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Abstract. The mechanical stability of a granular system depends on the average number of contacts Z between
its particles. For most particle shapes, predicting Z as a function of the average volume fraction ϕ is complicated
by the spatial correlations between simultaneously contacting particles. However, in the dilute packings formed
by cylinders with large aspect ratios α (length of the cylinder divided by its diameter) the individual contacts
can be expected to become uncorrelated. Philipse (Langmuir 12, 1127 (1996)) derived from this idea the
Random Contact Model (RCM) which predicts ZRCM = 2αϕ. Here we compare ZRCM with X-ray tomography
measurements of Z(α, ϕ) in cylinder packings with α = of 14.1, 21.1, and 28.2. We find the measured Z to
be smaller than 0.85 ZRCM . Using a Voronoi tessellation we then analyze Z as a function of ϕ on the level of
individual particles where the linear relationship does not hold up.

1 Introduction

Granular materials are ubiquitous in our daily lives. How-
ever, their athermal and dissipative nature has up to now
impeded the evolution of a comprehensive theory. Even
the more limited question of the conditions and limits of
mechanical stability of packings is still far from settled.
We know that the average number of contacts Z has to be
above the so called isostatic threshold Ziso in order to fix
all the rotational and translational degrees of freedom of
the particles, which is the commonly used definition of
mechanical stability. At the same time there is a maxi-
mal average number of contacts Zmax which derrives from
the fact that contacts also are geometric constraints on the
particle coordinates and that this system can not be overde-
termined. What complicates the situation is that the values
of Zmax and Ziso depend on the particle shape and that Ziso

depends additionally on the presence or absence of inter-
particle friction µ, as shown in table 1.

Table 1. The range of contact numbers of mechanically stable
packings depends on the particle shape and the interparticle
friction µ [1, 2] See also review [3] and references therein.

Zµ=0
iso Zµ=∞iso Zmax

spheres 6 4 6
cylinders 10 4 10

While the second column of table 1 displays Ziso val-
ues for particles with infinite µ, the Ziso values for real
world particles, which typically have µ values between 0.2
and 0.8, do not differ too much. For example, spheres with
µ = 0.75 have a Ziso of smaller than 4.5 [4]. A consequence
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of the different values of Zµ=∞iso and Zmax is that experimen-
tal packing, which by definition involve frictional parti-
cles, will always exist over a range of volume fractions ϕ
(defined as particle volume divided by total volume). In-
creasing ϕ will move particles on average closer together
and therefore also increase Z. While there are some nu-
merical insights [5], there is no first principle based theory
describing how Z depends on ϕ for a given shape, value of
µ, and protocol used for the compaction [6].

In contrast, many numerical and theoretical studies as-
sume particles to be frictionless. Assuming that the parti-
cles are also incompressible, this fixes the Z value of the
packings to Zµ=0

iso = Zmax.
In the absence of a general theory, it can be helpful to

study the limiting cases of a problem. One of them are
packings of cylinders with large aspect ratios α (defined
as the length of the cylinders divided by their diameter).
A cylinder with α = 10 has about 74 % more surface area
than a sphere of the same volume. This larger surface area
translates into more possibilities to form a contact, con-
sequentially mechanical stability occurs already at lower
values of ϕ. And this effect becomes stronger with increas-
ing α. Therefore, the larger α gets, the larger is the spatial
separation between the individual contacts. This reduces
the geometric constraints the contacting particles impose
on each other. This approximation of ignoring those con-
straints completely forms the basis of the Random Contact
Model (RCM) for cylinders.

1.1 The Random Contact Model

This model suggested by Philipse [7, 8] is based on a mean
field argument and does not enforce mechanical stability:
Imagine a fixed test cylinder and a neighboring cylinder
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at distance r⃗. The probability fex (⃗r) that neighbor and test
cylinder overlap, is then interpreted as the probability that
they form a contact. Using the mean field approximation
that the number density ρ does not depend on r⃗ (i.e. that the
different contacting particles do not influence each other),
which becomes reasonable for large α, we obtain:

Z =
∫

fex (⃗r) ρ(⃗r) dr⃗ ≈ ρ
∫

fex (⃗r) dr⃗ (1)

The second integral is the orientational averaged excluded
volume Vex. With the definition ϕ = ρVcyl we obtain:

Z = ϕ
Vex

Vcyl
(2)

Using Onsager’s result[9] for Vex
Vcyl

:

Vex

Vcyl
=

6α2 + 24α + 16
2 + 3α

(3)

we finally derive in the limit of large α:

ZRCM = 2αϕ (4)

describing how the contact number in cylinder packings
should depend on both the aspect ratio and the density.

1.2 Previous studies of cylinder packings

Cylinders are a frequently used model system for a non-
spherical granular medium, for a recent review see [10].
Previous numerical tests of eq. 4 used frictionless cylin-
ders in which case Zµ=0

iso = Zmax = 10 and eq. 4 turns into
ϕ = 5/α. This scaling has indeed been approximately con-
firmed [11–13].

Experiments measuring only ϕ and α [7, 8, 14] also
confirmed ϕ ∼ 1/α with a prefactor compatible with Z
= 10, albeit with large uncertainties. The only previous
study that measured ϕ, Z, and α simultaneously [1] pre-
pared packings with α = 15, 32 to 50 at different ϕ values
each. They found Z values in the range of 6.5 to 9.8, and
in general to be 50 to 90% of the value expected according
to eq. 4.

2 Experimental setup

Cylindrical particles are cut from longer strands of a com-
posite material consisting of several micron large carbohy-
drate granules embedded in an amorphous protein matrix
[15] (Spaghettini Barilla n. 3). Three different lengths are
prepared: 2 cm (4800 particles), 3 cm (2000 particles),
and 4 cm (1040 particles) The dimensions of 50 samples
of nominally 4 cm length are measured using a microme-
ter screw gauge resulting in in a length of 40 ± 0.3 mm,
and a diameter of 1.42 ± 0.02 mm. In consequence, the
cylinders have aspect ratios α of 14.1, 21.1 and 28.2.

Packings are prepared in a plexiglass cylinder of diam-
eter 12 cm and height 30 cm; this cylinder is filled from
a tube (inner diameter = 10.3 cm) with pegs attached to
the exit. To reduce the alignment of the particles with

Figure 1. Rendering of a tomography result using cylinders with
an aspect ratio of 28. The Voronoi cell of the central cylinder is
shown in red. Blue cylinders are contact with central cylinder,
yellow ones contribute to the faces of the Voronoi cell.

the boundaries, the base of the container is made from
randomly aligned cylinders embedded in a floral foam.
Though all particles are detected and used for the anal-
ysis, the results discussed below consider only cylinders
which come nowhere closer to the boundary then one par-
ticle length.

For each aspect ratio two distinct samples are prepared
and then X-ray tomographies are taken with a Nanotom
(GE sensing and inspection). The spatial resolution of the
tomograms is 96.8 µm (4 cm) and 100 µm per voxel (2cm
and 3 cm) which results in three-dimensional images with
on average 1150x1150x700 voxel 1. After the initial to-
mography the sample container is mounted on an electro-
magnetic shaker and a series of sinusoidal taps with a max-
imal acceleration of 2g and a repetition frequency of 3 Hz
is applied. After each 10, 100, 1000, and 10000 taps an-
other tomogram is taken.

2.1 Identifying particles

The three-dimensional tomographies are segmented in a
three step process. First, each tomogram is binarized
twice: a) using a local threshold computed with the
Bradley method applied to a 20 x 20 two-dimensional
neighborhood [16] and b) using a global threshold based
on Otsu’s [17]) method. Only voxel which are above both
thresholds are considered as belonging to the cylinders.

The second step is an Euclidean distance transform of
the the binarized tomogram; the result is then used for
an erosion (removal of voxels close to a surface) which
separates touching cylinders. Using the default labeling
method of Matlab, individual cylinders are identified as
groups of connected voxels. This approach achieves a de-
tection rate of 99.88% .

In the third step their center of mass and the orienta-
tion of each voxel croup is used to create a virtual cylinder
with a individually controlled radius and length. These
two parameters are then iteratively optimized to maximize

1An animated zoom through a packing can be found at
https://www.youtube.com/watch?v=76Z1Bbj7CtQ
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Figure 2. Preparation of experimental cylinder packings by tap-
ping. (top) At the applied tapping strength of 2 g only the longest
particles do compactify consistently with the number of applied
taps. Open and closed symbol correspond to two individual runs.
(bottom) Contribution of the two dominant contact types. The
third possible type, end to end contacts, accounts for less than
0.74 % of the total contacts and is not shown here.

the percentage of virtual voxels overlapping with true vox-
els in the binarized image before erosion. In the case of
α = 28.2, the so created virtual cylinders have diameters
of 1.419± 0.019 mm and lengths of 39.9± 0.3 mm, which
is in good agreement with our separate measurements of
their geometry.

2.2 Determining contacts and Voronoi volumes

The identification of particle contacts in experimental im-
ages of packings is always complicated by the finite res-
olution of those images. In order to obtain optimal re-
sults, we use the method described in [18] where particle
radii are grown by a small factor which is determined by
modelling the statistical likelihood of the observed contact
number. Since the number of end to end contacts is negli-
gible, only the radius is adjusted.

Voronoi cells are determined with a self-written tessel-
llation algorithm where each voxel is assigned to the the
cylinder with the closest surface voxel. Figure 1 displays
a detail from an analyzed packing.

3 Experimental results

Tapping a granular sample in order to increase ϕ is a fre-
quently applied method and has also been used success-
fully for cylinders [1, 19]. However, as shown in figure
2 a), we succeed only for α = 28.2 in compactifying the
sample systematically. The other four samples display ran-
dom fluctuations in ϕ, which evidences reorientation of the
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Figure 3. Contact number in frictional cylinder packings in-
crease with ϕ. Open and closed symbols correspond to the two
experiments displayed in figure 2. Straight lines are linear fits
meant for comparison with the RCM. Data points inside the black
boxes correspond to the tomograms used for the local analysis
shown in figure 4.

particles, but no monotonic compaction. Given the differ-
ent focus of our study, we did not explore which range of
tapping parameters would compactify these samples.

The derivation of eq. 4 was not concerned with me-
chanical stability, so we still need to require that Z is larger
than Ziso, which for frictional cylinders is 4. Figure 3
shows that this is indeed the case. Our range of Z values
is about 45 % smaller than the one measured in [1], which
corresponds to the fact that their compaction protocol was
more efficient than ours.

Figure 2 bottom shows that the majority of the contacts
are side to side contacts with a proportion increasing with
α. The absolute numbers are in a good agreement with an
extrapolation of the simulation results reported in [20].

While figure 3 is quite noisy, testing equation 4 by
fitting the data with Z = kϕ is not unreasonable. How-
ever, the k values shown in figure 3 amount to only 67%
(α = 14.1) to 77% (α = 28.2) of the values expected ac-
cording to the RCM model. Similar discrepancies have
also been reported in [1].

The most generic hypothesis explaining this discrep-
ancy is that the assumptions of the RCM (constant num-
ber density ρ, approximation of equation 3) are not yet
fullfilled for the α values studied here. Reference [1] re-
ports indeed a 98 % agreement with the RCM prediction
for cylinders with α = 50. A second possible explana-
tion is the fact that in the RCM contacts are defined as
overlap between cylinders, not touching. This introduces
a steric hindrance between particles which in turn modifies
the contact number distribution [21].

3.1 A local test of the RCM

Equation 4 is based on a mean-field argument, it should
therefore also work on a local level. To test this, we com-
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at distance r⃗. The probability fex (⃗r) that neighbor and test
cylinder overlap, is then interpreted as the probability that
they form a contact. Using the mean field approximation
that the number density ρ does not depend on r⃗ (i.e. that the
different contacting particles do not influence each other),
which becomes reasonable for large α, we obtain:

Z =
∫

fex (⃗r) ρ(⃗r) dr⃗ ≈ ρ
∫

fex (⃗r) dr⃗ (1)

The second integral is the orientational averaged excluded
volume Vex. With the definition ϕ = ρVcyl we obtain:

Z = ϕ
Vex

Vcyl
(2)

Using Onsager’s result[9] for Vex
Vcyl

:

Vex

Vcyl
=

6α2 + 24α + 16
2 + 3α

(3)

we finally derive in the limit of large α:

ZRCM = 2αϕ (4)

describing how the contact number in cylinder packings
should depend on both the aspect ratio and the density.

1.2 Previous studies of cylinder packings

Cylinders are a frequently used model system for a non-
spherical granular medium, for a recent review see [10].
Previous numerical tests of eq. 4 used frictionless cylin-
ders in which case Zµ=0

iso = Zmax = 10 and eq. 4 turns into
ϕ = 5/α. This scaling has indeed been approximately con-
firmed [11–13].

Experiments measuring only ϕ and α [7, 8, 14] also
confirmed ϕ ∼ 1/α with a prefactor compatible with Z
= 10, albeit with large uncertainties. The only previous
study that measured ϕ, Z, and α simultaneously [1] pre-
pared packings with α = 15, 32 to 50 at different ϕ values
each. They found Z values in the range of 6.5 to 9.8, and
in general to be 50 to 90% of the value expected according
to eq. 4.

2 Experimental setup

Cylindrical particles are cut from longer strands of a com-
posite material consisting of several micron large carbohy-
drate granules embedded in an amorphous protein matrix
[15] (Spaghettini Barilla n. 3). Three different lengths are
prepared: 2 cm (4800 particles), 3 cm (2000 particles),
and 4 cm (1040 particles) The dimensions of 50 samples
of nominally 4 cm length are measured using a microme-
ter screw gauge resulting in in a length of 40 ± 0.3 mm,
and a diameter of 1.42 ± 0.02 mm. In consequence, the
cylinders have aspect ratios α of 14.1, 21.1 and 28.2.

Packings are prepared in a plexiglass cylinder of diam-
eter 12 cm and height 30 cm; this cylinder is filled from
a tube (inner diameter = 10.3 cm) with pegs attached to
the exit. To reduce the alignment of the particles with

Figure 1. Rendering of a tomography result using cylinders with
an aspect ratio of 28. The Voronoi cell of the central cylinder is
shown in red. Blue cylinders are contact with central cylinder,
yellow ones contribute to the faces of the Voronoi cell.

the boundaries, the base of the container is made from
randomly aligned cylinders embedded in a floral foam.
Though all particles are detected and used for the anal-
ysis, the results discussed below consider only cylinders
which come nowhere closer to the boundary then one par-
ticle length.

For each aspect ratio two distinct samples are prepared
and then X-ray tomographies are taken with a Nanotom
(GE sensing and inspection). The spatial resolution of the
tomograms is 96.8 µm (4 cm) and 100 µm per voxel (2cm
and 3 cm) which results in three-dimensional images with
on average 1150x1150x700 voxel 1. After the initial to-
mography the sample container is mounted on an electro-
magnetic shaker and a series of sinusoidal taps with a max-
imal acceleration of 2g and a repetition frequency of 3 Hz
is applied. After each 10, 100, 1000, and 10000 taps an-
other tomogram is taken.

2.1 Identifying particles

The three-dimensional tomographies are segmented in a
three step process. First, each tomogram is binarized
twice: a) using a local threshold computed with the
Bradley method applied to a 20 x 20 two-dimensional
neighborhood [16] and b) using a global threshold based
on Otsu’s [17]) method. Only voxel which are above both
thresholds are considered as belonging to the cylinders.

The second step is an Euclidean distance transform of
the the binarized tomogram; the result is then used for
an erosion (removal of voxels close to a surface) which
separates touching cylinders. Using the default labeling
method of Matlab, individual cylinders are identified as
groups of connected voxels. This approach achieves a de-
tection rate of 99.88% .

In the third step their center of mass and the orienta-
tion of each voxel croup is used to create a virtual cylinder
with a individually controlled radius and length. These
two parameters are then iteratively optimized to maximize

1An animated zoom through a packing can be found at
https://www.youtube.com/watch?v=76Z1Bbj7CtQ
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Figure 2. Preparation of experimental cylinder packings by tap-
ping. (top) At the applied tapping strength of 2 g only the longest
particles do compactify consistently with the number of applied
taps. Open and closed symbol correspond to two individual runs.
(bottom) Contribution of the two dominant contact types. The
third possible type, end to end contacts, accounts for less than
0.74 % of the total contacts and is not shown here.

the percentage of virtual voxels overlapping with true vox-
els in the binarized image before erosion. In the case of
α = 28.2, the so created virtual cylinders have diameters
of 1.419± 0.019 mm and lengths of 39.9± 0.3 mm, which
is in good agreement with our separate measurements of
their geometry.

2.2 Determining contacts and Voronoi volumes

The identification of particle contacts in experimental im-
ages of packings is always complicated by the finite res-
olution of those images. In order to obtain optimal re-
sults, we use the method described in [18] where particle
radii are grown by a small factor which is determined by
modelling the statistical likelihood of the observed contact
number. Since the number of end to end contacts is negli-
gible, only the radius is adjusted.

Voronoi cells are determined with a self-written tessel-
llation algorithm where each voxel is assigned to the the
cylinder with the closest surface voxel. Figure 1 displays
a detail from an analyzed packing.

3 Experimental results

Tapping a granular sample in order to increase ϕ is a fre-
quently applied method and has also been used success-
fully for cylinders [1, 19]. However, as shown in figure
2 a), we succeed only for α = 28.2 in compactifying the
sample systematically. The other four samples display ran-
dom fluctuations in ϕ, which evidences reorientation of the
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particles, but no monotonic compaction. Given the differ-
ent focus of our study, we did not explore which range of
tapping parameters would compactify these samples.

The derivation of eq. 4 was not concerned with me-
chanical stability, so we still need to require that Z is larger
than Ziso, which for frictional cylinders is 4. Figure 3
shows that this is indeed the case. Our range of Z values
is about 45 % smaller than the one measured in [1], which
corresponds to the fact that their compaction protocol was
more efficient than ours.

Figure 2 bottom shows that the majority of the contacts
are side to side contacts with a proportion increasing with
α. The absolute numbers are in a good agreement with an
extrapolation of the simulation results reported in [20].

While figure 3 is quite noisy, testing equation 4 by
fitting the data with Z = kϕ is not unreasonable. How-
ever, the k values shown in figure 3 amount to only 67%
(α = 14.1) to 77% (α = 28.2) of the values expected ac-
cording to the RCM model. Similar discrepancies have
also been reported in [1].

The most generic hypothesis explaining this discrep-
ancy is that the assumptions of the RCM (constant num-
ber density ρ, approximation of equation 3) are not yet
fullfilled for the α values studied here. Reference [1] re-
ports indeed a 98 % agreement with the RCM prediction
for cylinders with α = 50. A second possible explana-
tion is the fact that in the RCM contacts are defined as
overlap between cylinders, not touching. This introduces
a steric hindrance between particles which in turn modifies
the contact number distribution [21].

3.1 A local test of the RCM

Equation 4 is based on a mean-field argument, it should
therefore also work on a local level. To test this, we com-
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Figure 4. For each aspect ratio, there is a saturation in the num-
ber of contacts a cylinder makes as a function of the local volume
fraction ϕl of the cylinders. (top) shows the distribution of ϕl,
computed using the Voronoi volumes of the cylinders. (bottom)
displays the average contact number of all cylinders belonging to
a given bin in ϕl.

pute for each of the cylinders a local volume fraction ϕl

as the ratio of the cylinder volume divided by its Voronoi
volume. By binning the cylinders in ϕl and computing the
average contact number Zl of these bins, we can test if Zl

is proportional to ϕl as implied by the RCM. As shown in
figure 4 this is not the case, there are clear plateaus in Zl

for the particles with the largest ϕl.
These plateaus are responsible for measured Z values

being smaller than the one predicted by the RCM. The
change of the plateau length with α is also compatible with
the assumptions that cylinders with even larger α values
will be described better by the RCM. Both the width and
height of these plateaus is not explained by present theo-
ries; so more work is required.
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