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Liquefaction of crushable granular media: a multiscale numerical analysis
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Abstract. Understanding liquefaction—the loss of shear resistance in granular materials under constant-
volume shearing—is crucial for preventing landslides and geotechnical failures. This phenomenon typically
occurs in water-saturated media during rapid undrained loading, such as seismic shocks. Liquefaction potential
decreases with higher solid fraction and particle size polydispersity, but evolves if particle fragmentation oc-
curs. We investigate the mechanics and microstructure of crushable, liquefiable granular materials through 2D
undrained shear simulations. Results show that higher solid fractions and stronger particles delay liquefaction.
Mechanical instabilities manifest as sharp drops in mean and deviatoric stresses, leading to resistance loss and
fluid-like behavior. The redundancy number strongly correlates with shear resistance and contact network sta-
bility. At high solid fractions, grading upon fragmentation asymptotically approaches an ultimate state while
maintaining stability. In contrast, looser samples exhibit earlier liquefaction, with fragmentation depending on
particle strength. These findings highlight the critical role of particle strength in either mitigating or intensifying
liquefaction.

1 Introduction

Understanding the mechanisms that trigger landslides is
essential to improve prediction methods and mitigate their
catastrophic impacts. Landslides can result from various
mechanisms, such as liquefaction [1]. Liquefaction is de-
fined as the loss of shear resistance in granular materi-
als under undrained shearing, and is typically associated
with loose granular soils. However, relatively dense sam-
ples could also liquefy if particle fragmentation occurs
[2, 3], a phenomenon known as Sliding Surface Lique-
faction (SSL) [4]. Some studies have proposed constitu-
tive models to predict SSL-triggered failures [5, 6]. How-
ever, most of these models assume a continuous material
response and do not explicitly capture particle-scale mech-
anisms.

To address particle-scale mechanisms, researchers
have used the discrete element method (DEM) to study
undrained shearing of crushable particles [7, 8], often us-
ing the particle replacement method [9] to simulate frag-
mentation. However, these studies focus mainly on triax-
ial shearing at relatively low strains and do not reach the
liquefaction limit. Consequently, the micromechanics of
SSL, including the role of particle strength and mean pres-
sure, remain poorly understood. Furthermore, how frag-
mentation progresses towards an ultimate particle size dis-
tribution, as empirically observed [10, 11], and whether
this sets a limit for liquefaction remains an open question.

This study presents a multiscale numerical analysis of
SSL using the DEM and the bonded cell method. We con-
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ducted virtual undrained shear tests on granular assem-
blies to investigate how microstructural evolution influ-
ences macroscopic liquefaction behavior. Specifically, we
analyze the relationship between particle crushing, shear
resistance, and the evolution of the particle size distribu-
tion toward the ultimate state.

2 Numerical Procedure

We performed 2D constant-volume shear numerical tests
on granular configurations of crushable particles with
varying particle strengths and granular densities. By im-
posing constant volume through periodic boundary condi-
tions during the shear test, we emulate the undrained state
of saturated soils under rapid loading, bypassing the need
to simulate pore pressure and allowing us to compute ef-
fective stresses directly. The simulations were conducted
using the DEM via the Contact Dynamics (CD) approach
[12], implemented in the open-source software LMGC90
[13].

Each crushable particle was represented as a cell-based
disk, generated by a centroidal Voronoi tessellation [14]
using the software NEPER [15], with a fixed density of
ρcell =

88
πd2

max
[cells per unit area], where dmax = 1.0m is the

diameter of the largest particle. To avoid ordering effects,
the particle size polydispersity was set to dmin/dmax = 0.7,
where dmin is the diameter of the smallest particle. The
cells within each particle were bonded by normal cohesion
σc (ranging from 0.2 to 1.0 · 104 kPa), which represents
particle strength [12, 16]. Bonds between cells break when
local stress exceeds the normal cohesion and do not reform
once broken.

EPJ Web of Conferences 340, 07001 (2025)	 https://doi.org/10.1051/epjconf/202534007001
Powders & Grains 2025

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution  
License 4.0 (https://creativecommons.org/licenses/by/4.0/).



Each sample contained 2 ·103 particles (around 20 ·103

cells). The particles were deposited layer by layer [17] in a
square box of width and height 36dmax. Uniaxial compres-
sion was applied in the vertical direction at a constant pres-
sure P0 = 10 kPa with different friction coefficients, pro-
ducing three different void ratios: e ∈ [0.212, 0.225, 0.235]
(dense, medium-loose and loose, respectively), where e
is defined as the ratio of the void area to the solid area.
Periodic boundary conditions were imposed on the lateral
borders so that particles reaching one side reappeared on
the opposite side. Gravity was set to zero. Following the
compaction, the friction coefficient was fixed at µ = 0.4
for all cases. A quasistatic shear test was then conducted
by horizontally displacing the upper and lower walls at a
constant velocity vx = 5 · 10−3 s−1dmax while restricting
their vertical displacements. To prevent strain localiza-
tion at the boundaries, uncrushable particles were bonded
to the upper and lower walls, introducing artificial rough-
ness. Quasi-static conditions were ensured by maintaining
the inertial number I = γ̇d/

√
P0/ρ below 10−4, with the

shear rate γ̇ = vx/h = 1.4 · 10−4 s−1, d the mean particle
diameter, and ρ = 2.7 ·103 kg m−2 the particle density [18].
Further details on the numerical approach can be found in
[19].

3 Macromechanics
Constant volume shearing conditions in granular soils
limit macroscopic dilation and contraction, requiring in-
ternal structural reorganization. This leads to significant
microstructural changes and variations in effective stress,
which increase in dense media but potentially decrease
drastically in loose ones (liquefaction). In addition, shear-
ing stresses can induce particle fragmentation, further pro-
moting contraction and reducing effective stress. Figure 1
shows two strain stages and their corresponding levels of
fragmentation for a dense sample (e = 0.212).

γ=0.0 γ=1.0

0.2 0.4 0.6 0.8 1.0
d/dmax

Figure 1. Two strain stages (γ = 0.0 and 1.0, respectively) for
e = 0.212 and σc = 1.0 · 103P0. Colors, ranging from dark blue
to light blue, represent particle sizes scaled by dmax.

Figures 2(a) and (b) show the mean stress behav-
ior (p′) and the deviatoric (q) stress-strain behavior for
the three densities studied and different particle strengths.
Particle fragmentation causes substantial stress variations
across all samples. However, all exhibit initial harden-
ing (i.e., increasing q and p′) over a small strain range,
with peak values proportional to the density and the parti-
cle strength. This is followed by strain softening at large
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Figure 2. (a) p′/P0 and (b) q/P0 as a function of γ. The dashed
red line signals q = 0.

strain, except for the dense case with the strongest par-
ticles (σc = 1.0 · 103P0), which undergoes limited soft-
ening until γ = 0.6 and, then, significant hardening due
to a dilatant-like increase in effective stress. Defining liq-
uefaction as the complete loss of macromechanical shear
resistance (i.e., q = 0), none of the dense samples with
strain softening liquefied. In contrast, all loose samples
liquefied, regardless of particle strength, while only one
medium-loose sample did not. This sample exhibited a
peak q/P0 ≈ 20 and softened to q/P0 ≈ 10, similar to the
dense case at σc = 0.5 · 103P0.

The observed reduction in shear and stress resistance
with decreasing density is linked to the evolution of the
particle shape after fragmentation. Greater crushing in
denser samples produces more angular fragments (Figure
1), enhancing macromechanical resistance [20, 21].

4 Redundancy number

A way to measure the packing connectivity and clearly as-
sess the stability of the contact network is through the re-
dundancy number ir [22], making it an excellent indicator
for evaluating liquefaction. ir is the ratio between the num-
ber of constraints and the system’s degrees of freedom, de-
fined as:

ir =
Nc

(
2 − Ns

Nc

)

3N
(
1 − Nr

N

) , (1)

where Nc is the total number of contacts, Ns is the number
of sliding contacts, N is the number of particles, and Nr is
the number of rattlers (particles with zero or one contact).
Theoretically, a sample reaches stability when the number
of constraints equals the number of degrees of freedom in
the system; i.e., the isostatic state, ir = 1. In hyperstatic
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Figure 3. (a) ir as a function of γ. The horizontal dashed red
line indicates ir = 1. (b) q/P0 as a function of ir. The horizontal
and vertical dashed red lines signals q = 0 and ir = 1. The red
dashed-dotted line shows an exponential fit of the trend across all
cases.

states (ir > 1), the system is mechanically stable and ex-
hibits solid-like behavior, allowing the load during shear to
be redistributed more effectively through multiple contacts
and pathways. In contrast, in under-static states (ir < 1),
the number of constraints is insufficient to fully restrict
the degrees of freedom of the particles, making the system
mechanically unstable. A reduced number of constraints,
reflected in a reduced number of contacts, limits the pos-
sible load redistribution pathways during shear, creating
instabilities. These instabilities can eventually propagate
and culminate in liquefaction, leading to system collapse.
Figure 3(a) shows the variation of ir with γ. A decrease
in ir is observed as the particle strength decreases, with a
greater and faster decline occurring in lower-density sam-
ples. This corroborates the earlier sharp drop in mean and
deviatoric stresses, confirming that these states effectively
correspond to liquefaction.

To compare the structural stability with the macrome-
chanical resistance, Figure 3(b) presents the relationship
between ir and q. Interestingly, while all three densities
studied eventually reach states with ir < 1.0, not all of
these states lead to liquefaction. In other words, a re-
dundancy number below 1 does not necessarily indicate
zero shear resistance. Instead, liquefaction is observed for
ir < 0.9. Furthermore, a higher particle strength con-
tributes to a greater shear resistance and, consequently,
higher redundancy numbers. A master curve reveals an ex-
ponential relationship between resistance and redundancy,
q ∝ eβir , across all cases (red dashed-dotted line in Figure
3(b)). Our simulations give β = 22 ± 3, suggesting that,
regardless of e and σc, the decrease in q relative to the ir
follows a quasi-unique path.
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Figure 4. (a) particle size distributions as a function of γ for a
sample withσc = 0.5·103P0. (b) Evolution of α as a function of γ
for all studied samples. The red dashed line shows the numerical
distribution limit. The solid red line shows the power-law fit of
the UFS .

5 Grading evolution

The process of particle crushing significantly influences
the liquefaction potential by continuously altering the size
and shape of the crushed fragments. Figure 4(a) illus-
trates this transformation, showing the particle size dis-
tributions as a function of γ for a granular strength of
σc = 0.5 · 103P0. The particle size is defined by an ef-
fective diameter derived from the particle area, as their
shapes are no longer circular after fragmentation. Initially,
the particles have a uniform size distribution, ranging be-
tween dmax and dmin. As shearing progresses, the parti-
cle size distribution asymptotically evolves toward an Ul-
timate Fragmentation State (UFS ) that depends on e. This
transition occurs earlier than the numerical crushed limit
(red dashed lines in Figure 4(a)). Medium-loose and loose
samples show a slower progression toward the UFS , sug-
gesting that they experience less fragmentation under the
same strain levels. In simulations and experiments on the
compaction of crushable materials, the size distribution of
the UFS follows a power-law form with an exponent α
(N ∝ d−α), which is characteristic of fractal behavior [11].
In our case, under constant volume conditions, the UFS
exhibits the same power law behavior (see the solid red
line in Figure 4(a)). Figure 4(b) shows the asymptotic
evolution of α as a function of γ. Both the evolution of
α and its asymptotic value appear to be more sensitive to
the density of the system than to the strength of the parti-
cles, corroborating that α is a general geometric parameter.
A dense system has limited possibilities for reorganiza-
tion and is therefore more susceptible to grain fragmenta-
tion, with particle strength primarily determining the rate
at which the UFS is reached. In contrast, a loose system
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Each sample contained 2 ·103 particles (around 20 ·103

cells). The particles were deposited layer by layer [17] in a
square box of width and height 36dmax. Uniaxial compres-
sion was applied in the vertical direction at a constant pres-
sure P0 = 10 kPa with different friction coefficients, pro-
ducing three different void ratios: e ∈ [0.212, 0.225, 0.235]
(dense, medium-loose and loose, respectively), where e
is defined as the ratio of the void area to the solid area.
Periodic boundary conditions were imposed on the lateral
borders so that particles reaching one side reappeared on
the opposite side. Gravity was set to zero. Following the
compaction, the friction coefficient was fixed at µ = 0.4
for all cases. A quasistatic shear test was then conducted
by horizontally displacing the upper and lower walls at a
constant velocity vx = 5 · 10−3 s−1dmax while restricting
their vertical displacements. To prevent strain localiza-
tion at the boundaries, uncrushable particles were bonded
to the upper and lower walls, introducing artificial rough-
ness. Quasi-static conditions were ensured by maintaining
the inertial number I = γ̇d/

√
P0/ρ below 10−4, with the

shear rate γ̇ = vx/h = 1.4 · 10−4 s−1, d the mean particle
diameter, and ρ = 2.7 ·103 kg m−2 the particle density [18].
Further details on the numerical approach can be found in
[19].

3 Macromechanics
Constant volume shearing conditions in granular soils
limit macroscopic dilation and contraction, requiring in-
ternal structural reorganization. This leads to significant
microstructural changes and variations in effective stress,
which increase in dense media but potentially decrease
drastically in loose ones (liquefaction). In addition, shear-
ing stresses can induce particle fragmentation, further pro-
moting contraction and reducing effective stress. Figure 1
shows two strain stages and their corresponding levels of
fragmentation for a dense sample (e = 0.212).
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Figure 1. Two strain stages (γ = 0.0 and 1.0, respectively) for
e = 0.212 and σc = 1.0 · 103P0. Colors, ranging from dark blue
to light blue, represent particle sizes scaled by dmax.

Figures 2(a) and (b) show the mean stress behav-
ior (p′) and the deviatoric (q) stress-strain behavior for
the three densities studied and different particle strengths.
Particle fragmentation causes substantial stress variations
across all samples. However, all exhibit initial harden-
ing (i.e., increasing q and p′) over a small strain range,
with peak values proportional to the density and the parti-
cle strength. This is followed by strain softening at large
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Figure 2. (a) p′/P0 and (b) q/P0 as a function of γ. The dashed
red line signals q = 0.

strain, except for the dense case with the strongest par-
ticles (σc = 1.0 · 103P0), which undergoes limited soft-
ening until γ = 0.6 and, then, significant hardening due
to a dilatant-like increase in effective stress. Defining liq-
uefaction as the complete loss of macromechanical shear
resistance (i.e., q = 0), none of the dense samples with
strain softening liquefied. In contrast, all loose samples
liquefied, regardless of particle strength, while only one
medium-loose sample did not. This sample exhibited a
peak q/P0 ≈ 20 and softened to q/P0 ≈ 10, similar to the
dense case at σc = 0.5 · 103P0.

The observed reduction in shear and stress resistance
with decreasing density is linked to the evolution of the
particle shape after fragmentation. Greater crushing in
denser samples produces more angular fragments (Figure
1), enhancing macromechanical resistance [20, 21].

4 Redundancy number

A way to measure the packing connectivity and clearly as-
sess the stability of the contact network is through the re-
dundancy number ir [22], making it an excellent indicator
for evaluating liquefaction. ir is the ratio between the num-
ber of constraints and the system’s degrees of freedom, de-
fined as:

ir =
Nc

(
2 − Ns

Nc

)

3N
(
1 − Nr

N

) , (1)

where Nc is the total number of contacts, Ns is the number
of sliding contacts, N is the number of particles, and Nr is
the number of rattlers (particles with zero or one contact).
Theoretically, a sample reaches stability when the number
of constraints equals the number of degrees of freedom in
the system; i.e., the isostatic state, ir = 1. In hyperstatic
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Figure 3. (a) ir as a function of γ. The horizontal dashed red
line indicates ir = 1. (b) q/P0 as a function of ir. The horizontal
and vertical dashed red lines signals q = 0 and ir = 1. The red
dashed-dotted line shows an exponential fit of the trend across all
cases.

states (ir > 1), the system is mechanically stable and ex-
hibits solid-like behavior, allowing the load during shear to
be redistributed more effectively through multiple contacts
and pathways. In contrast, in under-static states (ir < 1),
the number of constraints is insufficient to fully restrict
the degrees of freedom of the particles, making the system
mechanically unstable. A reduced number of constraints,
reflected in a reduced number of contacts, limits the pos-
sible load redistribution pathways during shear, creating
instabilities. These instabilities can eventually propagate
and culminate in liquefaction, leading to system collapse.
Figure 3(a) shows the variation of ir with γ. A decrease
in ir is observed as the particle strength decreases, with a
greater and faster decline occurring in lower-density sam-
ples. This corroborates the earlier sharp drop in mean and
deviatoric stresses, confirming that these states effectively
correspond to liquefaction.

To compare the structural stability with the macrome-
chanical resistance, Figure 3(b) presents the relationship
between ir and q. Interestingly, while all three densities
studied eventually reach states with ir < 1.0, not all of
these states lead to liquefaction. In other words, a re-
dundancy number below 1 does not necessarily indicate
zero shear resistance. Instead, liquefaction is observed for
ir < 0.9. Furthermore, a higher particle strength con-
tributes to a greater shear resistance and, consequently,
higher redundancy numbers. A master curve reveals an ex-
ponential relationship between resistance and redundancy,
q ∝ eβir , across all cases (red dashed-dotted line in Figure
3(b)). Our simulations give β = 22 ± 3, suggesting that,
regardless of e and σc, the decrease in q relative to the ir
follows a quasi-unique path.
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Figure 4. (a) particle size distributions as a function of γ for a
sample withσc = 0.5·103P0. (b) Evolution of α as a function of γ
for all studied samples. The red dashed line shows the numerical
distribution limit. The solid red line shows the power-law fit of
the UFS .

5 Grading evolution

The process of particle crushing significantly influences
the liquefaction potential by continuously altering the size
and shape of the crushed fragments. Figure 4(a) illus-
trates this transformation, showing the particle size dis-
tributions as a function of γ for a granular strength of
σc = 0.5 · 103P0. The particle size is defined by an ef-
fective diameter derived from the particle area, as their
shapes are no longer circular after fragmentation. Initially,
the particles have a uniform size distribution, ranging be-
tween dmax and dmin. As shearing progresses, the parti-
cle size distribution asymptotically evolves toward an Ul-
timate Fragmentation State (UFS ) that depends on e. This
transition occurs earlier than the numerical crushed limit
(red dashed lines in Figure 4(a)). Medium-loose and loose
samples show a slower progression toward the UFS , sug-
gesting that they experience less fragmentation under the
same strain levels. In simulations and experiments on the
compaction of crushable materials, the size distribution of
the UFS follows a power-law form with an exponent α
(N ∝ d−α), which is characteristic of fractal behavior [11].
In our case, under constant volume conditions, the UFS
exhibits the same power law behavior (see the solid red
line in Figure 4(a)). Figure 4(b) shows the asymptotic
evolution of α as a function of γ. Both the evolution of
α and its asymptotic value appear to be more sensitive to
the density of the system than to the strength of the parti-
cles, corroborating that α is a general geometric parameter.
A dense system has limited possibilities for reorganiza-
tion and is therefore more susceptible to grain fragmenta-
tion, with particle strength primarily determining the rate
at which the UFS is reached. In contrast, a loose system
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has more room for reorganization, leading to lower values
of α.

6 Conclusions

We study Sliding Surface Liquefaction (SSL) using 2D
virtual tests with the Contact Dynamics (CD) method, ex-
amining dense, medium-loose, and loose assemblies. In
the densest sample with the strongest particles, we ob-
served dilative behavior, where effective stresses increased
at high strains. Lowering particle strength or density led
to strain softening. In all loose samples and medium-loose
samples with weaker particles, this resulted in liquefac-
tion, marked by a complete loss of shear resistance. Re-
gardless of particle strength, the grain size distribution al-
ways approaches an ultimate state at large shear strains
that depends on the granular density. Since dense samples
generally experience more particle crushing than loose
ones, the extent of fragmentation does not directly cor-
relate with the occurrence of liquefaction. Future stud-
ies could explore 3D systems, where particles may rear-
range differently and show more contraction after crushing
due to extra movement possibilities. Adding more realistic
shapes and breakage models could also help capture natu-
ral grain behavior. Still, our 2D results reflect key physical
processes that should also appear in 3D.
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