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LBGrain: An efficient multiscale lattice Boltzmann model for granular flows
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Abstract. We incorporate the Navier slip boundary condition into LBGrain, a multiscale lattice Boltzmann
framework for granular flows, and validate its performance through comparisons with discrete element method
(DEM) simulations. Rheological parameters of the granular flows are extracted from the coarse-grained results
based on DEM data. Granular assemblies are treated as viscoplastic fluids, with their apparent viscosity gov-
erned by the regularized u(/) rheology. A single-phase free-surface model is employed to track the fluid-gas
interface. Navier slip boundary condition is introduced to quantify the basal slip of granular flows. Numer-
ical validation of LBGrain is conducted through simulations of the periodic chute flow on an inclined plane,
comparing with the reference data obtained from DEM. Results demonstrate an excellent agreement between
the LBGrain velocity profiles and the theoretical Bagnold profiles extracted from the DEM data under varying
inclination angles and flow depths, proving the accuracy of LBGrain.

1 Introduction

Multiscale modeling of granular flows is a critical research
frontier in bridging macroscopic phenomena with micro-
scopic physical mechanisms, facilitating efficient contin-
uum modeling of granular media. The u(I) rheology [1]
captures the non-Newtonian behavior of granular flows,
and now various models [2-5] have extended this frame-
work, providing theoretical fundamentals of the contin-
uum modeling and simulation of the dense granular flows.
In continuum approaches, granular materials are treated
as viscoplastic fluids governed by appropriate constitutive
relationships, and simulated by computational fluid dy-
namics (CFD). This strategy has been successfully imple-
mented across varying CFD techniques, including classi-
cal Eulerian CFD [6, 7] as well as modern CFD methods
such as MPM [8], SPH [9], LBM [10, 11], etc.

Boundary conditions represent another critical com-
ponent in continuum modeling, as they simplify intricate
particle-boundary interactions into macroscopic approxi-
mations. The conventional boundary schemes for granu-
lar flow continuum include no-slip [6-8, 10] and Coulomb
frictional boundary conditions [9, 11]. Notably, the Navier
slip scaling law for basal slip in granular flows is proposed
by Artoni ef al. [12], which has been confirmed both
experimentally [13] and numerically [12, 14], offering a
novel insight for understanding and modeling the bound-
ary behavior of granular flows. The Navier slip boundary
is well established in CFD, but its integration into contin-
uum modeling of granular flows remains relatively under-
explored [15].
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In the paper, we implement the Navier slip bound-
ary condition into LBGrain [10, 11] — a multiscale lat-
tice Boltzmann framework for granular flows. Section 2
outlines methodologies briefly. Section 3 tests the perfor-
mance of LBGrain through the comparison of numerical
results from the LBM and DEM simulations of the peri-
odic chute flow on an inclined plane. Section 4 summa-
rizes our work.

2 LBGrain framework

2.1 Lattice Boltzmann method for free surface
flows

The basic equation of lattice Boltzmann method (LBM) is

e+ eisy 146) = fie. ) =~ | e — £V 0] + Fi

1
where fi(x, ) represents the density distribution function
at (x, r) along the direction c;, J; is the time step, 7 is the
relaxation time in LBM, fi(eq) is the Maxwellian equilib-
rium distribution function [16], F; = w;p(c; - a)/c? is the
source term [16], a is the acceleration of external force,
p is fluid density. For two-dimensional simulations, the
D2Q9 velocity model [17] is employed in Eq. 1, where
the lattice sound speed is ¢, = 1/ V3. The fluid dynamic
viscosity 77 is

1
n =pc§ (T— 5)6[. 2)
Macroscopic hydrodynamic quantities are obtained by p =

Y fopu =3, fic;, and p = pc2, where the u and p are
fluid velocity and pressure, respectively.
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A single-phase free surface model based on Volume-
of-Fluid method [18, 19] is adopted to capture fluid-gas
interface with simplicity and efficiency. The free surface
boundary condition between the interface cell at x and the
gas cell at x + ¢;0, is defined based on the non-equilibrium
bounceback scheme, i.e.,

foix,146) = f(a, u(0))+ £ (o4, u(x)~ fi(x, 1), (3)

where py = 1 is the density of gas cell, and subscript —i
denotes the direction ¢_; = —c;. Details of mass exchange
and cell update schemes can be found in [19].

2.2 Rheology of dense granular flows

Friction coefficient u is the ratio of shear stress o to normal
pressure p, and it is related to the inertial number /. Jop
et al. [2] proposed (1) rheology as

z_ Ma — Hs

D===pu+ I, withI=7d
) » u I+l wi vd,/

plpps (4)

where 1, 114 and Iy are model parameters, p), is the particle

. . . . 1 [ o ou;j \ .
density, d), is the particle diameter, y;; = 5 (a_x, + a_x,-) is

the strain rate tensor, and ¥ = /2y;;v;; is the shear rate.
The apparent dynamic viscosity of the equivalent con-

tinuum is 7 = u(/)p/y. To mitigate numerical singularity

when y approaches 0, the regularized 7 is written as Eq. 5,

MsP 7’ (/Jd - :us)pdp
Napp 5 ( exp 1 +

Iy Vp/pp + 'j’dp ’

where 1 = 0.1s7! is the regularization parameter [10]. To
ensure numerical stability in regions approaching free sur-
faces, we impose a minimum pressure threshold ppi, =
ppgd, for non-gas computational nodes in which p < 0.
The pmin corresponds to the hydrostatic pressure exerted
by a single particle layer above the free surface.

In LBM, the shear rate magnitude y is computed by lo-
cal second-order velocity moment of non-equilibrium dis-
tribution functions [20],

H((:ﬁeq) = Z CiaCip (ﬁ - f;‘(eq)) = _2C3p77<rﬁ' (6)

1

(&)

Prior to advancing to time step ¢ + ¢;, we calculate y(¢)
using Eq. 6 with the current relaxation time 7(#). Then we
apply ¥(¢) in Eq. 5 for obtaining 7,,,(t + ¢,). Finally, the
Napp(t + 6;) is used in Eq. 2 to determine 7(f + 6,) locally.

2.3 Navier slip boundary condition

Implementing Navier slip boundary in LBM requires re-
construction of unknown distribution functions. The
Navier slip length is denoted by /; in Fig. 1(a), and fluid

slip velocity is defined as ugi, = I ‘96“; L:o' Fig. 1(b)

illustrates the corresponding LBM representation, where
f(xr) is unknown since f ~(xy) is undefined at the solid
node. The reconstruction of f(xy) is the weighted aver-
age of both no-slip and free-slip bouncebacks [21], i.e.,

FGep) = se Nxp)+(1 = s0) fr(xp), (7
N——— N———
free-slip no-slip

where s. € [0, 1] represents the slip coefficient in LBM,
¢\, is the mirror symmetric vector of ¢ » with respect to
the wall. The relationship between s, and I is given by
I, = (T - %) 1;( as reported in [22]. For straight bound-
aries, the scheme’s advantage lies in preserving local mass
conservation in LBM by substituting f\ (x ;) with £ (x).

i ?g/ff
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Figure 1. Sketch of (a) straight Navier slip boundary, and (b)
corresponding LBM distribution functions near the wall.

For continuum simulation via LBGrain, rheological
parameters and Navier slip length /; should be obtained
from coarse-grained DEM data or experimental results
first. Then LBM simulations are performed with the mea-
sured rheological and boundary parameters. This general
procedure is validated in Sec. 3.

3 Granular flow on an inclined plane

3.1 Discrete element simulation

Figure 2. Sketch of DEM simulation: (a) geometric shape; (b)
packing of basal particles; (c) Hertz contact model.

Dense granular flow on a inclined plane with a tilt
angle 6 is a commomly adpoted benchmark test. The
DEM simulation domain is shown as Fig. 2(a). Parti-
cles with density p, = 2650kg/m? exhibit a uniform di-
ameter distribution in [0.9d), 1.1d,], where d, = 1 mm
is the mean diameter. Chute dimensions are defined by
length L = 20d,, width W = 10d,, and height H, with
periodic boundaries imposed along x and y directions. A
basal layer of fixed particles with diameters of dj, = d,
is arranged in hexagonal close packing as shown in Fig.
2(b). Particle interactions are governed by the Hertz con-
tact model (Fig. 2(c)), whose contact parameters are listed
in Table 1. The shear stress and normal pressure are de-
fined as stress component o, and o, respectively.

Assume that the solid volume fraction @ is constant,
and the basal Navier slip length is /;. The theoretical fric-
tion coeflicient across the field is u = tan 6. With the u(7)
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Figure 3. Coarse-grained DEM simulation results of (a) normalized streamwise velocity u,, (b) solid volume fraction ® = pcg/p,, (¢)

inertial number / and (d) friction coefficient .

rheology in Eq. 4, the normalized streamwise velocity pro-
file u, along flow depth z is:

where a = 2HIg V®cos8/3d,, b = 3al;/2H and I, =
(tan @ — uy)ly/(ug — tan ). The part [1 — (1 — z/H)*?] is
called Bagnold velocity profile.

a+b (8)

Table 1. Contact parameters of particles in DEM simulation

Physical variable Value

Young’s modulus E 10° Pa
Possion’s ratio v 0.4
Friction coefficient y1, 0.5
Normal critical damping ratio 3, 0.2
Shear critical damping ratio 3 0.2

3.2 DEM results

Unlike Weinhart er al. [23, 24], which focus on the
coarse graining methods, our DEM simulations employ
a setup with specific particle properties and contact pa-
rameters tailored to validate LBGrain for granular flows
on inclined planes. DEM simulations are conducted with
H = [30d,,60d,] and 6 € [20°,21°,22°,23°,24°], whose
steady-state results are processed using the coarse grain-
ing method proposed by Weinhart et al. [23, 24]. Fig. 3(a)
shows that the normalized streamwise velocity u, profiles
collapse onto the same curve for each 6. A distinct steeper
flow regime occurs at (1 — (1 — z/H)**)H/d, < 10, indi-
cating boundary layer effects. In Fig. 3(b-c), ® and I re-
main essentially stable within z € (0.3H, 0.8H) for fixed 6,
while other trends occur near the free surface and bound-
ary layer. Increasing 6 enhances flow velocity, thereby
elevating / while reducing ®. In Fig. 3(d), u is gener-
ally consistent with tan @, validating the assumptions of
Eq. 8. The constitutive relationships and their correspond-
ing fitting curves are shown in Fig. 4. The u(/) rheology
is fitted by Eq. 4, yielding parameters p, = 0.353453,
pg = 1.169347 and Iy = 1.037364. For the O(I) re-
lationship, we adopt the equation proposed by Da Cruz
et al. [25], i.e., ®(I) = Dpax — al, with fitting parameters
Dpax = 0.590972 and @ = 0.171274.

Fig. 5 compares the streamwise velocity of DEM re-
sults (uycc) with Bagnold curves (u, p) fitted by Eq. 8,
where the depth-averaged solid volume fraction @y at each

6 is substituted for @ in Eq. 8. DEM results agree with
Bagnold profiles above z > 7d,, but exhibit steeper gra-
dients below this threshold. Thus, Table 2 presents two
length scales: [,p = (Mx,cc; / dusce )7_0 denotes the Navier

dz
slip length that characterizes the local slip behavior at the
actual flow-bed interface; and Iz = (Mx,B/ dz’z”” )z—O is the
equivalent length scale quantifying the boundary velocity
extrapolated from u, p. The [, exhibits an overall consis-
tent positive correlation with 6, with convergence observed
at higher 6 across varying H. Conversely, [p decreases sig-
nificantly as 6 increases, and only approximate the bulk
flow regime above z = 7d, via Eq. 8. Given that Bagnold
velocity profiles capture the bulk flow regime accurately,
I is adopted for quantifying basal slip, and omit boundary
layer effects intentionally.
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Figure 4. (a) u(1) and (b) ®(/) relationships based on DEM data.
The dashed lines are fitting curves.
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Figure 5. Streamwise velocity of DEM results (u, ¢ in markers)
and corresponding fitted Bagnold profiles (u, s in solid lines with
the same color) under (a) H = 30d,, and (b) H = 60d,,. Height of
gray areas are 7d,. Color scheme matchs the legend in Fig. 3.

3.3 Accuracy and convergence of LBGrain

LBM simulation is performed based on the fitted rhe-
ological parameters extracted from Fig. 4. The two-
dimensional domain replicates the geometry of the xOz-
plane in Fig. 2(a), where x direction is periodic and Navier
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Table 2. Length scales for quantifing basal slip in DEM results

0 %2 (H=30d,) Z=2(H=60d,) b

20° 1.914725 2.159804 58.8519279
21° 2.214448 2.086445 20.006286
22° 2.110052 2.002792 12.510577
23° 2.284009 2.290093 9.862837
24° 2.389556 2.351891 8.747380
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Figure 6. Streamwise velocity u, of LBGrain results (markers)
and theoretical Bagnold velocity (solid lines) under (a) H = 30d,
and (b) H = 60d,,. Color scheme matchs the legend in Fig. 3.
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Figure 7. Root mean square error (RMSE) of velocity u, be-
tween LBGrain result and analytical Bagnold solution.

slip boundary at y = 0. A layer of gas with the thickness
of 0.1H is set above the free surface to validate the VOF
method. The fluid density is ps(6) = ®(lp)p,. The grid
size is 6, = d,/4, and the time step 6, = 62/(0.1 m?/s)
maintains 6, o &> relationship, thereby ensuring shear
stress convergence in LBM. In Fig. 6, the LBM velocity
profile u, agrees with Bagnold’s solution with less than
0.66% relative error, validating the capability of LBGrain
to recover Eq. 8 from given rheological parameters. The
vanishing velocity field («, = 0) above z = H confirms the
stability of VOF method.

We further evaluated the numerical convergence of
LBGrain by simulating a case with 6 = 24° and H = 60d,
under varying 6, = d,/k. The root mean square errors
(RMSE) between LBGrain results and analytical solutions
are shown in Fig. 7. The slope of RMSE approaches —2
with increasing k , confirming the second order accuracy
of LBM. For k > 3, the accuracy is limited by the regular-
ization term in Eq. 5, agreeing with [26].

4 Conclusions

This study incorporates the Navier slip boundary condi-
tion into LBGrain [10, 11], a multiscale lattice Boltz-
mann framework for granular flows. Numerical valida-
tion through periodic chute flow simulations demonstrates
the capability of LBGrain to accurately reproduce the pri-
mary bulk flow regime observed in DEM reference data.

LBGrain advances the multiscale modeling and simula-
tion of free-surface granular flows, with flexibility to up-
date both constitutive relationships and boundary condi-
tions. Considering the advantages of LBM in efficient par-
allelism and its simplicity in dealing with complex bound-
aries, LBGrain holds promising potential for solving large-
scale granular flow problems with irregular topologies.
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