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Abstract. Granular suspensions can jam into solids under shear at densities below the isotropic jamming
density. At sufficiently large shear stress, these shear-jammed structures undergo plastic flow through small
deformations of the particles, contact breaking or slipping, and associated particle rearrangements. Although
the shear jamming phenomenon has been extensively studied in recent decades, little is known about how shear-
jammed states evolve under steady shear. In this work, we report on systematic experiments on the evolution of a
shear-jammed system using a recently developed multi-ring Couette shear device. This device imposes a linear
shear profile on a layer of photoelastic discs, mimicking a two-dimensional suspension with a small Stokes
number. We find that the displacements of the particles exhibit strong spatio-temporal correlations within the
range of packing fractions where shear jamming occurs. The particle dynamics are quantified using the four-
point susceptibility, which grows significantly as the packing fraction approaches the isotropic jamming point
from below.

1 Introduction

Granular materials consist of large collections of non-
Brownian particles that interact through simple repulsive
contact forces. A characteristic behavior of granular ma-
terials is the jamming transition, where particles transition
from a state with fluid-like properties to one with solid-like
properties [1]. Over the past several decades, it has been
established that this transition can be triggered not only
by compression but also by shear [2, 3]. Shear-induced
jamming strongly influences the rheology and mechanics
of multiphase materials with a granular phase embedded
in an incompressible medium, such as granular suspen-
sions [4, 5] and soft compounds [6]. Although the mech-
anisms underlying the shear jamming transition have been
extensively studied [7–9], the evolution of a shear-jammed
particle network under continuous shearing remains less
explored.

Photoelasticimetry is a widely used technique for
studying shear jamming [3, 10]. This method enables the
measurement of both particle displacements and contact
forces in semi-2D granular systems composed of a layer
of photoelastic particles. To investigate continuous shear-
ing, earlier studies employed devices such as Couette shear
cells, which impose shear from the boundaries [11]. How-
ever, boundary-driven shear cells pose challenges for prob-
ing shear jamming in dilute systems. To address this limi-
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tation, a multi-slat shear device [12] and a multi-ring Cou-
ette shear device [13] were recently developed, both of
which impose uniform shear profiles. The multi-ring Cou-
ette shear system, in particular, allows the investigation
of shear-jammed states under continuous shear [14]. Al-
though a shear jamming phase diagram has been mapped
using this setup (Fig. 1a), the features of the steady states
have not yet been systematically examined. Here, we
present a study of the fluctuations in particle displacements
about the average shear for shear-jammed packings of pho-
toelastic disks.

2 Experiment
Our model granular system consists of bidisperse photoe-
lastic discs. The radii of the large and small discs are
Rb = 7.95 mm and Rs = 6.35 mm, respectively. The num-
ber ratio, ν, between the large and small particles is fixed
at 1:3 for all experiments. The maximum static friction co-
efficient between two particles is µ ≈ 0.9, and the Young’s
modulus of the particles is approximately 6 MPa. The
discs were cut from a polyurethane sheet using water jets,
which produced rough boundaries on the discs (Fig. 1(b))
and, consequently, a large µ. The particles were sheared
using a recently developed Couette shear device [13, 14]
in which the particles rest on 21 concentric rings that ro-
tated collectively to generate a linear shear profile (Fig. 1c
and Supplementary Video 1). Shear was applied in a step-
wise manner, with the granular system allowed to relax
between consecutive steps. For each shear step, the tan-
gential displacement ut,ring of a ring with radius r was set
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Figure 1. Probing the steady states in the shear jamming
regime using the multi-ring Couette shear apparatus. (a)
Shear jamming phase diagram (adapted from Ref. [14]). (b) A
picture showing the rough lateral surface of a disc resultant from
water cutting. (c) Multi-ring Couette shear apparatus imaged
with and without particles. The setup contains 21 concentric
rings that rotate collectively to impose a linear shear profile, as
sketched by the white arrows. (d) Averaged tangential displace-
ment of the particles per shear step (ut) in the steady state plotted
against the radial distance to the inner boundary (r − rin). Both
quantities are plotted relatively to the radius of the small discs
Rs. The color of each curve represents the packing fraction ϕ of
the corresponding experiment. For each curve, we fit data with
(r − rin)/Rs > 10 to a linear function y = A(x − B). The dashed
black line plots one example best-fit result for ϕ = 0.63. (e) The
best-fit parameter A plotted as functions of ϕ for both the initial
states and the steady states. (f) The best-fit parameter B plotted
as functions of ϕ for both the initial and the steady states.

to ut,ring = δγ(r − rin), where rin = 8.7 cm is the radius
of the inner boundary, and δγ is the imposed shear strain.
The cumulative shear strain γ ≡ δγ × Nstep, where Nstep is
the total number of shear steps and δγ = 0.0064. Previous
studies have confirmed that this method of imposing a lin-
ear shear profile does not produce any measurable layering
in the radial distribution of disk centers [13].

We conducted experiments on granular systems with
packing fractions, ϕ, ranging from 0.56 to 0.82. The
packing fraction was varied by changing the number of
particles from 1, 447 to 2, 101, keeping the number ratio
Nb/Ns = 3. For each experiment, an unjammed config-
uration was prepared with the chosen ϕ. The boundaries
and rings of the Couette device were then rotated so as to
apply quasi-static shear to drive the system into the steady
state. This process was illustrated as the transition from
state a to state b in the phase diagram shown in Fig.1a.
The system experienced a shear jamming transition before
reaching the steady state [14]. In this study, we focus on
the steady states.

3 Results

Averaged steady-state flow profile – The average quasi-
static flow profile in the steady states depends on the pack-
ing fraction, ϕ. Figure 1d shows the radial distribution of

the tangential displacement of the particles, ut, averaged
over time in the steady-state regime for different values of
ϕ. To quantify the ϕ-dependence, we fit the ut(r) data for
each ϕ in the region (r − rin)/Rs ≥ 10 to a linear function
of the form y = A(x−B), where A and B are fitting param-
eters. As shown in Figs.1e-f,for ϕ < ϕF, the fit parameters
are A ≈ δγ and B ≈ 0, indicating that the particles follow
the imposed linear velocity profile. We note that ϕF ≈ 0.7
corresponds to the minimum packing fraction required to
observe fragile states with non-zero pressure induced by
shearing [14]. For ϕ > ϕF, both A and B decrease un-
til they reach a plateau above ϕb ≈ 0.78. In this regime,
B ≈ −rin/Rs, which implies ut = Ar. This relationship de-
scribes a rigid body rotation, meaning the system consists
of a rigidly rotating body in the region (r − rin)/Rs > 10
and a shear band at smaller r. In contrast to the steady-state
profile, which exhibits a strong dependence on the packing
fraction, the displacement profile of the initial state always
follows the imposed linear velocity profile (Figs. 1 e-f).
Fluctuations in the flow – Now we consider the deviations
of individual particle trajectories from the mean flow pro-
file. Let ri(γ) be the position of the ith particle at strain γ;
let ui(γ1, γ2) = ri(γ2)−ri(γ1); and let r′i(γ1, γ2) be the posi-
tion that particle i would have at strain γ2 if it followed the
mean flow, which simply rotates its position by the angle
associated with the change from γ1 to γ2. We then define
the deviated displacement to be

δui(γ1, γ2) = ri(γ2) − r′i(γ1, γ2). (1)

Figures 2b-c show the real displacements, ui, and the de-
viated displacements, δui, for a representative system with
ϕ = 0.748, measured between γ1 = 5.22 and γ2 = 5.42.
The deviated displacements are spatially heterogeneous
and form collective patterns.
The self-overlap parameter – To quantify the heteroge-
neous deviated particle displacements, we calculate the
self-overlap parameter Qs defined as [15]

Qs(l,∆γ) =
〈
Q̂s(l, γ,∆γ)

〉
=

〈
1
N

N∑
i=1

H(l − |δui(γ, γ + ∆γ)|)
〉
,

(2)
where the average ⟨·⟩ means averaging over different γ in
the steady regime, H(x) is the Heaviside step function, and
l is a specified length. Qs(l,∆γ) measures the fraction of
the grains that remains within a length l from their ex-
pected positions from the mean flow profile during a given
strain interval ∆γ. Figure 3a plots Qs for an experiment
with ϕ = 0.786 using various l. Qs decreases monotoni-
cally with ∆γ, meaning that the particles tend to keep mov-
ing away from their expected positions from the mean flow
profile.
Dynamical heterogeneity – We then calculate the four-
point susceptibility χ4 defined as

χ4(l,∆γ) = N
(〈

Q̂s(l, γ,∆γ)2
〉
−
〈
Q̂s(l, γ,∆γ)

〉2)
. (3)

For a given length scale l and a strain interval ∆γ, χ4/N
measures the variance of Q̂s(l,∆γ) starting from different
γ. One can derive that χ4 is the volume integral of a spa-
tial correlation function [16–19]. Figure 3b plots χ4 for

0
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Figure 2. Quantifying the deviated particle displacement δui

in the steady states. (a) Definition of deviated displacement, δui.
(b) Real displacements for each particle, ui = ri(γ2) − ri(γ1), for
an example run with ϕ = 0.748 between γ1 = 5.22 and γ2 = 5.42.
The length of the arrows are half of the magnitude of ui. (c)
Deviated particle displacements δui. The length of the arrows
is set to be 3 times the magnitude of δui for better visualization.
The boundaries of the discs are also plotted, and the color denotes
the magnitude of δui following the color bar.

the same system as in Fig. 3a with various l. The qual-
itative features of χ4(l,∆γ) in our steadily sheared gran-
ular system are similar to those obtained from cyclically
sheared [16] and cyclically compressed [15, 20] granular
systems: For each l, χ4 shows a peak at some intermedi-
ate strain interval ∆γ∗, meaning that the dynamics is most
heterogeneous at this strain scale. As l increases, the
peak strain ∆γ∗ also shifts to larger values, demonstrating
a growing length scale for the particle dynamics under in-
creasing strain intervals. We denote the maximum value
of χ4 over all l and ∆γ as χ†4, which corresponds to l = l†

and ∆γ = ∆γ†. For the ϕ = 0.786 experiment shown in
Fig. 3, l† ≈ 0.1Rs and ∆γ† ≈ 0.3. Consistently, previous
experiments on cyclically compressed granular materials
found that l† is approximately one-tenth of the particle ra-
dius [15]. To demonstrate the effect of ∆γ, we plot the
spatial distribution of the particles with |δui| > l† for three
different ∆γ = 0.03, 0.30, and 1.00 in Fig. 3c-h. For each
∆γ, we plot the distribution for two start strains γ = 2.78
and 3.74. The susceptibility χ4 peaks at ∆γ ≈ 0.30 means
that the deviated displacements fluctuate most among dif-
ferent choices of γ. Indeed, qualitatively, the spatial pat-
terns of the particles with large δui vary significantly in
panels (e-f) of Fig. 3, but do not change much for panels
(c-d) and (g-h).

Density dependence – Figure 4a shows the largest four-
point susceptibility χ†4 as a function of the packing frac-
tion ϕ. For ϕ < ϕF ≈ 0.7, χ†4 ≈ 1 and is not sensitive to
ϕ. χ†4 grows with ϕ when ϕ > ϕF. We note that ϕF marks
the emergence of the force networks in the steady states
(Fig. 4b-g). Thus, our results indicate that the force chains
contribute to the heterogeneous dynamics of sheared gran-
ular materials.
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Figure 3. Dynamical heterogeneity in an experiment with
ϕ = 0.786. (a) The self-overlap parameter Qs(l,∆γ) against the
strain interval ∆γ for different length scale l. (b) The four-point
susceptibility χ4 against the strain interval ∆γ for different length
scale l. The legend applies for both (a) and (b) panels. (c-h) Spa-
tial distribution of the particles with |δui| > l = 0.1Rs (green
circles). For each panel, |δui| are calculated for a start strain γ
and a strain interval ∆γ. From (c) to (h), the parameters (γ,∆γ)
are (2.78, 0.03), (3.74, 0.03), (2.78, 0.30), (3.74, 0.30), (2.78,
1.00), and (3.74, 1.00).
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Figure 4. Dependence of dynamical heterogeneity on pack-
ing fraction. (a) The maximum χ4 for each experiment, χ†4, plot-
ted against the packing fraction ϕ. The values plotted were cal-
culated for experiments in which the collected data allowed for
clear identification χ†4. For ϕ > 0.776, the data did not include
applied shear strains large enough to show the maximum χ4 val-
ues at large l. (b-g) Snapshots of the steady-state force networks.
Each image was taken from experiments with varying packing
fractions ϕ = 0.695 (b), 0.716 (c), 0.738 (d), 0.757 (e), 0.776 (f),
0.798 (g). The images were captured using a polariscope, where
stressed discs appear bright.

4 Conclusion

In this study, we examined the deviated particle displace-
ments in continuously sheared granular materials within
the shear jamming regime. We found that these deviated
displacements exhibit heterogeneous spatial distributions.
To quantify this dynamical heterogeneity, we calculated
the four-point susceptibility, χ4. A detailed analysis of an
experiment with ϕ = 0.786 revealed that χ4 peaks with
a characteristic length, l† ≈ 0.1Rs, and a strain interval,
∆γ† ≈ 0.3. Additionally, we investigated the density de-
pendence of the largest χ4, denoted as χ†4, and observed
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Shear jamming phase diagram (adapted from Ref. [14]). (b) A
picture showing the rough lateral surface of a disc resultant from
water cutting. (c) Multi-ring Couette shear apparatus imaged
with and without particles. The setup contains 21 concentric
rings that rotate collectively to impose a linear shear profile, as
sketched by the white arrows. (d) Averaged tangential displace-
ment of the particles per shear step (ut) in the steady state plotted
against the radial distance to the inner boundary (r − rin). Both
quantities are plotted relatively to the radius of the small discs
Rs. The color of each curve represents the packing fraction ϕ of
the corresponding experiment. For each curve, we fit data with
(r − rin)/Rs > 10 to a linear function y = A(x − B). The dashed
black line plots one example best-fit result for ϕ = 0.63. (e) The
best-fit parameter A plotted as functions of ϕ for both the initial
states and the steady states. (f) The best-fit parameter B plotted
as functions of ϕ for both the initial and the steady states.

to ut,ring = δγ(r − rin), where rin = 8.7 cm is the radius
of the inner boundary, and δγ is the imposed shear strain.
The cumulative shear strain γ ≡ δγ × Nstep, where Nstep is
the total number of shear steps and δγ = 0.0064. Previous
studies have confirmed that this method of imposing a lin-
ear shear profile does not produce any measurable layering
in the radial distribution of disk centers [13].

We conducted experiments on granular systems with
packing fractions, ϕ, ranging from 0.56 to 0.82. The
packing fraction was varied by changing the number of
particles from 1, 447 to 2, 101, keeping the number ratio
Nb/Ns = 3. For each experiment, an unjammed config-
uration was prepared with the chosen ϕ. The boundaries
and rings of the Couette device were then rotated so as to
apply quasi-static shear to drive the system into the steady
state. This process was illustrated as the transition from
state a to state b in the phase diagram shown in Fig.1a.
The system experienced a shear jamming transition before
reaching the steady state [14]. In this study, we focus on
the steady states.

3 Results

Averaged steady-state flow profile – The average quasi-
static flow profile in the steady states depends on the pack-
ing fraction, ϕ. Figure 1d shows the radial distribution of

the tangential displacement of the particles, ut, averaged
over time in the steady-state regime for different values of
ϕ. To quantify the ϕ-dependence, we fit the ut(r) data for
each ϕ in the region (r − rin)/Rs ≥ 10 to a linear function
of the form y = A(x−B), where A and B are fitting param-
eters. As shown in Figs.1e-f,for ϕ < ϕF, the fit parameters
are A ≈ δγ and B ≈ 0, indicating that the particles follow
the imposed linear velocity profile. We note that ϕF ≈ 0.7
corresponds to the minimum packing fraction required to
observe fragile states with non-zero pressure induced by
shearing [14]. For ϕ > ϕF, both A and B decrease un-
til they reach a plateau above ϕb ≈ 0.78. In this regime,
B ≈ −rin/Rs, which implies ut = Ar. This relationship de-
scribes a rigid body rotation, meaning the system consists
of a rigidly rotating body in the region (r − rin)/Rs > 10
and a shear band at smaller r. In contrast to the steady-state
profile, which exhibits a strong dependence on the packing
fraction, the displacement profile of the initial state always
follows the imposed linear velocity profile (Figs. 1 e-f).
Fluctuations in the flow – Now we consider the deviations
of individual particle trajectories from the mean flow pro-
file. Let ri(γ) be the position of the ith particle at strain γ;
let ui(γ1, γ2) = ri(γ2)−ri(γ1); and let r′i(γ1, γ2) be the posi-
tion that particle i would have at strain γ2 if it followed the
mean flow, which simply rotates its position by the angle
associated with the change from γ1 to γ2. We then define
the deviated displacement to be

δui(γ1, γ2) = ri(γ2) − r′i(γ1, γ2). (1)

Figures 2b-c show the real displacements, ui, and the de-
viated displacements, δui, for a representative system with
ϕ = 0.748, measured between γ1 = 5.22 and γ2 = 5.42.
The deviated displacements are spatially heterogeneous
and form collective patterns.
The self-overlap parameter – To quantify the heteroge-
neous deviated particle displacements, we calculate the
self-overlap parameter Qs defined as [15]

Qs(l,∆γ) =
〈
Q̂s(l, γ,∆γ)

〉
=

〈
1
N

N∑
i=1

H(l − |δui(γ, γ + ∆γ)|)
〉
,

(2)
where the average ⟨·⟩ means averaging over different γ in
the steady regime, H(x) is the Heaviside step function, and
l is a specified length. Qs(l,∆γ) measures the fraction of
the grains that remains within a length l from their ex-
pected positions from the mean flow profile during a given
strain interval ∆γ. Figure 3a plots Qs for an experiment
with ϕ = 0.786 using various l. Qs decreases monotoni-
cally with ∆γ, meaning that the particles tend to keep mov-
ing away from their expected positions from the mean flow
profile.
Dynamical heterogeneity – We then calculate the four-
point susceptibility χ4 defined as

χ4(l,∆γ) = N
(〈

Q̂s(l, γ,∆γ)2
〉
−
〈
Q̂s(l, γ,∆γ)

〉2)
. (3)

For a given length scale l and a strain interval ∆γ, χ4/N
measures the variance of Q̂s(l,∆γ) starting from different
γ. One can derive that χ4 is the volume integral of a spa-
tial correlation function [16–19]. Figure 3b plots χ4 for
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in the steady states. (a) Definition of deviated displacement, δui.
(b) Real displacements for each particle, ui = ri(γ2) − ri(γ1), for
an example run with ϕ = 0.748 between γ1 = 5.22 and γ2 = 5.42.
The length of the arrows are half of the magnitude of ui. (c)
Deviated particle displacements δui. The length of the arrows
is set to be 3 times the magnitude of δui for better visualization.
The boundaries of the discs are also plotted, and the color denotes
the magnitude of δui following the color bar.

the same system as in Fig. 3a with various l. The qual-
itative features of χ4(l,∆γ) in our steadily sheared gran-
ular system are similar to those obtained from cyclically
sheared [16] and cyclically compressed [15, 20] granular
systems: For each l, χ4 shows a peak at some intermedi-
ate strain interval ∆γ∗, meaning that the dynamics is most
heterogeneous at this strain scale. As l increases, the
peak strain ∆γ∗ also shifts to larger values, demonstrating
a growing length scale for the particle dynamics under in-
creasing strain intervals. We denote the maximum value
of χ4 over all l and ∆γ as χ†4, which corresponds to l = l†

and ∆γ = ∆γ†. For the ϕ = 0.786 experiment shown in
Fig. 3, l† ≈ 0.1Rs and ∆γ† ≈ 0.3. Consistently, previous
experiments on cyclically compressed granular materials
found that l† is approximately one-tenth of the particle ra-
dius [15]. To demonstrate the effect of ∆γ, we plot the
spatial distribution of the particles with |δui| > l† for three
different ∆γ = 0.03, 0.30, and 1.00 in Fig. 3c-h. For each
∆γ, we plot the distribution for two start strains γ = 2.78
and 3.74. The susceptibility χ4 peaks at ∆γ ≈ 0.30 means
that the deviated displacements fluctuate most among dif-
ferent choices of γ. Indeed, qualitatively, the spatial pat-
terns of the particles with large δui vary significantly in
panels (e-f) of Fig. 3, but do not change much for panels
(c-d) and (g-h).

Density dependence – Figure 4a shows the largest four-
point susceptibility χ†4 as a function of the packing frac-
tion ϕ. For ϕ < ϕF ≈ 0.7, χ†4 ≈ 1 and is not sensitive to
ϕ. χ†4 grows with ϕ when ϕ > ϕF. We note that ϕF marks
the emergence of the force networks in the steady states
(Fig. 4b-g). Thus, our results indicate that the force chains
contribute to the heterogeneous dynamics of sheared gran-
ular materials.

(a)

(b)

(g) (h)

(c) (d)

(e) (f)

Figure 3. Dynamical heterogeneity in an experiment with
ϕ = 0.786. (a) The self-overlap parameter Qs(l,∆γ) against the
strain interval ∆γ for different length scale l. (b) The four-point
susceptibility χ4 against the strain interval ∆γ for different length
scale l. The legend applies for both (a) and (b) panels. (c-h) Spa-
tial distribution of the particles with |δui| > l = 0.1Rs (green
circles). For each panel, |δui| are calculated for a start strain γ
and a strain interval ∆γ. From (c) to (h), the parameters (γ,∆γ)
are (2.78, 0.03), (3.74, 0.03), (2.78, 0.30), (3.74, 0.30), (2.78,
1.00), and (3.74, 1.00).
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Figure 4. Dependence of dynamical heterogeneity on pack-
ing fraction. (a) The maximum χ4 for each experiment, χ†4, plot-
ted against the packing fraction ϕ. The values plotted were cal-
culated for experiments in which the collected data allowed for
clear identification χ†4. For ϕ > 0.776, the data did not include
applied shear strains large enough to show the maximum χ4 val-
ues at large l. (b-g) Snapshots of the steady-state force networks.
Each image was taken from experiments with varying packing
fractions ϕ = 0.695 (b), 0.716 (c), 0.738 (d), 0.757 (e), 0.776 (f),
0.798 (g). The images were captured using a polariscope, where
stressed discs appear bright.

4 Conclusion

In this study, we examined the deviated particle displace-
ments in continuously sheared granular materials within
the shear jamming regime. We found that these deviated
displacements exhibit heterogeneous spatial distributions.
To quantify this dynamical heterogeneity, we calculated
the four-point susceptibility, χ4. A detailed analysis of an
experiment with ϕ = 0.786 revealed that χ4 peaks with
a characteristic length, l† ≈ 0.1Rs, and a strain interval,
∆γ† ≈ 0.3. Additionally, we investigated the density de-
pendence of the largest χ4, denoted as χ†4, and observed
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that χ†4 increases with ϕ for ϕ > ϕF ≈ 0.7, which is
the smallest packing fraction at which force chains are
detected [14]. These results suggest that the formation
of force networks induced by shear jamming enhances
the heterogeneous dynamics of deviated particle displace-
ments in the steady states.

Previous studies have investigated dynamical hetero-
geneity in granular materials under cyclic shear [16, 21] or
compression [15], but not under continuous shear. In the
shear jamming regime, strong force networks emerge in
the steady states (Fig.4b-g) but may disappear under cyclic
shear depending on the strain amplitude [22]. In the future,
it would be interesting to perform a detailed comparison of
particle dynamics under continuous and cyclic shear.
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