatively simple 
closed-form equation amenable to efficient DEM analysis. Herein, we investigate mixtures of arbitrarily 
shaped superellipsoids to better approximate the geometric diversity found in real grains and reference 
behaviour back to assemblies of monoshaped particles. Simulation results highlight that aspect ratio is the 
primary factor affecting compactivity (i.e., packing efficiency), shear strength, and fabric anisotropy. 
Spherical particles produce higher void ratios and lower shear strength, whereas more cubic shapes lead to 
denser packings and stronger force chains. Random distributions of shape parameters (sharpness and 
squareness) result in higher compactivity and shear strength, yet randomizing aspect ratios has an even more 
pronounced effect, particularly on fabric anisotropy. These findings underscore the significance of 
incorporating particle shape heterogeneity in DEM simulations, as an over-reliance on idealized spherical 
assumptions may underestimate both the compaction behavior and shear strength of granular materials. 

1 Introduction 
The discrete element method (DEM) is a robust 
computational tool widely employed for simulating 
emergent behavior in granular materials across various 
spatiotemporal scales and under diverse strain rate and 
stress conditions. Although the fundamental 
mathematics underpinning DEM is straightforward, the 
computational demands of simulating particle 
assemblies at realistic scales remain substantial, 
primarily due to processor-bound constraints. 
Consequently, numerous optimization techniques have 
been introduced to alleviate computational burdens. A 
prevalent approach involves approximating particles as 
spheres, significantly simplifying contact detection 
algorithms and reducing computational overhead 
associated with particle inertia and orientation 
calculations. However, particles are generally 
aspherical, and their shapes are well-known to influence 
overall assembly behaviour [1-3]. 

Alternative approaches to modeling realistic particle 
geometries include techniques such as clumped-spheres 
[4-6], which introduce unwanted artificial surface 
roughness and substantially increase the particle count, 
and polyhedral particles [7-9] whose contact detection 
efficiency critically depends on the number of vertices. 

Compared to these methods, superellipsoids 
represent an attractive intermediate solution for 
capturing particle shape in DEM simulations. 
Superellipsoids allow direct control over angularity, 
elongation, and flatness, thus encompassing a broad 
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spectrum of particle geometries through a simple 
closed-form analytical description. Moreover, efficient 
contact detection algorithms, such as Levenberg-
Marquardt (LM) [10, 11] and Gilbert-Johnson-Keerthi 
(GJK) [12], remain viable for superellipsoids, enabling 
relatively rapid computations while accurately 
preserving essential particle-shape effects [13]. 

The inside-outside function (implicit function) for a 
superellipsoid can be expressed analytically as: 
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where ri (𝑖𝑖 𝑖 𝑖𝑖𝑖𝑖𝑖) are the semi-axis lengths, and εj (𝑗𝑗 𝑗
[1,2]) are shape exponents controlling squareness and 
sharpness. Superellipsoid shapes corresponding to 
variations of ε1 and ε2 are illustrated in Fig. 1. 

This manuscript presents results from a selection of 
DEM simulations of assemblies of superellipsoids. Our 
goal is to briefly highlight the importance of particle 
shape heterogeneity in DEM simulations and lay the 
foundation for more detailed future studies of the same. 

2 Numerical simulations 
Simulations were conducted on assemblies consisting of 
10,000 super-ellipsoidal particles. Each simulation was 
initialized from an identical random point cloud, with 
particle positions and orientations remaining consistent 
across all tests. Particles were placed without initial 
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contacts. All assemblies share the same cumulative 
particle volume distribution, presented here in terms of 
equivalent sphere diameters, defined as the diameter of 
spheres having the same volume as the corresponding 
superellipsoidal particles (Fig. 2). 

 
Fig. 1. Superellipsoid shape variation with respect to 
parameters ε1 (squareness) and ε2 (sharpness) [14] 

A linear contact model is adopted for the 
simulations, with a normal contact stiffness 𝑘𝑘� =
�.� � 10� N/m, derived from the relation 𝑘𝑘�/𝑟𝑟� =
1GPa, where 𝑟𝑟� is the mean sphere-equivalent particle 
radius in the assembly. This choice has been shown to 
produce results consistent with the Hertz–Mindlin 
contact law [15], while significantly improving 
computational efficiency. The shear stiffness is set as 
𝑘𝑘� = 0.8𝑘𝑘�, and the interparticle friction coefficient is 
0.5. A numerical damping coefficient of 0.3 is applied 
following Cundall’s approach. 

 
Fig. 2. Particle size distribution (equivalent sphere diameters) 
used in all simulations. 

Simulations were performed on eight assemblies, 
each containing particles with distinct shape 
characteristics, as detailed in Table 1. Test 1 serves as 
the benchmark, consisting solely of spherical particles 
with varying diameters. Tests 2 to 5 involve super-
ellipsoidal particles with constant shape parameters 
within each test, but varying particle sizes. To 
investigate the effect of randomly distributed shape 
parameters, Tests 6 to 8 were designed. Specifically, in 
Test 6, the particle semi-axis ratios remain constant at 
1:1:1, while shape exponents ε1 and ε2 vary randomly 
within the specified range. In Test 7, shape exponents 
are fixed, and the semi-axis length ratios are randomly 
distributed (i.e., particles are scalene ellipsoids). Test 8 
allows random variation of all shape parameters. 

Schematic illustrations of particle shapes used in Tests 
1 to 5 are presented in Fig. 3. 

Table 1. Particle shape characteristics for each simulation. 

Test r1 : r2 : r3 ε1 ε2 
1 1 : 1 : 1 1.0 1.0 
2 1 : 1 : 1 0.6 0.6 
3 1 : 1 : 1 1.4 1.4 
4 1 : 1 : 1 0.6 1.4 
5 1 : 1 : 1 1.4 0.6 
6 1 : 1 : 1 0.6 ~ 1.4 0.6 ~ 1.4 
7 0.6 ~ 1.4 1.0 1.0 
8 0.6 ~ 1.4 0.6 ~ 1.4 0.6 ~ 1.4 

 

 
Fig. 3. Particle shapes used in Tests 1 to 5. 

The initial particle cloud is generated inside a cube 
with side length D = Xd50 where d50 represents the 
median particle diameter, and the factor X varies from 
58.2 to 61.8 across the eight simulations. The assembly 
is first isotropically consolidated to a mean stress of p = 
100 kPa by moving all six rigid boundaries inward 
uniformly. Following consolidation, each specimen is 
compressed vertically by advancing the top and bottom 
rigid walls at constant velocity while relaxing the four 
lateral walls using a numerical servomechanism to 
maintain a constant mean stress of p = 100 kPa. Shearing 
continues to a global axial strain of 50% is reached.  

3 Simulation results 
Consolidation curves from the eight tests are presented 
in Fig. 4. The results show that spherical particles (Test 
1) exhibit the highest void ratio e (defined as the ratio of 
the volume of voids to the volume of solids) and 
consequently the lowest compactivity (i.e., packing 
efficiency) compared to other particle shapes. 
Conversely, Tests 2 and 4 yield the lowest void ratios, 
indicating that more cubic-shaped particles result in 
denser granular packing and higher compactivity. 
Comparing Tests 2 and 4, both with constant squareness 
(ε1 = 0.6) but differing sharpness (ε2), the difference in 
void ratios is relatively minor. In contrast, comparing 
Tests 2 and 5, where sharpness remains constant (ε2 = 
0.6) and squareness (ε1) varies, a significant difference 
in void ratios is observed. This comparison indicates 
that squareness (ε1) exerts a stronger influence on 
granular compactivity than sharpness (ε2). Additionally, 
when ε2 = 0.6 and ε1 increases from 0.6 to 1.4 (Tests 2 

vs. 5), void ratio increases, but this increment is smaller 
compared to the scenario when ε2 = 1.4 and ε1 varies 
similarly (Tests 4 vs. 3). This suggests that the influence 
of particle squareness on compactivity becomes more 
pronounced as particle sharpness increases. 

When comparing Test 1 (spheres) to Test 6 (aspect 
ratio of 𝐴𝐴𝐴𝐴 𝐴 𝐴  but randomly distributed shape 
parameters ε1 and ε2), the void ratio decreases, indicating 
that introducing angularity at constant aspect ratio 
increases packing efficiency. Void ratio decreases 
further in Test 7, where shape parameters remain 
constant, but semi-axis ratios are randomly distributed. 
Finally, in Test 8, where both semi-axis ratios and shape 
parameters are randomly distributed, compactivity is 
highest, evidenced by the smallest void ratio. These 
suggest that the ideal spherical particle tends to 
maximize void space, whereas more realistic, randomly 
distributed particle shapes promote tighter packing at 
constant isotropic stress levels. Furthermore, variations 
in semi-axis ratios appear to exert a stronger influence 
on compactivity than variations in shape parameters 
alone, and randomly distributing all parameters 
facilitates additional buckling and interlocking among 
particles, further increasing the compactivity. 

Our results highlight particle squareness as the 
primary shape factor controlling granular compactivity, 
particularly for particles with higher sharpness, whereas 
highly spherical particles consistently yield higher void 
ratios and lower compactivity. 

 
Fig. 4. Isotropic compression curves. 

Stress -strain responses of all tests are presented in 
Fig. 5, and the evolution of the critical-state stress ratio 
𝜂𝜂𝑐𝑐 in different specimens is shown in Fig. 6. Comparing 
Test 1 with Test 7 indicates that randomly distributing 
the semi-axis lengths has a measurable impact on 𝜂𝜂𝑐𝑐. 
However, comparing Test 7 with Test 8 shows almost 
no difference in 𝜂𝜂𝑐𝑐, suggesting that once semi-axis 
lengths are randomized, varying 𝜀𝜀1 and 𝜀𝜀2 does not 
significantly affect 𝜂𝜂𝑐𝑐. 

Comparing Tests 1 through 6 shows that when the 
semi-axis ratios remain constant, randomly distributing 
𝜀𝜀1 and 𝜀𝜀2 still influences 𝜂𝜂𝑐𝑐. Tests 2, 3, 4, and 5 all 
produce similar results that differ from Test 1, implying 
that 𝜀𝜀1 and 𝜀𝜀2 have similar effects. In particular, |1 − 𝜀𝜀�| 
(𝑗𝑗 𝑗 𝑗𝑗𝑗𝑗𝑗) appears to be the key factor in determining 
their overall influence on 𝜂𝜂𝑐𝑐. 

These findings suggest that aspect ratio has a 
measurable impact on the critical-state stress ratio and 

corresponding shear strength. When aspect ratio is held 
constant, the sharpness or squareness of particles exerts 
minimal influence on these parameters, with two key 
exceptions: (1) perfectly spherical particles (where both 
sharpness and squareness equal 1); (2) particles whose 
sharpness and squareness are randomly distributed. In 
these two cases, the variability in particle shape 
parameters can lead to noticeable changes in both the 
critical state and shear strength of the granular assembly. 

 
Fig. 5. Stress ratio-axial strain evolution. 

 
Fig. 6. Evolution of critical state stress ratio 

We also consider the microscale effects of changing 
particle shape. The second-order fabric tensor Gij is 
calculated according to the contact normals within the 
granular packing, using the following Equation in [16]: 
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where the summation c is performed over all contacts C. 
It is obvious that Gkk  = Z, the coordination number. The  
second-order anisotropic fabric tensor Fij is then 
calculated as: 
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The degree of fabric anisotropy of the granular assembly 
is calculated as: 
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contacts. All assemblies share the same cumulative 
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granular packing, using the following Equation in [16]: 

 2 c c
ij i j

c Cc

G n n
N ∈

=   (2) 

where the summation c is performed over all contacts C. 
It is obvious that Gkk  = Z, the coordination number. The  
second-order anisotropic fabric tensor Fij is then 
calculated as: 

 15 1
2 3ij ij kk ijF G G δ = − 
 

 (3) 

The degree of fabric anisotropy of the granular assembly 
is calculated as: 

 
3
2 ij ijF F

F
Z

=  (4) 

20 40 60 80 100
Mean Stress, p (kPa)

0.55

0.6

0.65

0.7

Test 1
Test 2
Test 3
Test 4

Test 5
Test 6
Test 7
Test 8

Test 1

Test 6

Test 3
Test 7

Test 8
Test 2
Test 4

Test 5

0 0.1 0.2 0.3 0.4
0

0.2

0.4

0.6

0.8

1

1.2

a

Test 1
Test 2
Test 3
Test 4

Test 5
Test 6
Test 7
Test 8

0 1 2 3 4 5 6 7 8 9
0.7

0.8

0.9

1

Tests Number

c

Test 1-5
Test 6, 7, 8

3

EPJ Web of Conferences 340, 04006 (2025)	 https://doi.org/10.1051/epjconf/202534004006
Powders & Grains 2025



The evolution of fabric anisotropy F of Tests 1 
through 8 are presented in Fig. 7. Comparisons of F 
between Tests 1 and 6 reveal relatively minor changes, 
suggesting that varying the shape parameters 𝜀𝜀1 and 𝜀𝜀2 
has a limited effect on fabric anisotropy. In contrast, 
when comparing Test 7 to Tests 1–6, the impact on F is 
substantially larger, indicating that changes in the aspect 
ratio or axis length exert a more pronounced influence 
on fabric anisotropy than variations in particle sharpness 
or squareness. 

 
Fig. 7. Evolution of fabric anisotropy. 

4 Conclusions 
These simulations show that the particle aspect ratio 
(i.e., the ratio of semi-axes) primarily governs the void 
ratio (compactivity), critical-state stress ratio (shear 
strength), and fabric anisotropy in granular assemblies. 
Spherical particles exhibit higher void ratios and lower 
shear strength, while more cubic shapes pack more 
densely, thereby increasing shear strength. Randomly 
varying the shape parameters associated with sharpness 
and squareness (ε1 and ε2) reduces void ratios and 
enhances shear strength, but random distributions of 
aspect ratios have an even more pronounced impact. 
Sharpness and squareness variations do not significantly 
affect fabric anisotropy, whereas randomly distributed 
aspect ratios substantially increase it. Overall, aspect 
ratio emerges as the dominant factor influencing fabric 
development, critical-state behavior, and packing 
efficiency in these simulated granular systems. 
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