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Pressure Waves During Granular Flows in Varying Gravity Environments
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Abstract. We present results of LAMMPS Molecular Dynamics simulations of 2D gravity-driven flows of
30,000 soft uniform spheres through a vertical silo. We vary the gravitational field (G), elastic modulus of
the particles (E), and silo outlet diameter (D). We present results on upwards pressure waves observed in the
system. We compare our results with previous work on granular acoustics. Despite the typical particle speed
being substantially less than the measured wave speed, we posit these are nonlinear shock waves, as observed
in other systems near jamming. We demonstrate that the wave speeds in all systems appear to follow a power
law that is distinct from linear wave expectations.

1 Introduction

The study of granular discharge flow from a silo is of great
importance to many industries. It is also a simple system
with inherent complexity, with non-uniform stresses and
particle movements within the same system that may be
quasistatic (“slow”) through inertial (“fast”). The mass
discharge rate in granular silos is usually adequately de-
scribed by the empirical Beverloo equation [1], which de-
pends on the ratio of outlet diameter (D) to particle diam-
eter (pd). The equation also includes gravity as a factor of↑

G. Previous experimental work has tried to investigate
this scaling [2] using a large centrifuge, but had limited
dynamic range. Understanding the role of gravity in basic
granular processes is important, especially with the advent
of increased planetary/asteroid surface exploration.

Pulsatile behaviors have been observed in industrial si-
los for years, and sometimes create unsettling shock waves
at frequencies humans can hear [3]. The mechanism of
this is stick-slip at the wall, and the actual discharge rate
with time may be affected. In contrast, we observe more
subtle pressure waves that do not significantly impact the
discharge rate itself, but are nonetheless present, suggest-
ing these waves are a universal feature of silo flow. We find
dependencies on elastic modulus and gravity, and compare
to other work on granular acoustics.

2 Simulations

Simulating granular flow allows us to easily vary condi-
tions that are difficult to experimentally alter, such as grav-
ity. We use the granular package of LAMMPS (Large-
scale Atomic/Molecular Massively Parallel Simulator) to
create our system [4]. This package uses the Hertz-
Mindlin model of particle interaction. Some parameters
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we keep constant for all simulations, such as the coeffi-
cient of restitution of 0.66, coefficient of static friction of
0.5, and a Poisson’s ratio of 2/7, similar to other work us-
ing this model [5].

We simulate a quasi-2D system of monodisperse
spheres in a flat-bottomed silo that is 63.1 particle diam-
eters (pd) wide x 700 pd tall x 1.1 pd deep. Quasi-2D
systems are frequently used in silo flow research and serve
as analogues to 3D systems [6–8]. The pd = 1 m, and the
density, ω, is 1 kg/m3. Our particles are therefore unphys-
ically large, but these values may be thought of as simula-
tion units. The simulation uses timesteps of 0.0001s, with
data writeout every 1000 timesteps (every 0.1 seconds).
We systematically vary three elements of the simulation:
gravity, elastic modulus, and outlet diameter. Gravity, G,
is varied between 0.1 and 20 times Earth’s gravity, g = 9.8
m/s2, the elastic modulus E is varied between 104-107 Pa,
and the outlet diameter is varied between 6pd and 20pd.
We define a dimensionless constant Γ in equation 1 to nav-
igate within this phase space and compare different simu-
lations.

Γ =
ωGpd

E
↓ G

E
(1)

Physically, Γ (or powers of it) can be interpreted as a
ratio between elastic and gravitational timescales, speeds,
forces, etc. In our simulations, since the particle diameter
pd and the density ω are both 1 in their respective units, Γ
is numerically equivalent to G/E. Throughout our simula-
tion phase space, many simulations have the same values
of Γ and we observe some similarities in behavior in these
systems’ mass flow rates and other characteristic measure-
ments, although that is not the focus of this paper. Figure
1 shows our phase space with dashed lines denoting simu-
lations that have the same values of Γ.

We use the LAMMPS create_atoms command to in-
sert particles into the silo. All of the particles are created
at once, located at random positions with random veloci-
ties within the silo, and allowed to settle for an extended
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Figure 1: Phase space of Γ as a function of gravity (G)
and elastic modulus (E). In our simulations, ω and pd are
constant, so the only varibles affecting Γ are G and E.

Figure 2: Pseudoimage of one simulation (G = 1 g,
D0 = 15 pd, E = 104 Pa) at a particular time. The col-
orscale is instantaneous vertical velocity. The dark blue
“bubbles" are the wavefronts. They travel upwards while
the constituent particles are moving down at high velocity.
The wavesfront also have a lower ε than other regions.

period of time such that the kinetic energy is minimized.
The random initial positions and velocity depend on a seed
specified in the code, which we did not vary. As a re-
sult, the initial packings for particular G/E combinations
are identical. After the packing has settled, we remove a
“plug" at the outlet instantaneously (in a single data time-
step) and allow the particles to flow with no further modi-
fications to the simulation. Typical values of bulk volume
fraction (ε) at 1g range from 0.528 (stiffest) to 0.703 (soft-
est), and coordination numbers range from 4.27 to 5.45,
for the same range. The corresponding particle deforma-
tion (ϑ/R) is around 10 percent (softest), and smaller for
stiffer systems. Also, while not the focus of this paper, we

Figure 3: Spacetime diagrams for two systems with the
same gravity, G = 1 g, and outlet, D0 = 9 pd, but different
values of particle stiffness, (a) E = 104Pa (b) E = 107 Pa.
The slope of the line is the wave velocity and the separa-
tion gives both frequency and wavelength, as shown in (a).

also observe lower volume fractions near the outlet, simi-
lar to previous work such as [8].

3 Pressure Waves

We see pressure waves develop in all systems, illustrated
in Figure 2. These waves travel upward in the silo, op-
posite the gravitational flow of the particles. Generally, a
softer system will have less frequent waves and a slower
wave speed than a stiffer system with the same value of
G. The softer systems also have more attenuation. We do
not see any dependence on outlet size. In some simula-
tions, the initial wave pulse was clear to the eye: when
a void formed near the outlet, particles along the sides
would rush into the empty space, catalyzing an upward
rarefaction wave. We have separately verified that these
pulses have a slightly lower particle density than the pack-
ing structure of the surrounding particles.

To analyze these pressure waves, we generate space-
time diagrams by averaging the instantaneous velocity of
all particles at a given height. This creates a vertical stack
of averages throughout the height of the silo per timestep,
and we plot the sequence of these slices against time on the
x-axis, shown in Figure 3. The pressure waves appear as
diagonal traces on the spacetime diagram. The softer parti-
cles in Figure 3a have less frequent waves and lower wave
speed, while the stiffer particle systems in Figure 3b have
frequent and fast waves. We also calculate the wave veloc-

Figure 4: The raw (a) wave speed and (b) frequency of
each system, and the normalized by Γ (c) wave speed and
(d) wave frequency, fitted with a -1 power law fit. We note
the velocity had multiple datapoints of the same value, so
they overlap. The dataset is the same size in all subfigures.

Figure 5: Wave speed versus gravity (a) raw data and (b)
scaled by the expected speed of sound for a continuous
medium, c0. The collapsed data has two potential power
law comparisons, of 1/5 (dashed) and 1/6 (dotted).

ity, c, the wavelength (not shown), ϖ, and frequency, f , in
each system as annotated in 3a. The wave speed is on the
order of 100 m/s, while the particles move on the order of
5 m/s individually (5 ↔ 10↗4 pd per timestep). In the bulk,
the inertial number is I < 10↗3 suggesting a quasistatic
treatment of the granular material is appropriate. Near the
outlet, the flow becomes dense (10↗3 < I < 10↗1).

Wave speed c and frequency f are plotted for all sys-
tems in Figure 4a-b. For longitudinal wave transmission
through a continuous medium, the wave speed is c0 =√

E/ω, giving a value for our softest systems of 100 m/s
and the stiffest systems 3100 m/s. Our wave speeds are

consistently lower than the continuous medium estimate,
which is to be expected. Furthermore, with the relation-
ship of E and Γ in Equation 1, a zeroth-order approach
would suggest a wave speed dependence of Γ↗1/2, but the
unscaled data in Figure 4a-b shows a Γ↗1 dependence. We
also rescale the data by Γ in Figure 4c-d, and the data col-
lapses with an additional power law dependence of Γ↗1,
suggesting the physics is universal.

Of course, granular materials are not continuous me-
dia. The elastic modulus is roughly predicted by effec-
tive medium theory, but there are discrepancies observed.
For Hertzian contacts, the prediction for linear waves is
that c ↓ P1/6 [9, 10], where P is the confining pressure.
Discrepancies observed are perhaps due to nonaffine mo-
tions, linear force networks, or other heterogeneities (e.g.
stresses, packings) [11].

In [9], the average pressure was taken to be the pres-
sure near the bottom of the cell. This pressure will exhibit
a Janssen saturation (will not depend on fill height, unlike
a fluid system), but should still scale with G. We have a
similar geometry here and thus directly vary the confin-
ing pressure in our simulations by varying G. For linear
wave propagation we thus expect a scaling of wave speed
c ↘ G1/6. However, we are also varying the “disturbance”
pressure in the same manner, as the wave pulse appears to
be a consequence of particle free-fall into the exit region.
Future work will look into the mechanics of this formation
in more detail, for now we focus on its effects.

Judging by the relative speed of the waves and the
speeds within these materials, this does not appear to be
a shock-like phenomenon at first glance, as our particle
speed is much less than c. However, materials near the
jamming point may experience these nonlinearities regard-
less, as seen in work such as [12–14]. The basic argument
is that, near jamming (ε j), the rigidity (and pressure) van-
ishes as powers of ε ↗ ε j, so that the effective speed of
sound is actually very low. Thus any disturbance can pro-
duce a supersonic shock in the material [12]. Near the out-
let in all cases, the packing is inherently near ε j, due to the
random packing and marginal stability. Thus the “impact”
may act as a shock traveling upwards the system. We do
not know ε j in our systems, and moreover estimating ε↗ε j

would be more fraught due to experimental uncertainties.
Previous work has looked at shocks due to impacts,

such as [14, 15], and suggest alternate techniques. In par-
ticular, [15] derives an equation useful for our analysis:

c
c0
↓
(
vG
c0

)(ϱ↗1)/(ϱ+1)

(2)

In this equation, vG is the characteristic grain speed based
on free-fall, and ϱ depends on the (normal) force law be-
tween two particles in contact: F ↓ ϑϱ, where ϑ is the
compression. For Hertzian particles ϱ = 3/2. Thus, we
might expect our data to follow Eq. 2 with a power of
1/5. Our characteristic velocity should scale with G, as a
particle in free-fall.

The unscaled data is plotted in Fig. 5a as c vs G. We
observe a promising trend with G, aside from 2 conditions
at high gravity and low elastic modulus (dark blue). Scal-
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the inertial number is I < 10↗3 suggesting a quasistatic
treatment of the granular material is appropriate. Near the
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tems in Figure 4a-b. For longitudinal wave transmission
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that c ↓ P1/6 [9, 10], where P is the confining pressure.
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a Janssen saturation (will not depend on fill height, unlike
a fluid system), but should still scale with G. We have a
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Future work will look into the mechanics of this formation
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ing the data is shown in Fig. 5b. The data collapses well,
indicating that Eq. 2 is promising. We overlay two power
laws, corresponding to 1/6 (linear) scaling and 1/5 (shock)
scaling. We do not formally claim one is better, as fitting
such power laws is tricky, although 1/5 appears by eye to
be more promising with our data. If we eliminate the two
conditions that seem to deviate, the steeper 1/5 law be-
comes more compelling.

However, this doesn’t quite address whether the con-
fining pressure or the “shock” pressure is really at play,
as both will scale proportionally with G. It is worth men-
tioning that [14] was able to independently tune both pres-
sures in impact experiments. Confining pressure only had
a weak effect, if at all. Impact pressure had no effect on
wave speed at “low” pressure, but for high impact pressure
had power law scaling c ↘ Pimpact. They saw 1/6 scaling,
but others have found 1/5 or even 1/4 scaling with similar
stimuli [11–13, 15].

Thus, we conclude that we observe shock waves in our
system, precipitated by void formation and resultant filling
(our disturbance), as mass flows out of the outlet region.
What sets the size and frequency of the wave pulses is to
be further investigated, as well as the attenuation. While
these appear to be more collective than transmission along
force chains as in [9, 15], we have not looked into the local
forces in more detail, as LAMMPS only outputs net forces
on particles. A workaround with the current data would be
to look into nonaffine motions more specifically.

In all simulations, the value of Γ was quite low, in-
dicating that the (particle material) elastic speed is high
compared to the gravitational speeds. Our largest values
of Γ correspond to the squishiest systems, and those seem
to deviate from other results, suggesting some critical Γ
for which these gravitational/elastic truly compete.

This raises two more open questions of note for highly
squishy systems. In [15], a deviation from 1/5 scaling was
also seen at high particle speed (G in our case) and softer
particles. However, they saw an upward deviation while
we see a downward deviation. They hypothesize the de-
viation is due to more contacts being loaded as particles
deform more extremely. We agree this makes sense, but
nonetheless see a different deviation. This could be due to
differences in force law (their particles were not Hertzian)
or the viscoelastic properties of their particles. Lastly, [14]
claim that for “more elastic particles, or for microgravity,"
shock waves may be observed as dissipation-free. We gen-
erally have soft particles and many trials with low gravity.
We always saw attenuation in our trials (we did have fric-
tion and collisional losses), but this presents an obvious
avenue for future simulation work.
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