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Abstract. An intruder moving in a granular medium is a common phenomenon in nature and plays a crucial
role in a wide range of industrial processes. Although regular-shaped intruders, such as spheres, ellipsoids, and
cylinders, have been extensively studied, the behaviour of irregular-shaped intruders remains poorly understood.
In this study, we employ the Discrete Element Method (DEM) to investigate the drag force acting on an irregular
intruder moving in a granular bed consisting of spherical particles. The intruder’s morphological irregularity
is constructed using spherical harmonics and is controlled by two shape parameters: fractal dimension (Df )
and relative roughness (Rr). Our results indicate that the influence of shape on drag forces is limited in the
quasi-static regime where the intruder moves at relatively low velocities. At higher velocities, however, the
drag force exhibits a quadratic relationship with velocity for irregular-shaped intruders, similar to that observed
for spherical ones. Notably, the prefactor in this relationship is more strongly influenced by Rr than by Df ,
highlighting the dominant role of surface roughness in the inertial regime.

1 Introduction

An intruder moving within the granular media is a fre-
quently observed phenomenon in nature and holds signif-
icant importance across a broad spectrum of industrial ap-
plications, such as segregation during granular handling
and riverbed sedimentation. The drag force (Fd) on the in-
truder depends on various factors, e.g., velocity of the in-
truder, the size ratio between the intruder and surrounding
particles, intruder shape, granular bed solid fraction and
inter-particle contact properties. At extremely low veloci-
ties (vi), Fd can be found nearly independent of velocities
until it reaches a regime where Fd is linearly correlated to
vi[1, 2]. When further increasing the velocity, a quadratic
Fd-vi relation can be found [3]. Higher solid fraction,
inter-particle friction and bed overburden pressure can re-
sult in higher Fd [1, 3, 4]. Non-dimensional numbers, e.g.,
Froude and Inertial numbers, are widely applied to evalu-
ate the competing effects of granular mass, velocities, and
over-burden pressure [1, 5].

Although extensive research has been conducted on
intruders with regular shapes, such as spheres and disks
[1, 3], ellipsoids[6], cylinders [4], and their mixtures [2],
understanding of irregularly shaped intruders remains rel-
atively limited. A dimensionless number Cd is commonly
adopted to evaluate the effect of the shape and effect of the
intruder-particle size ratio on Fd [5, 7].

This study applies the Discrete Element Method
(DEM) to investigate the drag force on an irregular in-
truder moving in a granular bed assembled by spherical
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particles. The morphological irregularity is constructed
using spherical harmonics and is controlled by two shape
parameters, namely fractal dimension and relative rough-
ness. The effect of intruder shape factors on the relation
between Fd and its moving velocities (vi) can be charac-
terised using two fitting functions and a drag coefficient-
Froude number, Cd-Fr relation. Both reflect quasi-static
and dynamic states.

2 Method

2.1 Model setup

The model setup of an intruder and a granular bed is il-
lustrated in Figure 1. Spherical particles with diameter
dp = 4 mm ± 5% were poured into a simulation domain
with periodic boundaries in the x- and y-directions. An
initial compression (1 kPa) was applied along the z-axis
until it reached a steady state, after which the particles in
the bottom and top layers were fixed to form a non-slip
condition and a volume-controlled bed. A solid fraction
(ϕ) of 0.59 is measured in the bed with a final dimension
of 60dp×50dp×30dp as shown in Figure 1. Then, an in-
truder is embedded at the mid-height of the bed and over-
lapping particles are removed. This setup ensures a consis-
tent granular bed for all intruder cases, aiming to minimise
the effect of different granular structures. The gravity of
9.81 m/s is applied in the negative direction of z-axis.

The morphological irregularity is constructed using
spherical harmonics, which can effectively define and con-
trol single-grain morphological properties, e.g., shape and
texture [8]. The morphology adopted in this study is con-
trolled by two shape parameters, namely the fractal dimen-
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Figure 1. The DEM model illustration of simulation setups. An
irregular-shaped intruder moves at a constant velocity vi in the
granular media, which causes a drag force Fd on the intruder.
Periodic boundary conditions are applied along the x- and y-
directions. Two-layers of particles are fixed at the top and bot-
tom.

sion (Df ) and the relative roughness (Rr), which is illus-
trated in Figure 2. Note that all irregular-shaped intruders
possess an equivalent volume size, the same as the spher-
ical intruder. A mesh sensitivity study was carried out to
determine the intruder mesh size as 0.1dp.

2.2 Inter-particle force

The DEM model is established using the open-source plat-
form LIGGGHTS [9]. The movement of each particle is
calculated via Newton’s second law of motion. The nor-
mal, tangential and rolling inter-particle contact laws are
shown as [10–12]:

Fn = knδn−βnνn, Ft = ktδt−βtνt, Mr = kr∆θr−βrω , (1)

where n, t and r represent the normal, tangential and
rolling, F is the contact force, k is the contact stiffness,
M is the rolling torque, δ is the overlap distance of each
pair of contacting particles, ∆θr is the relative rotation an-
gle of contacting particles, β is the damping coefficient,
ν and ω is the relative translational velocity and relative
angular velocity for each contact pair, respectively. The
tangential friction and rolling effect, Ft and Mr, adopt
the Coulomb style criteria giving |Ft | ≤ µs|F total

n | and
|Mr | ≤ µrrF total

n where µs is the sliding friction coefficient
and µr is the rolling friction coefficient, r is the radius of
particles. The computational stability and physical mean-
ingfulness are ensured by setting the integration time step
as t = 10−7s <

√
m/Edp, where m is the mass of the aver-

age particle size, E is Young’s modulus. Please see table 1
for the parameter value adopted.

3 Results and discussions

3.1 Intruder velocity

We first examine the Fd evolution when the intruder moves
through the granular bed. Figure 3(a) presents three sets

Figure 2. The illustration of irregular-shaped intruder charac-
terised by Df and Rr. The plane from the inside out points in the
positive direction of the x-axis.

Table 1. Materials properties and parameters

Properties Value
Young’s modulus, E (Pa) 1010

Coefficient of sliding friction, µs (-) 0.5
Coefficient of rolling friction, µr (-) 0.01
Coefficient of restitution (-) 0.9
Gravitational acceleration, g (m/s2) 9.81
Particle density, ρ (kg/m3) 2460
Average particle diameter, dp (mm) 4
Equivalent intruder diameter, D (mm) 5dp

Intruder mesh size (mm) 0.1dp

Initial bed solid fraction, ϕ (-) 0.59
Intruder moving velocities, vi (m/s) 0.01, 0.1, 0.2,

0.3, 0.5, 0.7, 1,
2, 3, 5, 7, 10

of Fd variation when intruders move at speeds 0.1, 1 and
3 m/s. An irregular-shaped intruder (Df = 2.6, Rr = 0.2)
always shows a higher Fd than a spherical intruder in each
set. For the low-velocity case (0.1 m/s), Fd is nearly con-
sistent throughout the moving period. However, a yield-
like peak can be found for vi = 1 and 2 m/s during the
early stage when the intruder starts to move, which are also
observed in high-velocity conditions by previous studies
[3, 13]. We average Fd within a steady-state sampling
window to obtain Fd, as shown in Figure 3(a), to inves-
tigate the morphological effect on the relation between Fd

and vi.
Our results show that, for all intruders, Fd exhibits

both linear and quadratic regimes corresponding to low
and high vi, and the transition in the Fd-vi relationship has
also been observed in previous studies[1, 3]. As shown in
Figure 3(b), the linear range spans from vi = 0.01 m/s
to around 1 m/s, above which the trend transitions to
the quadratic state. This transition can be explained as a
change from a quasi-static state to an inertial state. Fd is
mainly formed by long-term friction contacts between the
intruder and the particle in the quasi-static state, whereas
short-term collisional contacts dominate in the inertial
state [1].

2

Figure 3. (a) Drag force Fd evolvement along the intruders dis-
placement. The Fd of three speeds of the sphere and an irregular-
shaped intruder are taken as examples. The green shaded area
shows where the steady state Fd is averaged. (b) Fd as a function
of vi. Markers and colours represent the variation of Df and Rr.
Dashed and dotted lines represent fitting equations Eq.(2) and
Eq.(3), where black lines indicate sphere and purple the intruder
with shape factor Df =2.6 and Rr =0.2. Inset zooms in the range
from vi = 0.1 to 2 m/s

3.2 Intruder shape

The effect of irregular shape is reflected in the increased
Fd with the increase in shape factors, especially for Rr, in
all vi cases. Two fitting functions are used to examine the
detailed shape effect in the relation between Fd and vi in
the linear and the quadratic states, which are expressed as:

Fd ∝ F0 + α1vi, (2)

Fd ∝ F0 + α2v
2
i , (3)

where F0 is the minimum Fd of each intruder shape at
vi = 0.01 m/s, α1 and α2 are fitting parameters. Figure
3(b) shows a combination of plots of simulation results
(symbols) and fitting functions (lines). A good match is
observed between the symbols and lines for Eq.(2) in the
linear regime and for Eq.(3) in the quadratic regime, how-
ever the opposite does not hold (see the inset in Figure
3(b)). Note that the goodness-of-fit index in all fittings is
R2 > 0.98, further signalling that the two functions can
effectively describe the Fd - vi relationship when consider-
ing the shape effect.

The fitting parameters α1 and α2 for different Df are
plotted against Rr as shown in Figure 4. As can be seen,

(a)

(b)

Figure 4. Fitting parameters α1 (a) in Eq.(2) and α2 (b) in Eq.(3)
as the function of Rr. Symbols are the same as Figure 3(b),
Dashed lines are for the guide of eyes.

Df shows limited effects on α1 and α2, indicating that Fd is
not sensitive to Df . Linear trends can be observed in both
the α1-Rr and α2-Rr relationships, signalling Fd is mainly
affected by Rr when both factors are controlled.

3.3 Drag coefficient

The drag coefficient Cd = Fd/(0.5ρϕv2i Ap)[7] and the
Froude number Fr = 2vi/

√
gR[1] are adopted to investi-

gate the shape effects in different velocity states. Here, Ap

is the projection area of intruders in the y-z plane, perpen-
dicular to the moving direction(see the intruder morphol-
ogy illustrations in Figure 2). R = 2.5dp is the equivalent
volume radius of intruders. Figure 5 shows that the rela-
tion between Cd and Fr shows a decreasing linear trend at
low Fr and transitions to a plateau when above Fr ≈ 10.
This transition reflects comparable mechanisms (a transi-
tion from a frictional viscous regime to a turbulent inertial
regime) in an object experiencing drag in a fluid or a flu-
idised granular media [5, 14].

Although Eq.(2) provides a good prediction based on
shape-related prefactors, the collapsed Cd in the range be-
low Fr ≈ 10 indicates a relatively limited shape effect
in the quasi-static state. Normalising the projection area
Ap in Cd indicates that Ap dominates the formation of Fd.
Whilst the shape factors are effective in the inertial state,
resulting in a higher Cd under the same Fr(see the inset in
Figure 5). Extracting local information can help us better
understand the underlying physics.

4 Conclusions

In this study, we applied the DEM method to inves-
tigate the drag force Fd on irregular-shaped intruders
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ogy illustrations in Figure 2). R = 2.5dp is the equivalent
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tion between Cd and Fr shows a decreasing linear trend at
low Fr and transitions to a plateau when above Fr ≈ 10.
This transition reflects comparable mechanisms (a transi-
tion from a frictional viscous regime to a turbulent inertial
regime) in an object experiencing drag in a fluid or a flu-
idised granular media [5, 14].

Although Eq.(2) provides a good prediction based on
shape-related prefactors, the collapsed Cd in the range be-
low Fr ≈ 10 indicates a relatively limited shape effect
in the quasi-static state. Normalising the projection area
Ap in Cd indicates that Ap dominates the formation of Fd.
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resulting in a higher Cd under the same Fr(see the inset in
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Figure 5. The drag coefficient versus Froude number. Inset
zooms in the range from Fr = 10 to 100. See Figure 3(b) for
explanations of markers and colours.

moving at various constant velocities in a granular bed.
The irregularities of the intruder shapes are defined and
controlled using the fractal dimension (Df ) and relative
roughness(Rr). Our model obtains the linear increase in
the drag force of all intruders as the velocity (vi) increases
from 0.01 m/s, and it transitions to a quadratic rise at vi ≈
1 m/s, indicating the transition from a quasi-static regime
to an inertial regime. Two fitting functions are applied to
capture the two states successfully, and the fitting param-
eters show a linear correlation with Rr, indicating a strong
correlation with the shape factor Rr. The relation between
the drag coefficient (Cd) and the Froude number (Fr) im-
plies comparable mechanisms in our models with those of
objects moving in fluids or fluidised granular media and
shows that the shape effect is more effective in the inertial
state. This study enhances our understanding of the drag
on morphologically irregular intruders in granular media,
with potential applications across various industrial pro-
cesses.
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