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Abstract. There exist various 3D strength criteria for sand that have been reported to accurately predict its 
strength response under homogeneous deformation conditions. However, the efficacy of these failure criteria 
in predicting strength under non-homogeneous deformation conditions, like in the presence of strain 
localization, has not been explored in detail. In the present study, a series of DEM based true triaxial 
simulations have been performed to investigate the influence of strain localization on the strength prediction 
by four commonly adopted 3D strength criteria for sand, i.e. Lade (1977), Ogawa (1974), Matsuoka-Nakai 
(1978) and Satake (1975) model. From the true triaxial simulations, it has been observed that strain 
localization in the form of a shear band develops within all the specimens when sheared under b > 0 
condition, where b is the intermediate principal stress ratio. Among the adopted strength criteria, the Lade 
criterion estimates comparable peak stresses with reference to the DEM results. However, due to the 
formation of persistent shear bands, all four models significantly overpredict the strength response at the 
critical state. Additionally, at the critical state, the stresses within the shear band region have been noticed 
to converge at a local b value between 0.2 – 0.4 and become independent of the applied global b value. 

1 Introduction 
Soil elements in various geotechnical structures are 
often subjected to loading conditions with unequal 
principal stresses in three directions i.e., 𝜎𝜎1 ≠ 𝜎𝜎2 ≠ 𝜎𝜎3, 
where 𝜎𝜎1, 𝜎𝜎2 and 𝜎𝜎3 are the major, intermediate and 
minor principal stress, respectively. Various 
experimental studies based on the true triaxial and 
hollow cylinder tests have also reported a strong 
dependence of the shear strength of soil on the 
intermediate principal stress [1,2]. These insights have 
led to the development of several 3D strength criteria 
that can account for such intermediate principal stress 
dependency [3–6]. These failure criteria have been 
reported to accurately predict the strength response of 
geomaterials under homogeneous deformation 
conditions. However, in the case of the occurrence of 
strain localization, i.e. non-homogeneous deformation 
within the specimen, the prediction of these failure 
criteria has not been explored in detail. Such strain 
localization in the form of shear bands often emerges in 
sand under real field conditions like slope failures, 
retaining walls and foundations etc. Hence, assessing 
the prediction of these 3D failure criteria in the presence 
of strain localization becomes imperative for the 
accurate modeling of such boundary value problems.  
 The strength estimation of four commonly adopted 
3D strength criteria has been assessed here based on the 
results obtained from the 3D Discrete Element Method 
(DEM) based simulations of true triaxial test [7]. 
Particular focus has been given to the stress states 
prevailing inside and outside the shear band region, and 
the strength prediction of the chosen strength criteria has 
been analyzed separately for these stress states. 
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2 True triaxial test simulation 
In the present study, 3D DEM simulations of true 
triaxial test have been carried out employing PFC 3D. 
The simulation results have been validated against the 
true-triaxial experimental data reported by Wang and 
Lade [1] on Santa Monica beach sand. Following the test 
configuration, a cuboidal specimen of 76 mm × 76 mm 
× 188 mm with rigid frictionless walls has been 
generated containing spherical particles of size 
distribution (PSD) as depicted in Fig 1. For reducing the 
computational time, the PSD has been up-scaled by 6 
times of the actual PSD used in the experiments, leading 
to the generation of approximately 0.63 million 
spherical particles for an initial porosity of 0.4 [8]. The 
relative density (RD = 90 %) of the simulated assembly 
has been matched with the experimental data. Further, a 
density scaling of 1000 has also been adopted in the 
DEM simulation to aid the computation time [9].  
 DEM simulations of drained true triaxial test have 
been conducted on the dense sand specimen with 
various intermediate principal stress ratios, 𝑏𝑏 = (𝜎𝜎2 −
𝜎𝜎3)/(𝜎𝜎1 − 𝜎𝜎3). During shearing, a constant confining 
pressure of 𝜎𝜎3 = 49 kPa has been maintained on one set 
of vertical walls, and the stresses on the other set of 
vertical walls have been adjusted by employing the 
servo mechanism to maintain a constant stress condition 
as per the desired b value. The top and bottom walls are 
moved at an axial strain rate of 𝜀𝜀1̇ = 0.01 /𝑠𝑠 while 
ensuring the quasistatic conditions. A linear rolling 
resistance contact model has been employed in the 
present study, which can indirectly account for the 
rotational resistance arising due to angular sand particles 
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[10]. The micromechanical parameters used for the 
DEM simulations are listed in Table 1, which has been 
obtained after an iterative calibration procedure to 
match the macro level experimental results of Wang and 
Lade [1]. 

 
Fig. 1. (a) Schematic representation of the triaxial test 
and (b) particle size distribution curve. 

Table 1. Calibrated micromechanical parameters. 

Parameters Values 
Particle density, 𝜌𝜌 2660 x 103 kg/m3 
Effective normal contact stiffness, E 600 MPa 
Normal to shear stiffness ratio, k 10 
Sliding friction coefficient, 𝜇𝜇𝑠𝑠  0.48 
Rolling resistance coefficient, 𝜇𝜇𝑟𝑟 0.9 

3 Strength prediction 
An assessment of the strength predictions by the four 
commonly adopted 3D failure criteria i.e., Lade (1977) 
[3], Ogawa (1974) [4], Matsuoka-Nakai (1978) [5] and 
Satake (1975) [6] has been carried out with reference to 
the simulated true triaxial test results. These failure 
criteria have been chosen in the present study as they 
consider the intermediate principal stress into the 
formulation. The expressions for the Lade, Ogawa, 
Matsuoka-Nakai and Satake models have been given in 
Equations 1, 2, 3 and 4, respectively.  
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Both the Lade and Ogawa models incorporate two 
parameters (𝜂𝜂𝐿𝐿  & 𝑚𝑚 for Lade and 𝜂𝜂𝑂𝑂  & 𝑛𝑛 for Ogawa); 
whereas, the Matsuoka-Nakai and Satake models use a 
single parameter (𝜂𝜂𝑀𝑀𝑀𝑀  for Matsuoka-Nakai and 𝜂𝜂𝑆𝑆  for 
Satake) to represent the failure envelope. Further, 𝑝𝑝𝑎𝑎  is 
the atmospheric pressure, which has been taken as 
101.325 kPa and 𝐼𝐼1, 𝐼𝐼2 and 𝐼𝐼3 are the invariants of the 
stress tensor. 

 The parameters for the adopted failure criteria have 
been summarized in Table 2, which have been obtained 
by fitting the corresponding equations against the 

obtained true triaxial stresses at peak and critical state. 
The peak state is marked when the granular assembly 
attains a maximum deviatoric stress; whereas, the 
critical state indicates a state of continuous deformation 
without any changes in the stresses state or volume of 
the granular assembly.  
 Further, the failure envelope predicted from the 3D 
strength criteria has been compared with the simulated 
true triaxial stress states in the deviatoric plane (𝜋𝜋 plane) 
and also in reference to the estimated 2D friction angle 
i.e., 𝜙𝜙 = sin−1[(𝜎𝜎1 − 𝜎𝜎3) (𝜎𝜎1 + 𝜎𝜎3)⁄ ], which are 
depicted in Figure 2 at the peak stress state. It can be 
observed that all the adopted 3D failure criteria predict 
the exact strength response of the specimen for the 
triaxial compression (b = 0) condition. The two 
parameter models, i.e. Ogawa and Lade, overpredict the 
peak stresses particularly in the mid-range of b values; 
whereas, the single parameter models, i.e., Matsuoka-
Nakai and Satake underpredict the peak stresses at 
higher b values. Both the single parameter models 
estimate almost similar peak stresses for all the b values, 
with a slight deviation for b values of 0.2 – 0.4. Further, 
it can be noted that the single parameter models predict 
almost similar stresses for the triaxial compression (b = 
0) and extension (b = 1) conditions. However, the two 
parameter models predict higher stresses for the 
extension condition as compared to the compression 
condition. Overall, the Lade model estimates almost 
similar peak strength response as obtained from the 
DEM simulations, particularly for the range, b ≤ 0.2 and 
b ≥ 0.8. However, a significant overestimation in the 
peak strength estimation has been observed by the Lade 
failure criterion for the mid-range values of b, i.e. 0.2 < 
b < 0.8.                         
 From the true triaxial simulations, it has been 
observed that strain localization in the form of a single 
shear band emerges extending from one corner of the 
specimen to its diagonally opposite corner when 
subjected to shearing with b > 0. On the contrary, a 
homogeneous deformation field without any distinct 
shear band is evident when sheared under the triaxial 
compression condition (b = 0). Furthermore, for the 
mid-range values of b, i.e. 0.2 < b < 0.8, such bands 
emerge in the hardening regime. As a result, the 
mobilized shear strength of the specimen might be lower 
than the strength that would have been achieved in the 
absence of any band formation, which is indicated by 
the overpredicted shear strength by the Lade’s criterion 
for these mid-range values of b.  

Table 2. Fitted parameters for the adopted failure criteria. 

Failure criteria Peak state Critical state 

Lade 𝜂𝜂𝐿𝐿 = 20.75 

𝑚𝑚 = 0.2 
𝜂𝜂𝐿𝐿 = 14.4 

𝑚𝑚 = 0.15 

Ogawa 𝜂𝜂𝑂𝑂 = 0.0697 

𝑛𝑛 = 2.565 

𝜂𝜂𝑂𝑂 = 0.07 

𝑛𝑛 = 2.825 

Matsuoka-Nakai 𝜂𝜂𝑀𝑀𝑀𝑀 = 6.44 𝜂𝜂𝑀𝑀𝑀𝑀 = 4.15 

Satake 𝜂𝜂𝑆𝑆 = 0.893 𝜂𝜂𝑆𝑆 = 0.685 

 
 A similar strength comparison at the critical state has 
been depicted in Fig. 3. Owing to the formation of the 
persistent (fully developed) shear band, the overall 
stresses at the critical state reduce significantly within 

(a) (b) 

the specimens when sheared under b > 0 conditions. 
Hence, all the adopted failure criteria overpredict the 
overall strength response of the specimen at the critical 
state for conditions b > 0, where the shear band forms 
within the specimen. Additionally, it can be noticed 
from Fig. 3(b) that the critical state friction angle is 
nearly constant between 32° to 34° for all these cases 
where the shear band develops, regardless of the b value.  

 
Fig. 2. Comparison of the peak strength estimation by the 
adopted strength criteria (a) in 𝜋𝜋 plane, and (b) in terms of 2D 
friction angle. 

 

Fig. 3. Comparison of the strength estimation by the adopted 
strength criteria at the critical state (a) in 𝝅𝝅 plane, and (b) in 
terms of 2D friction angle. 

4 Influence of strain localization 
In order to further understand the influence of strain 
localization on the strength estimation, the stresses from 
both inside and outside of the shear band region have 
been estimated along with the overall stress state of the 
specimen, and further compared against the already 
fitted 3D failure surfaces. The stresses inside and 
outside of the shear band region have been estimated 
based on the volume averaged stresses obtained from the 
measurement spheres (representative volume elements) 
of diameter equal to 12 times d50 of particles as depicted 
in Fig. 4(a). The evolution of stress ratio (q/p) inside and 
outside the shear band region during shearing under b = 
0.2 condition has been shown in Fig. 4(b). It can be 
observed that the stresses inside the shear band region 
are significantly lower as compared to the stresses 
outside the shear band region. This is due to the buckling 
of elongated strong force chains within the shear band 
region, which, reduces the stresses within the shear band 
[10,11].   

Further, the stresses inside and outside the shear 
band at both the peak and the critical state have been 
compared with the earlier fitted failure envelopes 
corresponding to the Lade and Matsuoka-Nakai model 
as depicted in Fig. 5. It can be observed that the stresses 
outside the shear band region are higher than the same 
noted inside the shear band at both the peak and critical 
state for shearing under b > 0 conditions. It is also 
interesting to note that after the full development of the 
shear band i.e., at the critical state, the stress state within 
the shear band becomes independent of the applied 
global stress conditions and converges to a b value 
between 0.2 – 0.4, which usually corresponds to the 
plane strain condition [12] [Fig. 5(b)].  

This difference in the stress state inside and outside 
the shear band indicates the importance of considering a 
two-scale continuum framework, where the region 
outside and inside the localized zone can be considered 
separately based on an internal length scale parameter 
that depends on the thickness of the shear band [13].  

 

 
Fig. 4. (a) Position of measurement sphere inside and outside 
the shear band region, (b) evolution of stress ratio (q/p) inside 
and outside shear band during shearing under b = 0.2 
condition. 
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[10]. The micromechanical parameters used for the 
DEM simulations are listed in Table 1, which has been 
obtained after an iterative calibration procedure to 
match the macro level experimental results of Wang and 
Lade [1]. 

 
Fig. 1. (a) Schematic representation of the triaxial test 
and (b) particle size distribution curve. 

Table 1. Calibrated micromechanical parameters. 

Parameters Values 
Particle density, 𝜌𝜌 2660 x 103 kg/m3 
Effective normal contact stiffness, E 600 MPa 
Normal to shear stiffness ratio, k 10 
Sliding friction coefficient, 𝜇𝜇𝑠𝑠  0.48 
Rolling resistance coefficient, 𝜇𝜇𝑟𝑟 0.9 

3 Strength prediction 
An assessment of the strength predictions by the four 
commonly adopted 3D failure criteria i.e., Lade (1977) 
[3], Ogawa (1974) [4], Matsuoka-Nakai (1978) [5] and 
Satake (1975) [6] has been carried out with reference to 
the simulated true triaxial test results. These failure 
criteria have been chosen in the present study as they 
consider the intermediate principal stress into the 
formulation. The expressions for the Lade, Ogawa, 
Matsuoka-Nakai and Satake models have been given in 
Equations 1, 2, 3 and 4, respectively.  

𝜂𝜂𝐿𝐿 = (𝐼𝐼1
3

𝐼𝐼3
− 27) ( 𝐼𝐼1𝑝𝑝𝑎𝑎)

𝑚𝑚
    (1) 

𝜂𝜂𝑂𝑂 = (𝐼𝐼2𝐼𝐼12) + 𝑛𝑛 (3𝐼𝐼3−𝐼𝐼2𝐼𝐼13𝐼𝐼13
)    (2) 

𝜂𝜂𝑀𝑀𝑀𝑀 = (𝜎𝜎1−𝜎𝜎3𝜎𝜎1𝜎𝜎3
)
2
+ (𝜎𝜎1−𝜎𝜎2𝜎𝜎1𝜎𝜎2

)
2
+ (𝜎𝜎2−𝜎𝜎3𝜎𝜎2𝜎𝜎3

)
2

           (3) 

𝜂𝜂𝑆𝑆 = (𝜎𝜎1−𝜎𝜎3𝜎𝜎1+𝜎𝜎3
)
2
+ (𝜎𝜎1−𝜎𝜎2𝜎𝜎1+𝜎𝜎2

)
2
+ (𝜎𝜎2−𝜎𝜎3𝜎𝜎2+𝜎𝜎3

)
2

         (4) 

Both the Lade and Ogawa models incorporate two 
parameters (𝜂𝜂𝐿𝐿  & 𝑚𝑚 for Lade and 𝜂𝜂𝑂𝑂  & 𝑛𝑛 for Ogawa); 
whereas, the Matsuoka-Nakai and Satake models use a 
single parameter (𝜂𝜂𝑀𝑀𝑀𝑀  for Matsuoka-Nakai and 𝜂𝜂𝑆𝑆  for 
Satake) to represent the failure envelope. Further, 𝑝𝑝𝑎𝑎  is 
the atmospheric pressure, which has been taken as 
101.325 kPa and 𝐼𝐼1, 𝐼𝐼2 and 𝐼𝐼3 are the invariants of the 
stress tensor. 
 The parameters for the adopted failure criteria have 
been summarized in Table 2, which have been obtained 
by fitting the corresponding equations against the 

obtained true triaxial stresses at peak and critical state. 
The peak state is marked when the granular assembly 
attains a maximum deviatoric stress; whereas, the 
critical state indicates a state of continuous deformation 
without any changes in the stresses state or volume of 
the granular assembly.  
 Further, the failure envelope predicted from the 3D 
strength criteria has been compared with the simulated 
true triaxial stress states in the deviatoric plane (𝜋𝜋 plane) 
and also in reference to the estimated 2D friction angle 
i.e., 𝜙𝜙 = sin−1[(𝜎𝜎1 − 𝜎𝜎3) (𝜎𝜎1 + 𝜎𝜎3)⁄ ], which are 
depicted in Figure 2 at the peak stress state. It can be 
observed that all the adopted 3D failure criteria predict 
the exact strength response of the specimen for the 
triaxial compression (b = 0) condition. The two 
parameter models, i.e. Ogawa and Lade, overpredict the 
peak stresses particularly in the mid-range of b values; 
whereas, the single parameter models, i.e., Matsuoka-
Nakai and Satake underpredict the peak stresses at 
higher b values. Both the single parameter models 
estimate almost similar peak stresses for all the b values, 
with a slight deviation for b values of 0.2 – 0.4. Further, 
it can be noted that the single parameter models predict 
almost similar stresses for the triaxial compression (b = 
0) and extension (b = 1) conditions. However, the two 
parameter models predict higher stresses for the 
extension condition as compared to the compression 
condition. Overall, the Lade model estimates almost 
similar peak strength response as obtained from the 
DEM simulations, particularly for the range, b ≤ 0.2 and 
b ≥ 0.8. However, a significant overestimation in the 
peak strength estimation has been observed by the Lade 
failure criterion for the mid-range values of b, i.e. 0.2 < 
b < 0.8.                         
 From the true triaxial simulations, it has been 
observed that strain localization in the form of a single 
shear band emerges extending from one corner of the 
specimen to its diagonally opposite corner when 
subjected to shearing with b > 0. On the contrary, a 
homogeneous deformation field without any distinct 
shear band is evident when sheared under the triaxial 
compression condition (b = 0). Furthermore, for the 
mid-range values of b, i.e. 0.2 < b < 0.8, such bands 
emerge in the hardening regime. As a result, the 
mobilized shear strength of the specimen might be lower 
than the strength that would have been achieved in the 
absence of any band formation, which is indicated by 
the overpredicted shear strength by the Lade’s criterion 
for these mid-range values of b.  

Table 2. Fitted parameters for the adopted failure criteria. 

Failure criteria Peak state Critical state 

Lade 𝜂𝜂𝐿𝐿 = 20.75 

𝑚𝑚 = 0.2 
𝜂𝜂𝐿𝐿 = 14.4 

𝑚𝑚 = 0.15 

Ogawa 𝜂𝜂𝑂𝑂 = 0.0697 

𝑛𝑛 = 2.565 

𝜂𝜂𝑂𝑂 = 0.07 

𝑛𝑛 = 2.825 

Matsuoka-Nakai 𝜂𝜂𝑀𝑀𝑀𝑀 = 6.44 𝜂𝜂𝑀𝑀𝑀𝑀 = 4.15 

Satake 𝜂𝜂𝑆𝑆 = 0.893 𝜂𝜂𝑆𝑆 = 0.685 

 
 A similar strength comparison at the critical state has 
been depicted in Fig. 3. Owing to the formation of the 
persistent (fully developed) shear band, the overall 
stresses at the critical state reduce significantly within 
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the specimens when sheared under b > 0 conditions. 
Hence, all the adopted failure criteria overpredict the 
overall strength response of the specimen at the critical 
state for conditions b > 0, where the shear band forms 
within the specimen. Additionally, it can be noticed 
from Fig. 3(b) that the critical state friction angle is 
nearly constant between 32° to 34° for all these cases 
where the shear band develops, regardless of the b value.  

 
Fig. 2. Comparison of the peak strength estimation by the 
adopted strength criteria (a) in 𝜋𝜋 plane, and (b) in terms of 2D 
friction angle. 

 

Fig. 3. Comparison of the strength estimation by the adopted 
strength criteria at the critical state (a) in 𝝅𝝅 plane, and (b) in 
terms of 2D friction angle. 

4 Influence of strain localization 
In order to further understand the influence of strain 
localization on the strength estimation, the stresses from 
both inside and outside of the shear band region have 
been estimated along with the overall stress state of the 
specimen, and further compared against the already 
fitted 3D failure surfaces. The stresses inside and 
outside of the shear band region have been estimated 
based on the volume averaged stresses obtained from the 
measurement spheres (representative volume elements) 
of diameter equal to 12 times d50 of particles as depicted 
in Fig. 4(a). The evolution of stress ratio (q/p) inside and 
outside the shear band region during shearing under b = 
0.2 condition has been shown in Fig. 4(b). It can be 
observed that the stresses inside the shear band region 
are significantly lower as compared to the stresses 
outside the shear band region. This is due to the buckling 
of elongated strong force chains within the shear band 
region, which, reduces the stresses within the shear band 
[10,11].   

Further, the stresses inside and outside the shear 
band at both the peak and the critical state have been 
compared with the earlier fitted failure envelopes 
corresponding to the Lade and Matsuoka-Nakai model 
as depicted in Fig. 5. It can be observed that the stresses 
outside the shear band region are higher than the same 
noted inside the shear band at both the peak and critical 
state for shearing under b > 0 conditions. It is also 
interesting to note that after the full development of the 
shear band i.e., at the critical state, the stress state within 
the shear band becomes independent of the applied 
global stress conditions and converges to a b value 
between 0.2 – 0.4, which usually corresponds to the 
plane strain condition [12] [Fig. 5(b)].  

This difference in the stress state inside and outside 
the shear band indicates the importance of considering a 
two-scale continuum framework, where the region 
outside and inside the localized zone can be considered 
separately based on an internal length scale parameter 
that depends on the thickness of the shear band [13].  

 

 
Fig. 4. (a) Position of measurement sphere inside and outside 
the shear band region, (b) evolution of stress ratio (q/p) inside 
and outside shear band during shearing under b = 0.2 
condition. 
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Fig. 5. Comparison of stresses inside and outside shear band 
region along with the global stress estimation in 𝝅𝝅 plane (a) at 
peak stress, and (b) at critical state. 

5 Conclusions 
In the present study, DEM based true triaxial 
simulations have been performed with varying b values. 
The strength estimation has been carried out employing 
four commonly adopted 3D strength criteria in reference 
to the simulated true triaxial test results. The adopted 
failure criteria have been assessed by comparing the 
failure envelopes predicted from these strength criteria 
against the simulated true triaxial stress state in the 𝜋𝜋 
plane and also in reference to the estimated 2D friction 
angle at both peak and critical state. Further, in order to 
assess the influence of strain localization on the strength 
estimation, along with the overall stress of the specimen, 
the stress states from both the inside and outside of the 
shear band region have been considered and further 
compared against the predictions from these 3D failure 
criteria. 
 It has been observed that compared to the other 
adopted 3D strength criteria, the Lade model estimates 
a very comparable peak strength response in reference 
to the DEM simulated data, particularly for b ≤ 0.2 and 
b ≥ 0.8. However, a significant overestimation in the 
peak strength estimation has been observed for the mid-
range values of b, i.e. 0.2 < b < 0.8. This overestimation 
in the peak strength is due to the formation of the shear 
band within the specimen at the hardening regime when 
subjected to shearing under these mid-range b values. 
However, at the critical state, due to the development of 
the persistent shear band, all the adopted failure criteria 
overpredict the overall strength of the specimen when 
the shearing is performed under b > 0 condition. 
Additionally, it has been noted that, at the critical state, 

the stress state within the shear band becomes 
independent of the applied global stress conditions and 
converges to a b value between 0.2 – 0.4, which usually 
corresponds to the plane strain conditions. 
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