
06001

A depth-averaged grain-fluid model with dilatancy and an upper-solid layer
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Abstract. To effectively assess the growing hazard related to debris flows, it is crucial to simulate these natural
grain-fluid flows at a reasonable computational cost. To complement existing depth-averaged grain-fluid flow
models with an upper-fluid layer, we propose here a model with an upper-solid layer, as a first step towards the
development of unified models describing all possible configurations. This model accounts for granular mass
dilatancy and pore fluid pressure feedback and solves for solid and fluid velocity in the mixture and for the
upper-solid velocity. Simulation in uniform configurations reveals the rich behaviour of the flow and shows that
the upper-solid and upper-fluid models may predict very different behaviour. Our work highlights the need of
developing two-layer models accounting for dilatancy and unifying upper-solid and upper-fluid configurations
in the same framework.

1 Introduction

The risks associated with landslides and debris flows have
considerably increased with climate change and popula-
tion growth. Landslide and debris flow models are used
for hazard assessment to simulate possible scenarios and
predict the impact of these grain-fluid flows in terms of
runout distance, maximal flow heights, impact pressure or
velocities. To prevent high computational cost, most land-
slide models are based on the depth-averaged shallow ap-
proximation that assumes that the landslide flow thickness
is small compared to its downslope extension [1–3].

Landslide and debris flow simulations with these mod-
els are however highly uncertain because of the absence
of realistic description of the grain-fluid interactions, in
particular dilatancy, which play a key role on the dy-
namics and deposit properties of these events. The dila-
tion/contraction of the solid phase that decrease/increase
the pore fluid pressure with strong feedback on the fric-
tion experienced by the granular phase has been shown to
dramatically change the dynamics of the grain-fluid mix-
ture, possibly leading to its complete liquefaction [3–6].

[4] revisited by [7] proposed a two-phase model with
an upper-fluid layer capable of collecting or providing wa-
ter during contraction or dilation of the mixture. However,
this model does not describe the situation where the up-
per layer is only made of grains. Such a configuration has
been studied in [8], where a depth-averaged model is pro-
posed, dealing with transitions from pure fluid/solid con-
figurations to under-saturated or over-saturated mixtures.
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However, this model does not account for dilatancy or
mass exchange. [9] developed a model, accounting for
dilatancy, that deals with all the possible configurations
(fluid, solid and a mixture with either an upper-fluid or
upper-solid layer) by switching between the resolution of
the corresponding systems of equations. However, the un-
knowns change from one system of equations to the other.
We thus lack a more unified framework to describe all con-
figurations in debris flows.

Our objectives here are to (i) present the upper-solid
version (Figure 1) of the upper-fluid model derived in
[4], as a first step towards the development of a unified
model for debris flows, and (ii) show simple simulations
in uniform setting to get insight into the model behaviour.
In section 2 we propose a layer-averaged model with an
upper-solid layer including the µ(J) rheology and dila-
tancy laws derived from critical state mechanics. Then, in
section 3, we present first numerical simulations of uni-
form flows with this model.

Figure 1. Flow configuration and notation of the mixture model
with an upper-solid layer.
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2 Depth-averaged grain-fluid model with
an upper-solid layer

We present the depth-averaged model describing an upper-
solid layer on top of a mixture made of solid and fluid
phases (Figure 1). Our model complements the depth-
averaged upper-fluid model proposed in [4] and revisited
in [7]. We prescribe rheological and dilatancy laws [4, 10].
To do that we follow [7] by using the µ(J) rheology and
the dilatancy laws proposed by [11] and by [12, 13], re-
spectively. These laws are given below.

The notations are the following. In the mixture do-
main, flow thickness is denoted by hm, the fluid variables
are written with a subscript () fm , and solid variables are
written with a subscript ()sm . The upper-solid domain has
thickness hs, and the subscript ()s is used for the variables.
The constant densities of the fluid and solid phases are de-
noted by ω f and ωs, respectively.

We use the shallow approximation and depth-average
the 3D Jackson’s equations within both the grain-fluid
and the upper solid layers [14]. The interface that sep-
arates these two layers corresponds to the fluid surface.
The resulting shallow depth-averaged model accounts for
8 unknowns, five scalars, namely the mixture and upper
solid thicknesses hm, hs, the mixture and upper solid depth-
averaged solid volume fraction ε, εs, the solid volume flux
that is transferred between the mixture and the upper layer
Vs, and the 3 depth-averaged vectorial velocities for the
solid and fluid phases in the mixture v,u, and for the solid
phase in the upper layer vs. The proposed system states as
follows, for the mass conservation

ϑt(ω f (1 ↑ ε)hm) + ↓ · (ω f (1 ↑ ε)hmu) = 0 (1a)
ϑt(ωsεhm) + ↓ · (ωsεhmv) = ↑ωsVs (1b)
ϑt(ωsεshs) + ↓ · (ωsεshsvs) = ωsVs, (1c)

for the evolution of the solid volume fractions

ϑtε + v · ↓ε = ↑εΦ (2a)
ϑtεs + vs · ↓εs = ↑εsΦs, (2b)

and for the momentum conservation

ϑt(ω f (1 ↑ ε)hmu) + ↓ · (ω f (1 ↑ ε)hmu ↔ u) = S fm
u (3a)

ϑt(ωsεhmv) + ↓ · (ωsεhmv ↔ v) = S sm
v (3b)

ϑt(ωsεshsvs) + ↓ · (ωsεshsvs ↔ vs) = S s
vs
. (3c)

The source terms in the momentum equations are given
respectively by

S fm
u = ↑ω f g cos ϖ(1 ↑ ε)hm↓(b + hm) ↑ (1 ↑ ε)hm↓pe

fm

↑ϱhm(u ↑ v) ↑ ks(u ↑ vs) ↑
5
2
ςe(1 ↑ ε)

hm
u

↑(1 ↑ ε)hmω f g sin ϖex,

S sm
v = ↑(ωs ↑ ω f )g cos ϖ

h2
m

2
↓ε

↑ωsg cos ϖhm(ε↓(b + hm) + ↓(εshs))
+(1 ↑ ε)hm↓pe

fm
↑
(
φsvs + (1 ↑ φs)v

)
ωsVs

+ϱhm(u ↑ v) + µs sgn(vs ↑ v)(ωsg cos ϖεshs)
↑µ sgn(v)

(
g cos ϖ((ωs ↑ ω f )εhm + ωsεshs)

↑(pe
fm )|b
)
↑ εhmωsg sin ϖex,

S s
vs
= ↑ωsg cos ϖhs

(
εs↓(b + hm + hs) +

hs

2
↓εs

)

+
(
φsvs + (1 ↑ φs)v

)
ωsVs + ks(u ↑ vs)

↑µs sgn(vs ↑ v)
(
ωsg cos ϖεshs

)

↑ωsg sin ϖεshsex,

with a drag coefficient ks between the grains in the upper
layer and the fluid in the mixture, and ςe = ς f (1 + 5

2ε)
the effective viscosity with ς f the dynamic viscosity of the
fluid. The drag coefficient ϱ is defined as in [15]

ϱ = (1 ↑ ε)2 ς f

k
with k =

(1 ↑ ε)3d2

150ε2 , (4)

where d is the grain diameter and k the hydraulic perme-
ability of the granular aggregate. The quantities related to
the excess pore pressure appearing in the model are de-
fined by

↓pe
fm
=

1
hm

(
↓(hm pe

fm
) + (pe

fm )|b↓b
)
, (5)

with the basal excess pore pressure

(pe
fm )|b = ↑

ϱ

(1 ↑ ε)2

h2
m

2
Φ, pe

fm
= ↑ ϱ

(1 ↑ ε)2

h2
m

3
Φ, (6)

with Φ defined by the dilatancy laws

Φ = ↼̇ tan↽, tan↽ = K(ε ↑ εeq) in the mixture,
Φs = ↼̇s tan↽s, tan↽s = K(εs ↑ εeq

s ) in the upper-layer,
(7)

where ↽, ↽s are the dilatation angles and K is an empirical
constant.

The rheological law for the solid in the mixture that
defines the critical-state friction coefficient µeq and the
critical-state solid volume fraction εeq as a function of the
inertial number I and the viscous numbers J reads

µ =
(
µeq + K(ε ↑ εeq)

)
+ ,

with µeq = µc +
∆µ

1 + I0/J1/2
µ

and Jµ = ⇀µI2 + J,

εeq =
εc

1 + bεJ1/2
ε

, with Jε = ⇀εI2 + J,

where I =
d ↼̇

√
psm|b/ωs

, J =
ς f ↼̇

psm|b
, with ↼̇ =

5
2
|v|
hm

and psm |b = g cos ϖ(ωsεshs + (ωs ↑ ω f )εhm) ↑ (pe
fm

)|b.

Here µc = tan ⇁ is the static value of the critical state fric-
tion coefficient, with ⇁ the granular friction angle, and εc

is the static value of the critical state solid volume fraction.
Finally ∆µ, I0, bε, ⇀ε and ⇀µ are constant parameters [11].
For the solid upper-layer the rheology reads

µs =
(
µ

eq
s + K(εs ↑ εeq

s )
)
+
,

with µ
eq
s (Is) = µc +

∆µ

1 + I0/Is
, ε

eq
s (Is) =

εc

1 + bεIs
,

where Is =
d ↼̇s√
ps |i/ωs

, ↼̇s =
5
2
|vs|
hs
,

and ps |i = εsωsg cos ϖhs.
(8)
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Figure 2. Simulations in the loose (first line) and dense (second line) cases. Left: solid and fluid velocities u and v in the mixture and
upper-solid velocity vs; middle: solid volume fractions in the mixture ε and in the upper-solid layer εs and the corresponding values at
the critical state εeq and εeq

s ; right: friction coefficients µ, µs and the their values at the critical state µeq and µeq
s . The mixture variables

are in black and the upper-solid variables in red.
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Figure 3. Solid pressure psm |b and hydrostatic pressure psm ,hydro

at the bed (insert excess pore fluid pressure pe
f m) (a) in the loose

and (b) dense cases.

The transference term through the interface between the
two layers, deduced from equations (1)-(2), reads

1 ↑ ε
ε
Vs = hmΦ + ↓ · (hm(1 ↑ ε)(u ↑ v)). (9)

The distribution coefficient is

φs =
1
2
↑1

2
sgn(Vs)⇁s; ⇁s =

{
0 centered approximation,
1 upwind approximation.

(10)

3 Numerical Results

We perform here simple tests in uniform setting to get
insight into the rich dynamics of these grain-fluid flows.
Following [7], the material properties are set to ω f =

1000 kg/m3, ωs = 2700 kg/m3, ς f = 10↑3 Pa s, and the rhe-
ological parameters to ⇀ε = 0.1, ⇀µ = 0.0088, bε = 0.99,
I0 = 0.279, µc = tan 29↗, εc = 0.56, aµ = 5.645,
∆µ = µcaµI0, K = 4.09 and ks = 0.

We release granular materials initially at rest (v0 =
u0 = v0s = 0 m/s) in two cases: an initially loose and an
initially dense uniform granular layer. The initial thick-
ness of the mixture h0

m, the initial thickness of the upper-
solid layer defined as a fraction Ch of the mixture thickness

h0
s = Chh0

m, and the initial solid volume fractions are
{

h0
m = 0.7169 m, ε0 = 0.48, Ch = 0.5, loose case,

h0
m = 0.65 m, ε0 = 0.59, Ch = 0.15, dense case.

The slope angle of the bottom and grain diameter are set to
ϖ = 13↗ and d = 10↑3 m for the loose case and to ϖ = 45↗

and d = 3.10↑3 m for the dense case. We consider the
same mass for the mixture in the loose and dense cases
so that (ω0h0

m)loose = (ω0h0
m)dense. We observe the typical

behaviours of intially loose and initially dense layers [7].
Note that the parameters for the loose case are the same
than in the simulations shown in Figure 11 of [7], obtained
with the upper-fluid model.

In the loose case (see Figures 2a-c and 3a), the mate-
rial initially compresses in both the mixture and the upper-
solid layers. In the mixture layer, this compression induces
an increase of the excess pore fluid pressure that drasti-
cally reduces the solid pressure down to almost zero (Fig-
ure 3a). On top of that the friction coefficient decreases
due to the large negative values of the tangent of the di-
lation angle ↽. These combined effects make the friction
force almost disappear and the solid velocity in the mix-
ture thus rapidly increases. As these processes are obvi-
ously not present in the dry upper-solid layer and because
the slope is much smaller than the friction angle, the upper
layer would have stay at rest if it would not have been en-
trained by the mixture layer. Indeed the friction between
these two layers make the upper layer move even at such
small slope angle. The behaviour of ε and εs are observed
to be quite different. The solid volume fractions in the
two layers first increases due to compression and εs very
rapidly reaches the critical volume fraction εeq

s while it
takes about 2 s for ε to reach εeq. At that time, when com-
pression disappears, the pressure goes back to hydrostatic
and the friction force makes the flow slow down (Figure
2a). Interestingly, up to 2 s the behaviour obtained with

2
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2 Depth-averaged grain-fluid model with
an upper-solid layer

We present the depth-averaged model describing an upper-
solid layer on top of a mixture made of solid and fluid
phases (Figure 1). Our model complements the depth-
averaged upper-fluid model proposed in [4] and revisited
in [7]. We prescribe rheological and dilatancy laws [4, 10].
To do that we follow [7] by using the µ(J) rheology and
the dilatancy laws proposed by [11] and by [12, 13], re-
spectively. These laws are given below.

The notations are the following. In the mixture do-
main, flow thickness is denoted by hm, the fluid variables
are written with a subscript () fm , and solid variables are
written with a subscript ()sm . The upper-solid domain has
thickness hs, and the subscript ()s is used for the variables.
The constant densities of the fluid and solid phases are de-
noted by ω f and ωs, respectively.

We use the shallow approximation and depth-average
the 3D Jackson’s equations within both the grain-fluid
and the upper solid layers [14]. The interface that sep-
arates these two layers corresponds to the fluid surface.
The resulting shallow depth-averaged model accounts for
8 unknowns, five scalars, namely the mixture and upper
solid thicknesses hm, hs, the mixture and upper solid depth-
averaged solid volume fraction ε, εs, the solid volume flux
that is transferred between the mixture and the upper layer
Vs, and the 3 depth-averaged vectorial velocities for the
solid and fluid phases in the mixture v,u, and for the solid
phase in the upper layer vs. The proposed system states as
follows, for the mass conservation

ϑt(ω f (1 ↑ ε)hm) + ↓ · (ω f (1 ↑ ε)hmu) = 0 (1a)
ϑt(ωsεhm) + ↓ · (ωsεhmv) = ↑ωsVs (1b)
ϑt(ωsεshs) + ↓ · (ωsεshsvs) = ωsVs, (1c)

for the evolution of the solid volume fractions

ϑtε + v · ↓ε = ↑εΦ (2a)
ϑtεs + vs · ↓εs = ↑εsΦs, (2b)

and for the momentum conservation

ϑt(ω f (1 ↑ ε)hmu) + ↓ · (ω f (1 ↑ ε)hmu ↔ u) = S fm
u (3a)

ϑt(ωsεhmv) + ↓ · (ωsεhmv ↔ v) = S sm
v (3b)

ϑt(ωsεshsvs) + ↓ · (ωsεshsvs ↔ vs) = S s
vs
. (3c)

The source terms in the momentum equations are given
respectively by

S fm
u = ↑ω f g cos ϖ(1 ↑ ε)hm↓(b + hm) ↑ (1 ↑ ε)hm↓pe

fm

↑ϱhm(u ↑ v) ↑ ks(u ↑ vs) ↑
5
2
ςe(1 ↑ ε)

hm
u

↑(1 ↑ ε)hmω f g sin ϖex,

S sm
v = ↑(ωs ↑ ω f )g cos ϖ

h2
m

2
↓ε

↑ωsg cos ϖhm(ε↓(b + hm) + ↓(εshs))
+(1 ↑ ε)hm↓pe

fm
↑
(
φsvs + (1 ↑ φs)v

)
ωsVs

+ϱhm(u ↑ v) + µs sgn(vs ↑ v)(ωsg cos ϖεshs)
↑µ sgn(v)

(
g cos ϖ((ωs ↑ ω f )εhm + ωsεshs)

↑(pe
fm )|b
)
↑ εhmωsg sin ϖex,

S s
vs
= ↑ωsg cos ϖhs

(
εs↓(b + hm + hs) +

hs

2
↓εs

)

+
(
φsvs + (1 ↑ φs)v

)
ωsVs + ks(u ↑ vs)

↑µs sgn(vs ↑ v)
(
ωsg cos ϖεshs

)

↑ωsg sin ϖεshsex,

with a drag coefficient ks between the grains in the upper
layer and the fluid in the mixture, and ςe = ς f (1 + 5

2ε)
the effective viscosity with ς f the dynamic viscosity of the
fluid. The drag coefficient ϱ is defined as in [15]

ϱ = (1 ↑ ε)2 ς f

k
with k =

(1 ↑ ε)3d2

150ε2 , (4)

where d is the grain diameter and k the hydraulic perme-
ability of the granular aggregate. The quantities related to
the excess pore pressure appearing in the model are de-
fined by

↓pe
fm
=

1
hm

(
↓(hm pe

fm
) + (pe

fm )|b↓b
)
, (5)

with the basal excess pore pressure

(pe
fm )|b = ↑

ϱ

(1 ↑ ε)2

h2
m

2
Φ, pe

fm
= ↑ ϱ

(1 ↑ ε)2

h2
m

3
Φ, (6)

with Φ defined by the dilatancy laws

Φ = ↼̇ tan↽, tan↽ = K(ε ↑ εeq) in the mixture,
Φs = ↼̇s tan↽s, tan↽s = K(εs ↑ εeq

s ) in the upper-layer,
(7)

where ↽, ↽s are the dilatation angles and K is an empirical
constant.

The rheological law for the solid in the mixture that
defines the critical-state friction coefficient µeq and the
critical-state solid volume fraction εeq as a function of the
inertial number I and the viscous numbers J reads

µ =
(
µeq + K(ε ↑ εeq)

)
+ ,

with µeq = µc +
∆µ

1 + I0/J1/2
µ

and Jµ = ⇀µI2 + J,

εeq =
εc

1 + bεJ1/2
ε

, with Jε = ⇀εI2 + J,

where I =
d ↼̇

√
psm|b/ωs

, J =
ς f ↼̇

psm|b
, with ↼̇ =

5
2
|v|
hm

and psm |b = g cos ϖ(ωsεshs + (ωs ↑ ω f )εhm) ↑ (pe
fm

)|b.

Here µc = tan ⇁ is the static value of the critical state fric-
tion coefficient, with ⇁ the granular friction angle, and εc

is the static value of the critical state solid volume fraction.
Finally ∆µ, I0, bε, ⇀ε and ⇀µ are constant parameters [11].
For the solid upper-layer the rheology reads

µs =
(
µ

eq
s + K(εs ↑ εeq

s )
)
+
,

with µ
eq
s (Is) = µc +

∆µ

1 + I0/Is
, ε

eq
s (Is) =

εc

1 + bεIs
,

where Is =
d ↼̇s√
ps |i/ωs

, ↼̇s =
5
2
|vs|
hs
,

and ps |i = εsωsg cos ϖhs.
(8)
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Figure 2. Simulations in the loose (first line) and dense (second line) cases. Left: solid and fluid velocities u and v in the mixture and
upper-solid velocity vs; middle: solid volume fractions in the mixture ε and in the upper-solid layer εs and the corresponding values at
the critical state εeq and εeq

s ; right: friction coefficients µ, µs and the their values at the critical state µeq and µeq
s . The mixture variables

are in black and the upper-solid variables in red.
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Figure 3. Solid pressure psm |b and hydrostatic pressure psm ,hydro

at the bed (insert excess pore fluid pressure pe
f m) (a) in the loose

and (b) dense cases.

The transference term through the interface between the
two layers, deduced from equations (1)-(2), reads

1 ↑ ε
ε
Vs = hmΦ + ↓ · (hm(1 ↑ ε)(u ↑ v)). (9)

The distribution coefficient is

φs =
1
2
↑1

2
sgn(Vs)⇁s; ⇁s =

{
0 centered approximation,
1 upwind approximation.

(10)

3 Numerical Results

We perform here simple tests in uniform setting to get
insight into the rich dynamics of these grain-fluid flows.
Following [7], the material properties are set to ω f =

1000 kg/m3, ωs = 2700 kg/m3, ς f = 10↑3 Pa s, and the rhe-
ological parameters to ⇀ε = 0.1, ⇀µ = 0.0088, bε = 0.99,
I0 = 0.279, µc = tan 29↗, εc = 0.56, aµ = 5.645,
∆µ = µcaµI0, K = 4.09 and ks = 0.

We release granular materials initially at rest (v0 =
u0 = v0s = 0 m/s) in two cases: an initially loose and an
initially dense uniform granular layer. The initial thick-
ness of the mixture h0

m, the initial thickness of the upper-
solid layer defined as a fraction Ch of the mixture thickness

h0
s = Chh0

m, and the initial solid volume fractions are
{

h0
m = 0.7169 m, ε0 = 0.48, Ch = 0.5, loose case,

h0
m = 0.65 m, ε0 = 0.59, Ch = 0.15, dense case.

The slope angle of the bottom and grain diameter are set to
ϖ = 13↗ and d = 10↑3 m for the loose case and to ϖ = 45↗

and d = 3.10↑3 m for the dense case. We consider the
same mass for the mixture in the loose and dense cases
so that (ω0h0

m)loose = (ω0h0
m)dense. We observe the typical

behaviours of intially loose and initially dense layers [7].
Note that the parameters for the loose case are the same
than in the simulations shown in Figure 11 of [7], obtained
with the upper-fluid model.

In the loose case (see Figures 2a-c and 3a), the mate-
rial initially compresses in both the mixture and the upper-
solid layers. In the mixture layer, this compression induces
an increase of the excess pore fluid pressure that drasti-
cally reduces the solid pressure down to almost zero (Fig-
ure 3a). On top of that the friction coefficient decreases
due to the large negative values of the tangent of the di-
lation angle ↽. These combined effects make the friction
force almost disappear and the solid velocity in the mix-
ture thus rapidly increases. As these processes are obvi-
ously not present in the dry upper-solid layer and because
the slope is much smaller than the friction angle, the upper
layer would have stay at rest if it would not have been en-
trained by the mixture layer. Indeed the friction between
these two layers make the upper layer move even at such
small slope angle. The behaviour of ε and εs are observed
to be quite different. The solid volume fractions in the
two layers first increases due to compression and εs very
rapidly reaches the critical volume fraction εeq

s while it
takes about 2 s for ε to reach εeq. At that time, when com-
pression disappears, the pressure goes back to hydrostatic
and the friction force makes the flow slow down (Figure
2a). Interestingly, up to 2 s the behaviour obtained with
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the upper-solid model is close to the one simulated with
the upper-fluid model [7] even if the velocities are smaller.
Afterwards, the mass decelerates and stops at t ↘ 8.5 s
with the upper-solid model while it accelerates with the
upper-fluid model due to the entrainment of the upper-fluid
layer. Otherwise, the evolution of the pressures and of the
friction coefficient in the mixture is qualitatively similar
in both models. Note that due to the small grain diameter
d = 10↑3, the friction between the solid and fluid phases
in the mixture is high (equation (4)) and the mixture solid
and fluid velocities are almost the same since the very be-
ginning.

In the dense case, the material initially dilates in both
the mixture and the upper-solid layers (Figure 2e). In the
mixture layer, this dilation induces a negative pore fluid
pressure and thus an increase of the friction force due
to increasing solid pressure (Figure 3b). As a result, for
about 0.5 s which corresponds to the duration of large di-
lation, the velocity of the mixture is still very small despite
the high slope angle (ϖ = 45↗), while the velocity of the
solid upper-layer starts to grow. As the dilation decreases,
the solid velocity in the mixture starts to increase too. It
reaches the velocity of the upper-solid layer at about 0.8 s,
once the solid volume fraction in the mixture reaches the
critical volume fraction and thus once the dilation goes to
zero. After this time we see that εs decreases more than ε
due to the different behaviour of εeq

s and εeq. It is worth
pointing out that, despite the small grain diameter which
induces a high friction between the grains and the fluid in
the mixture, the fluid velocity u at the very beginning is
slightly higher than the solid velocity v.

4 Conclusion

The upper-solid model presented here complements the
upper-fluid model proposed by [4, 7]. We show that the
flow behaviour may be significantly different from the
upper-fluid model with the same parameters (layer thick-
nesses, slope, material and rheological parameters) as ob-
served in the loose case presented here, when compared
with the results of [7]. This suggests that mixture models
with a virtual layer as those of [3, 16] may be too rough
to simulate grain-fluid flows, at least when the upper-layer
thickness is large. This work support the need of devel-
oping unified models describing all possible configuration
from pure solid, pure fluid to mixtures with an upper fluid-
layer or an upper solid-layer.
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