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Abstract. Crystallization of water in confinement differs significantly from its behavior in bulk. Depending on
the size of the confinement, water can freeze at lower temperatures relative to the bulk freezing temperature.
Crystallization in confinement also applies a pressure on the surrounding pore structure, called the crystalliza-
tion pressure. This crystallization pressure is responsible for various phenomena ranging from damage caused
by freezing thaw cycles in cement, salt crystallization in porous structures, and frost heave. Numerical model-
ing of crystallization in porous structures involves coupled modeling of liquid transport, its crystallization, and
the interaction of the growing crystal with the surrounding pore structure. In this work, we build a model to
study crystallization of water in silty soil with the aim of studying frost heave. We couple a Phase Field Model
for ice crystallization with a Discrete Element Method to model the behavior of soil particles. Our results show
that we can qualitatively capture the phenomenon of frost heave in silty soils.

1 Introduction

Ice formation in porous structures is a topic of significant
interest due to its critical role in infrastructure applica-
tions, including soil mechanics [1] and cement durability
[2]. For instance, frost heave is a phenomenon that oc-
curs when water in the soil freezes, commonly observed
in cold regions during winter. It causes portions of the
soil to be pushed upward from the surface. Frost heave
results from a combination of factors and is not primar-
ily due to the expansion of water upon freezing, as the
density change is relatively small compared to the magni-
tude of heaving observed. Furthermore, Taber [3] demon-
strated that frost heave can also occur with benzene, which
freezes with a decrease in volume. Rather, as the ground
freezes, ice crystals form in some pores, creating a suction
force that draws water from smaller, still unfrozen pores
and even from the water table. This growing ice crystal
exerts pressure on the surrounding pores, deforming them
and eventually forming ice lenses much larger than the
original pore dimensions [4, 5]. This process, known as
ice segregation, is the primary driver of frost heave. Silty
soils are particularly susceptible due to their small particle
size, which leads to fine pores. Therefore, for frost heave
to occur, two key conditions must be met: the soil must
have small pores, and these pores must be connected to a
water source.

The temperature at which water freezes in pores de-
pends on the size of the pores [6]. According to Classi-
cal Nucleation Theory (CNT) for homogeneous crystal-
lization, the size of the critical nucleus required for crystal
growth depends on surface and bulk free energy. There
is an energy penalty for creating interfaces, therefore, the
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crystal has to be large enough such that the reduction in
bulk free energy can compensate for the increase in inter-
facial free energy. As a resut, in small pores, the crystal
cannot be formed because of the relatively high surface-
to-bulk ratio. In addition to the lower temperatures for
crystallization, the crystal that forms inside the pore exerts
a pressure on the pore structure, called the crystallization
pressure. This is well studied in superstaturated salt so-
lutions, and needs to be accounted for in models of frost
heave. [7, 8]

Numerical studies of frost heave presents several chal-
lenges. The particle size of soil, 0.002mm or 2 ↑ 105Å,
when compared to a water molecule of radius 2.8Å is very
large. Therefore any direct simulation, like MD, even with
coarse grained models of water, will be very expensive
as one will have to simulate millions of water molecules.
This disparity in length scales also extends to including
soil mechanics into the models to account for the move-
ment of the soil. Further, all this has to be coupled with
both heat transfer and liquid transport in order to model
the effects of the growing ice. Our approach here is to
use a multi-scale approach, where we model the transport
(both heat and liquid) using a meso-scale Lattice Boltz-
mann model (LBM). To model the ice formation we use a
phase field model (PFM) that has been recast in the Lat-
tice Boltzmann framework, and we couple all these ap-
proaches with a Discrete Element Model (DEM) to model
the soil mechanics. We could solve the PFM with conven-
tional finite-element methods, however we intend to model
flow of water through the porous medium in the future and
hence we chose LBM for solving PFM.
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2 Models and Methods

2.1 Phase Field Model

Phase Field Models are a method to track an interface be-
tween two phases. We describe the phase in the system
using the phase field function ω(x), where x is a position in
the system. For crystallization, the system has two phases,
solid and liquid which are described by ω = 1 and ω = ↓1
respectively. The region with phase value between ↓1 and
1 represents the interface of the region. The evolution
of the phase field is defined by a free energy functional
F (ω,↔ω) which depends both on the phase field function
and the its gradient. The evolution of ω is described by the
Allen-Cahn equation if ω is not conserved and is described
by the Cahn-Hilliard equation if it is conserved [9]. For a
conserved order parameter the time derivative must satisfy
a continuity equation, which is not a constraint we have
here. The differential equation for the evolution of ω is

εω

εt
= ↓L

ϑF
ϑω

(1)

where ϑF
ϑω

is the functional derivative.
In this project, we define two functions - ω(x) to in-

dicate the phase value at x and ϖ(x) which indicates the
temperature at x. We define the free energy functional as

F (ω, ϖ) =
∫

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is a quantity related to the interfacial free energy
between ice and water. ϖ is the dimensionless temperature
defined by ϖ = Cp(T (x,t)↓Tm)

L where Cp is the heat capacity
at constant pressure and L is the latent heat of fusion. ϖ is
also defined by a differential equation.

The differential equations that define the evolution of
ω are derived from Eq. 1 with L = 1, the functional deriva-
tive is given by ϑF
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=
ε f
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The temperature variable ϖ evolves according to Eq.
4, with a source term originating from the latent heat due
to crystallization. Now we describe how these variables
relate to various physical quantities. This system is defined
by W0, ϱ, φ and ς. Following [10], we have

d0 = a1
W0

ς
(5)

and

↼ = a1

[
ϱ

ςW0
↓ a2

W0

φ

]
(6)

where

d0 =
↽0TmCp

L2 (7)

is the “thermal capillary length” which relates to the
change in temperature across a curved interface as given
by Gibbs-Thomson equation and ↼ is the kinetic coeffi-
cient. Following [11–13] we will set ↼ = 0. For the present
study a1 = 5

↘
2/8 and a2 ≃ 0.6267 [11]. Plugging in the

following values

↽0 = 2.845 ↑ 10↓2Jm↓2

Cp = 4.23 ↑ 106Jm↓3K↓1

Tm = 276.9K

L = 1.12 ↑ 108Jm↓3

into Eq. 7, we get d0 = 2.66 ↑ 10↓9m [14, 15]. Following
[11] we fix ↼ = 0 by choosing ς = ϱφ

a2W2
0
. We introduce

ϑx and ϑt as our conversion factors to simulation units, i.e
1 unit in the simulation is ϑx in SI. We fix W0 = ϑx and
ϱ = ϑt and φ = 4 ϑ

2
x
ϑt

, then ς = 6.3826. From Eq. 5, we get,
d0 =

0.8839ϑx
6.3826 = 0.138ϑx which fixes ϑx ≃ 1.91↑10↓8m. Us-

ing φ = 4 ϑ
2
x
ϑt

, with φ = 0.1 mm2

s = 10↓7m2/s, which makes
ϑt = 1.5 ↑ 10↓8s. We have discussed the values for ϑx and
ϑt to show how these can be computed. Although these
values correspond to experimental observations of water
crystallization, in this project, we focus on demonstration
of our numerical technique. Therefore, to ease our com-
putational effort we use a much reduced d0 = 10↓6m and
the other values are correspondingly different.

We solve these partial differential equations using the
Lattice Boltzmann equations. Using LBM-like update
equations to solve differential equations is discussed in
various works referred here [11–13].

2.2 DEM simulation

In this section, we discuss the Discrete Element Method
(DEM) simulations we have used to simulate silt. We sim-
ulate a polydisperse packing of N = 3000 spheres interact-
ing via linear normal contact and tangential friction. The
parameters characterizing the particle-particle interactions
are shown in Table. 1. The size distribution of the grains
is shown in Fig. 1a. We calibrate our model with an exist-
ing study of silt [16]. We use uniaxial compression of the
DEM model and measure the deviator stress, q = ⇀1 ↓ ⇀3
and the mean stress, p = (⇀1 + 2⇀3)/2 where ⇀1, ⇀2 = ⇀3
are the three components of the stress tensor. The direc-
tion 1 corresponds to the axis along which we compress,
which in our case is the z axis. The results are shown in
Fig. 1c. In addition we also show the evolution of void-
ratio Fig. 1d and results of direct shear of our sample Fig.
1b. Our objective here is not to calibrate the DEM sample
with experimental results, but to show that the DEM sam-
ple behaves reasonably under various tests. We will refine
the parameters to characterize a real specimen in future
studies.
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Figure 1: a) Size distribution of grains.b) Direct shear of
the sample. c) Uniaxial compression of the DEM sample
compared with DEM studies from existing literature of silt
[16]. d) Evolution of void ratio of the sample under uni-
axial compression.

SI units
Average Diameter of the particle d 2.5 ↑ 10↓5m

Density ⇁ 2203kg/m3

Acceleration due to gravity g 9.8m/s
kn

πR2

2R 800MPa
Coefficient of restitution 0.69

Poisson ratio ν 0.17

Table 1: Table with values for simulation

2.3 DEM-Crystal Phase interaction

We use an alpha shape (a generalization of convex hull)
to capture the shape of the crystal phase and this alpha
shape is written to a STL file using CGAL library [17].
LAMMPS can read the STL file and replace it with a col-
lection of spheres. A crystal particle and a soil particle
are neighbors if ri j < Ri + Rj + ▷ where ri j is the distance
between the centers of the particles and Ri, Rj are radii of
the two particles. ▷ = 0.8⇀ where ⇀ is the average diam-
eter of the polydisperse soil packing. Each soil particle i
will have Ni crystal particles as neighbors. We compute
n̂ =
∑Ni

j n̂↗ j where n̂↗ j is the normal connecting the sphere
i to neighbor j.

The magnitude of the repulsive force acting of the soil
particle along n̂ is defined by the potential V(r) = A(1↓ r

▷
)2

where A is a parameter and r = ri j ↓ (Ri + Rj). The value
we have chosen for A is 5↑10↓6. This is an approximation
for the crystallization pressure.
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Figure 2: a)-b) Snapshots from LBM+DEM simulation.
We obtain qualitative observation of the frost heave phe-
nomena using the numerical procedure. Red-Soil parti-
cles, Blue-Crystal. c) Frost heave as measured by the
heights z coordinate of among the particles plotted against
time.

3 Implementation and results

3.1 Implementation.

3.1.1 LBM-DEM integration

The dimensions of the region we simulate in LAMMPS is
Lx = Ly = 2

3 Lz ≃ 3 ↑ 10↓4m.
We use Lattice Boltzmann implemented in OpenLB to

solve the phase field and LAMMPS to simulate the inter-
action between soil and the ice crystal. We first generate
the soil structure. In LAMMPS, we generate N = 3000
particles with size distribution as shown in Fig. 1a and set-
tle them under gravity. This packing of spheres is consid-
ered as the soil sample. We initialize this sphere packing
in OpenLB as regions with bounce back boundary con-
dition for the phase field equation. This is followed by
identification of the void regions in the soil sample - we
identify a void as an empty space where we can insert a
particle of 1

2⇀ radius. We identify n such void spaces and
initialize the ice nuclei as ω(x, t) = tanh( r↓|x↓x0 |

d0
) where x0

is located in a void space and r = 1
2⇀ is a parameter which

determines the size of the initial crystal. The heat equa-
tion is initialized as a uniform undercooling of ∆ ≃ ↓260C
throughout the system. After initialization we evolve the

2
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the other values are correspondingly different.
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Lattice Boltzmann equations. Using LBM-like update
equations to solve differential equations is discussed in
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2.2 DEM simulation

In this section, we discuss the Discrete Element Method
(DEM) simulations we have used to simulate silt. We sim-
ulate a polydisperse packing of N = 3000 spheres interact-
ing via linear normal contact and tangential friction. The
parameters characterizing the particle-particle interactions
are shown in Table. 1. The size distribution of the grains
is shown in Fig. 1a. We calibrate our model with an exist-
ing study of silt [16]. We use uniaxial compression of the
DEM model and measure the deviator stress, q = ⇀1 ↓ ⇀3
and the mean stress, p = (⇀1 + 2⇀3)/2 where ⇀1, ⇀2 = ⇀3
are the three components of the stress tensor. The direc-
tion 1 corresponds to the axis along which we compress,
which in our case is the z axis. The results are shown in
Fig. 1c. In addition we also show the evolution of void-
ratio Fig. 1d and results of direct shear of our sample Fig.
1b. Our objective here is not to calibrate the DEM sample
with experimental results, but to show that the DEM sam-
ple behaves reasonably under various tests. We will refine
the parameters to characterize a real specimen in future
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Figure 1: a) Size distribution of grains.b) Direct shear of
the sample. c) Uniaxial compression of the DEM sample
compared with DEM studies from existing literature of silt
[16]. d) Evolution of void ratio of the sample under uni-
axial compression.
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2.3 DEM-Crystal Phase interaction
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to capture the shape of the crystal phase and this alpha
shape is written to a STL file using CGAL library [17].
LAMMPS can read the STL file and replace it with a col-
lection of spheres. A crystal particle and a soil particle
are neighbors if ri j < Ri + Rj + ▷ where ri j is the distance
between the centers of the particles and Ri, Rj are radii of
the two particles. ▷ = 0.8⇀ where ⇀ is the average diam-
eter of the polydisperse soil packing. Each soil particle i
will have Ni crystal particles as neighbors. We compute
n̂ =
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Figure 2: a)-b) Snapshots from LBM+DEM simulation.
We obtain qualitative observation of the frost heave phe-
nomena using the numerical procedure. Red-Soil parti-
cles, Blue-Crystal. c) Frost heave as measured by the
heights z coordinate of among the particles plotted against
time.

3 Implementation and results

3.1 Implementation.

3.1.1 LBM-DEM integration

The dimensions of the region we simulate in LAMMPS is
Lx = Ly = 2

3 Lz ≃ 3 ↑ 10↓4m.
We use Lattice Boltzmann implemented in OpenLB to

solve the phase field and LAMMPS to simulate the inter-
action between soil and the ice crystal. We first generate
the soil structure. In LAMMPS, we generate N = 3000
particles with size distribution as shown in Fig. 1a and set-
tle them under gravity. This packing of spheres is consid-
ered as the soil sample. We initialize this sphere packing
in OpenLB as regions with bounce back boundary con-
dition for the phase field equation. This is followed by
identification of the void regions in the soil sample - we
identify a void as an empty space where we can insert a
particle of 1

2⇀ radius. We identify n such void spaces and
initialize the ice nuclei as ω(x, t) = tanh( r↓|x↓x0 |

d0
) where x0

is located in a void space and r = 1
2⇀ is a parameter which

determines the size of the initial crystal. The heat equa-
tion is initialized as a uniform undercooling of ∆ ≃ ↓260C
throughout the system. After initialization we evolve the
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heat equation and the phase field equation using the lat-
tice Boltzmann method for ∆TPFM time. Now we perform
DEM simulation, which includes the added interaction be-
tween crystal and soil particles, until the kinetic energy in
the system decays to a small number, thereby indicating
that the system has settled down. We read the new parti-
cle positions as the new boundary conditions for LBM in
OpenLB and the process repeats till the desired number of
time steps.

3.2 Results

As shown in Fig. 2 a-b-c, the numerical method quali-
tatively captures the behavior of frost heaving. Fig. a
is the snapshot of the system at T = 0 and Fig. b is at
T = 0.008298. Fig. c shows the evolution of the height
of the soil sample between the two snapshots. We quan-
tify frost heave by measuring the maximum z coordinate
among all the soil particles, and the results are shown in
Fig. 2 c. The growing crystal interacts with the soil par-
ticles to push the soil upwards. We also note that our
methodology captures merging of ice-nuclei and the in-
teraction with soil particles. This method should naturally
account for the shape of ice lenses as, once we apply a
constant pressure in the z direction, it will be easier to de-
form the soil sample along in the x↓ y plane and therefore
the nuclei will expand in the x ↓ y plane.

4 Conclusions and Future Work

We have successfully integrated OpenLB with LAMMPS
to enable DEM+PFM calculations. Using our numerical
formulation we have qualtitatively observed frost heave.
To accurately model the phenomenon, we need several
modifications. There needs to be an accurate way to char-
acterize the interaction between the soil and the ice crys-
tal, which corresponds to a given value of crystallization
pressure and we also need to account for the flow of wa-
ter from the reservoir to the ice crystal to account for the
cryosuction. Our current work opens up the possibility of
extending this method with continuum models like Lattice
Spring Model for simulating the soil.
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