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Abstract. Nonlinear interactions between radio frequency (RF) waves and plasmas have been researched
for ages. We have developed a ray tracing program coupled with the nonlinear mechanism parametric decay
instabilities (PDI) called Parametric Instabilities embedded Propagation and Evolution of RF Spectrum
(PIPERS). The program can calculate the propagation and absorption in the scrape-off layer (SOL) plasma
of lower hybrid waves (LHW) on the basis of the nonlocal convective amplification model of a quasi-mode
PDI. To analyse the energy transfer and spectral evolution of LHW self-consistently and quantitatively, the
characteristics of the numerical solution of the energy conservation equations need to be studied in terms of

the simulation model.

1 Introduction

Radio frequency (RF) waves are important auxiliary
ways for heating and current driving in magnetic
confinement fusion devices [1]. As the power of RF
waves and plasma parameters increase in present and
future experiments, many nonlinear mechanisms during
their interactions become significant, such as RF
sheaths [2], ponderomotive force [3], beat wave
excitation [4] and parametric decay instabilities
(PDI) [5-7]. The improved nonlinear theories and
quantitative simulations in detail are both required to get
a more accurate and profound understanding of them.
Lower hybrid current drive (LHCD) was considered
to be one of the most efficient methods for current
driving in plasmas [8,9]. However, the spectral
broadening and the nonlinear deposition of lower hybrid
waves (LHW) at the plasma edge counters against its
future application [10-13]. As a common nonlinear
wave-wave interaction, PDI was supposed to be one of
the main reasons in previous studies [10,14,15].
Recently, local and nonlocal models of LHW
induced PDI have been promoted sufficiently [15-18].
The local models calculating the linear growth rates of
different decay channels indicate that the PDI of LHW
is a quasi-mode decay and the decay channels with large
refractive indices parallel to the background magnetic
field can’t be ignored [15—17]. The nonlocal model [18]
calculating the convective amplification factor as the
saturation value of the quasi-mode decay allows us to
implement a ray tracing program introduced PDI, which
is called Parametric Instabilities embedded Propagation
and Evolution of RF Spectrum (PIPERS). Given plasma
parameters and wave parameters of certain device,
PIPERS can calculate the propagation and absorption of
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LHW in the SOL plasma, preliminarily realizing a
precise simulation of PDI.

In the present paper, we mainly demonstrate the
characteristics of the numerical solutions of PIPERS.
The basic physical equations and simulation model are
encapsulated for completeness in Section 2, which will
be detailed in other articles. In Section 3, the numerical
solutions of the basic equations are displayed. The
discussion and conclusions are introduced in Section 4.

2 Basic equations and model

PDI is a common nonlinear wave-wave interaction in
plasmas, which excitation conditions are,
W1 = WF — Wo

{kl =kir— ko 0
where w and k are the frequency and wave vector of the
waves, the subscripts 0, 1, LF represent the pump wave,
the lower sideband wave and the low frequency wave
(wpr << wq ) respectively.

For a quasi-mode decay of PDI, the low frequency
wave is a quasi-mode [15,19], deviating from the linear
dispersion relation severely; while the other two waves
satisfy the linear dispersion relation. Thus, there are
abundant decay channels given by a simple sum of the
wave vectors kg = ko + k, in wave parameter space
{wy, k1}. And the pump energy is mainly transferred to
the lower sideband waves when PDI occurs [6,20],
according to the matching conditions eq. (1). Hence, the
propagation and energy evolution of the two high
frequency waves are crucial for calculation of PDI,
which can be described by the WKB theory [21].

Firstly, the ray tracing equations of the pump wave
and the sideband waves are,
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where D; (a)j, kj, rj) = 0 is the linear dispersion relation,
v, is the group velocity, 7; is the position of the high
frequency waves j = 0,1.

Considering the weak damping of the pump wave at
the cold edge, it is ignored along with the energy of the
low frequency wave. Due to the constraint of the lower
sideband waves by the convective amplification process
of PDI [22], the spatial energy conservation equations of
PDI can be expressed as

{V‘Po + fwl,kl(v'Pl -2y, U)) =0

3
Uy = Upexp[24] ®

where Py is the power flux of the pump wave, the
integration in the wave parameter space represents the
calculation of all the decay channels. Py = U, vy is the
power flux, y;; is the linear damping rate, and U; is the
energy density of a certain sideband wave. Uy, is the
initial value and A4 is the convective amplification factor,
representing the convective amplification process of
PDI [18]. As they are deeply coupled with each other
and hard to solve, some simplifications for numerical
solving in simulation has been adopted.

Because PDI can be suppressed by high plasma
temperature [15,17], the simulation region is located at
the cold edge. Its radial size is much smaller than the
toroidal and poloidal size. Therefore, RF waves are
considered to propagate in a slab plasma in Cartesian
coordinates, where x, y, z represent the radial, poloidal
and toroidal directions respectively. The plasma
parameters are assumed to vary along the x-axis only
and the background magnetic field is set to z-axis.

Due to the nonzero parallel refractive index, the
pump wave slightly deviates towards the z-axis when
propagating into the plasma along the x-axis. And there
is a pump region, which cross section of y-z plane is
equal to the antenna and power density depends on
x-axis only. The abundant sideband waves in the wave
parameter space can propagate from any position in the
pump region variously, but only the parts remained in
the pump region of their trajectories can be amplified.

Considering volume integration and Divergence
Theorem, we can slice the pump region along the x-axis
to iteratively solve eq. (3) in the simulation region. The
forward differential form of the power flux equations
between the pump slices are,

POx(xn+1) = POx(xn) - Zs(Ps(xn+1) - Ds(xn+1))
Ps(xn+1) = Ugn exp(ZAs(xn+1)) ' Fs(xn+1) (4)
Ds(xn+1) = Zl ZVSL(xl)Usth exp(ZAs(xl)) : Fs(xl)

where subscript s refers to different decay channels,
subscript x refers to the component in the x-direction.
Py, (x,) and Py, (x,,,,) are the power flux of the pump
wave flowing in and outs the slice. P;(x,.;) and
D.(x,4,1) are the power flux of the sideband waves
flowing out the slice and the dissipation along their

trajectories. The summation of [ represent the trajectory
remained in the pump region until this slice. Ugy, and Ag
are the initial power density and the convective
amplification factor. F; is the modulus of the converted
energy flow vector in the slice. Ax = x,,,1 — x,, is the
width of the slices, which is usually expected to be much
smaller than the spatial scale of the plasma parameter
variation.

When the pump energy is transferred to a certain
decay channel, the initial value depends on the wave
parameters and the volume occupied in the wave
parameter space; while the convective amplification
factor and dissipation depend on the wave parameters
and the trajectory remained in the pump region.
Additionally, the energy transfer is a competitive
process for different decay channels due to the pump
depletion. Thus, the sampling of the sideband waves
included needs to be dense and wide coverage in the
wave parameter space.

Based on the aforementioned discussions, the width
of the pump slices and the sampling of the sideband
waves play important roles in the accuracy of the
numerical solution of eq. (4). However, small width of
the pump slices causes many calculation steps and many
sideband waves lead to heavy load on memory, which
both consume a lot of computation time. In order to save
computing resources as much as possible while ensuring
the accuracy and convergence of the numerical solutions,
we have conducted many simulation tests to select
appropriate sampling and slicing parameters, which will
be illustrated in the next section.

3 Simulation Results

3.1 Input parameters

The basic input parameters of PIPERS for the simulation
tests are chosen as the typical plasma parameters and
wave parameters of JET [10], where there is almost no
significant PDI.

The background magnetic field is By = 3.4 T at the
major radius R = 2.96 m. The profiles of the plasma
density and temperature from the antenna around the
SOL are shown in Fig. 1. The LHW antenna is located
at the origin, where n, ~3 x 10’m™3 and T, ~ 8 eV.
The last closed flux surface (LCFS) is located around
x = 0.05m, where n,~1x 10 m=3 and T, ~2 0 eV.
The LHW frequency is f; = 3.7 GHz and its parallel
refractive index is Ny, = 1.84 . The major radius
coordinates of the LHW antenna is R,,tenna = 3.89 m.
The poloidal and toroidal lengths of the antenna mouth
are L, = 0.884m and L, = 0.348 m. And the power

injected is chosen as P, = 2 MW.
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Fig. 1. The profiles of the plasma density and temperature
from the antenna around the SOL of JET used for simulation
on PIPERS. The red curve refers to the plasma density and the
green curve refers to the plasma temperature. The antenna is
located at the origin and the LCFS is located at x = 0.05 m.

3.2 Characteristics of the sampling

Due to the linear dispersion relation and the PDI
excitation conditions [15,17], the wave parameter space
{wq,k1} can be reduced to the three dimensions
{wip, 01, Ny, }. wir is the frequency of the low frequency
wave, ranging from ion sound frequency to several ion
cyclotron frequency w. - 6; is the scattering angle,
defined as the angle between the components
perpendicular to the background magnetic field of the
wave vector kg and ky. Ny, = ck,,/w, is the refractive
index parallel to the background magnetic field of the
sideband wave defined with the pump frequency wy.

Actually, the decay channels with excessive parallel
refractive index or multiple harmonic ion cyclotron
frequency are hard to grow due to strong Landau
damping and small coupling coefficients. According to
the geometric relation of the new wave parameters [17],
the sideband waves will propagate in the opposite
x-direction when [8;] > 90°, where there is no plasma.
And the sideband waves can’t propagate into the pump
region when |N;,| < 2 due to the accessibility. Above
all, the sampling range are selected as wr € {0,20w},
0, € {-90°,90°} and N;, € {—80,—2}U{2,80} ,
basically covering all the decay channels with positive
linear growth rates.

Given the input parameters and number of sampling
points within the sampling ranges, PIPERS can solve the
energy evolution equations and calculate the portion of
energy transfer. It’s noted that the plasma density has
been increased by 30% and the plasma temperature has
been decreased by 20% based on the input parameters in
Section 3.1 in order to enhance the PDI intensity to
obtain better comparative effect. The portion of the rest
pump power tends to be constant when the number of
sampling points of one dimension is gradually increased
and other two dimension remain unchanged, as is shown
in Fig. 2-4.

Number of sampling of w g

Fig. 2. The portion of the rest pump power as the number of
sampling points of the frequency increases. The dashed line
corresponds to Aw;r = 0.2w;. The sampling interval of other
dimensions are kept Af; = 1° and ANy, = 2. The input
parameters are as mentioned above.
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Fig. 3. The portion of the rest pump power as the number of
sampling points of the parallel refractive index increases. The
dashed line corresponds to AN;, = 2. The sampling interval
of other dimensions are kept Af; = 1° and Aw;r = 0.2wy;.
The input parameters are the same as Fig. 2.
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Fig. 4. The portion of the rest pump power as the number of
sampling points of the scattering angle increases. The dashed
line corresponds to Af; = 1°. The sampling interval of other
dimensions are kept Awr = 0.2w,; and AN, = 2. The input
parameters are the same as Fig. 2.
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According to the simulation results shown in
Fig. 2-4, the portion of the rest pump power is more
sensitive to the number of sampling points of the
scattering angle than the other two dimensions. That’s
because the distribution of the decay channels with large
convective amplification factors in scattering angle
space is more peaked, leading to denser sampling.
Besides, sampling in frequency and parallel refractive
index space requires a certain degree of density to ensure
spectral precision, although it can be taken sparser when
the calculation is only for the portion of energy transfer.
To balance the memory load and the accuracy of the
results, Aw;r = 0.2w,, 40, = 1°, AN,, = 2 (dashed
lines in Fig. 2-4) are chosen to be the appropriate
intervals to sampling the decay channels.

3.3 Characteristics of the pump slicing

As is mentioned before, the width of the pump slices Ax
should be much smaller than the spatial scale of the
plasma parameter variation, leading to a large number of
slices and long computation time. It’s noted that the
plasma density has been increased by 10% based on the
input parameters in Section 3.1 in order to enhance the
PDI intensity to obtain better comparative effect. Given
the slices’ width, the variation of the portion of the rest
pump power is shown in Fig. 5.
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Fig. 5. The portion of the rest pump power as the width of the
pump slices changes from 0.18 mm to 2.4 mm. The sampling
intervals adopted are verified in Section 3.2 and the input
parameters are as mentioned above.

With the width of the pump slices shortening, the
portion of the rest pump power is calculated more
precisely but the calculation is much more time-
consuming. To balance the computation time and the
accuracy of the results, the width of the pump slices is
chosen as Ax = 0.4 mm (dashed line in Fig. 5),
generating hundreds of slices within a few centimeters
around the SOL.

3.4 Characteristics of the frequency spectrum

After the characteristic investigation of the sideband
wave sampling and the pump slicing, the simulation
results can reproduce some experimental observations
credibly. Except the portion of the energy transfer,

PIPERS can also illustrate the frequency spectral
evolution throughout the entire propagation process
with the recorded information of the sampled sideband
waves, as is shown in Fig. 6 and [23].

Fig. 6. The evolution of the frequency spectrum as the pump
propagation depth increases. The steep and high peak at the
right side refers to the pump power. The other short peaks are
the sideband waves. (w — wq)/w,; represents the position on
the frequency spectrum normalized by wg;. f(w)/ max[fy] is
the power density compared to the initial pump wave in
decibels. x is the depth of propagation. The input parameters
are shown in Section 3.1.

The propagation process is divided into two areas,
which are calculated separately. One is near the antenna,
dominated by the ion sound quasi-mode. The other is
near the LCFS, dominated by the ion cyclotron quasi-
mode. [17] Clearly, the decay channels with high
harmonics ion cyclotron frequency merge and obtain
more energy than those with one or two harmonics ion
cyclotron frequency. The wave parameters, plasma
parameters, the sampling and slicing methods can
determine the relative and absolute intensity of the
spectrum. Only the wave and plasma parameters affect
the shape and position of the sideband peaks. The
sampling and slicing methods affect the spectral
resolution. Although there is almost no energy loss of
the pump wave in condition of the input parameters in
Section 3.1, there are still spectral broadening beyond
experimental observation as the LHW propagates into
the plasma.

4 Discussion and conclusions

Based on the improved local and nonlocal PDI
models [17,18], we have developed the program
PIPERS to calculate the propagation and energy transfer
in the SOL plasma in condition of the quasi-mode decay
PDI of LHW.

Due to the complexity arising from the deeply
coupling of the energy evolution equations, the
characteristics of their numerical solution require
careful investigation to ensure the accuracy and
convergence of the simulation results. With typical
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parameters in experiments of JET, some preliminary
simulation tests have been designed to confirm the
characteristics of the sampling in the wave parameter
space and the iterative calculating between the pump
slices while saving the computation time as much as
possible. After that, PIPERS can not only calculate the
portion of the rest pump power but also the spectral
evolution of PDI, being able to conclude the PDI
intensity and main decay channels in certain
experimental or virtual scenarios.

Consequently, PDI is an important nonlinear
mechanism of wave-wave interaction in fusion plasmas.
Quantitative simulation with a verified program based
on improved models is also an important method to
study related experimental phenomena in detail.
Experiments of more devices will be simulated on
PIPERS with further optimization in the future.

This work was supported by NSFC, under Grant No.
12335014.
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