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Abstract. We consider the power coupled to the plasma from a cylindrical source emitting resonance cones,
propagative slow waves which exist in low density magnetized plasmas when the signs of the Stix parameters
S and P differ. In this work, we calculate this power for the first time for any collisionality, and show that it
remains finite in the cold collisionless limit, even as the radiofrequency electric field itself, and the associated
power absorption density, is singular. We give the main parameter dependencies of the coupled power.

1 Introduction

A resonance cone is a near-electrostatic propagative slow
wave which exists when the Stix parameter [1] S is pos-
itive and the Stix parameter P is negative. Recent exper-
iments suggest its presence even in current tokamaks [2],
and it may play a more important role in larger future de-
vices with lower edge densities. In previous work, we gave
the exact analytic description of resonance cone emission
in a cold plasma from a cylindrical source with radius rs,
both for the collisional [3] and the collisionless cases [4].
We showed that the electric field is singular in the cold col-
lisionless limit (just like what happens at the lower hybrid
resonance).

In this work, like in [3, 4], we consider the electrostatic
description of the propagative slow wave in 2D, where E =
−∇ϕ and the potential ϕ obeys [5]

∂2

∂2
z
ϕ =
−S
P
∂2

∂2
x
ϕ, (1)

where S , P are the usual Stix parameters [1]. We con-
sider the collisional solution of (1) given in [3], where the
potential at the source surface is A exp(−imθ) with θ the
azimuthal angle and A having units of potential [V], and
m > 0 is the (integer) mode number. This solution has the
(complex) potential ϕ = AF−m

(
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)
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m

, (2)

where s =
√
−S/P, the quantity which governs the reso-

nance cone angle [5]. S , P and s are complex in the colli-
sional case (ℜ(s) > 0, ℑ(s) > 0). The associated electric
field strength |∇ϕ| is shown in figure 1 for s = 1 + i/5 and
s = 1+ i/50, illustrating how the behaviour changes as the
collisionless limit ℑ(s)→ 0+ is approached.
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We now consider the total power coupled to the plasma
due to this wave field. That power is [6]

ωϵ0|A|2

2r2
s

(
|s|2ℑ(P) + ℑ(S )

)"
x2+z2>r2

s

∣∣∣∣∣∣F′−m

(
x + sz

rs

)∣∣∣∣∣∣2 dxdz.

(3)

We are interested in the behaviour of this integral for any
ℑ(s) > 0, but especially in the ℑ(s) → 0+ collisionless
limit, where the field strength |∇ϕ| is singular.

2 Evaluation of the power integral

Switching to polar coordinates and introducing the dimen-
sionless radius ρ = r/rs,

ωϵ0
2
|A|2

r2
s

(|s|2ℑ(P) + ℑ(S ))

·

∫ π

−π

∫ ∞

rs

r

∣∣∣∣∣∣F′−m

(
r cos(θ) + sr sin(θ)

rs

)∣∣∣∣∣∣2 drdθ

=
ωϵ0
2
|A|2(|s|2ℑ(P) + ℑ(S ))

·

∫ π

−π

∫ ∞

1
ρ
∣∣∣F′−m (ρ(cos(θ) + s sin(θ)))

∣∣∣2 dρdθ. (4)

Let us start with the θ integration. First, we expand the
absolute value squared ∣∣∣F′−m (ρ(cos(θ) + s sin(θ)))

∣∣∣2 =
F′−m (ρ(cos(θ) + s sin(θ))) G′−m (ρ(cos(θ) + s sin(θ))) , (5)

where

G−m (ξ) =
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m

. (6)

Note the complex conjugate s, and note that the identity
(5) holds for real ρ > 1 and real θ. Allowing complex θ,
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Figure 1. Left: electric field strength |∇ϕ| associated with the potential ϕ = AF−1

(
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)
and s = 1 + i/5, normalized to A/rs. The

resonance cone, being preferentially emitted from the two tangent points, is clearly visible. Right: the same scenario at s = 1 + i/50,
closer to the collisionless limit. The electric field is far more sharply peaked around the tangent points.

the rhs. of (5) is (at least locally) a holomorphic function
of θ, and the tools of complex analysis can be applied to
integrate it. We convert the integral over θ to a contour
integral around the unit circle using the standard trick∫ π

−π

f (sin(θ), cos(θ))dθ =
∮
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)))
dγ. (7)

The first factor has poles that lie on a circle |γ| = ra with
ra < 1. The second factor has poles that lie on a circle |γ| =
Ra with Ra = 1/ra. The integrand of (7) is holomorphic in
an annulus ra < |γ| < Ra surrounding the unit circle. Some
examples are shown in figure 2.

We aim to compute the Laurent series on this annulus,
which will let us evaluate the contour integral. First, recall
that the Jacobi polynomials [7] P(m,0)

n (z) have the generat-
ing function

∞∑
n=0

tnP(m,0)
n (z) =

2m
(√

t2 − 2tz + 1 − t + 1
)−m

√
t2 − 2tz + 1

. (8)

Two factors in the integrand of (7) may be expanded in
series of this form:
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which, being a Taylor series around γ = ∞, converges for
|γ| > ra, and
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(10)

which, being a Taylor series around γ = 0, converges for
|γ| < Ra. Note that the coefficient in γ−2n in (9) is the
complex conjugate of the coefficient in γ2n in (10). It is
thanks to this that our final result will be real and positive.

Briefly expanding on the derivation of (9) and (10), we
consider (8) with t = s−i

(s+i)γ2 and z = 1 − 2
ρ2 . The resulting

expression involves the square root√√
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This is precisely the
√
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root which occurs in (2)

and its derivative, with ξ = ρ
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)
+ s i

2
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From this, (9) and (10) can be obtained through laborious
but fairly straightforward algebra.

The factors ρ−m−1P(m,0)
n−1

(
1 − 2

ρ2

)
which occur in (9) and

(10) have the remarkable property that∫ ∞

1
ρ

(
ρ−m−1P(m,0)

n−1

(
1 −

2
ρ2

))2

dρ =
1

2m
. (11)
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Figure 2. Complex plots of the integrand of (7) for m = 1 (left), m = 2 (middle), and m = 3 (right). The unit circle contour integration
path is the solid black circle. The boundary of the annulus in which the integrand is holomorphic, i.e. |γ| = ra and |γ| = Ra, are shown
as dashed circles.

This can be shown by changing the integration variable to
χ = 1 − 2

ρ2 ∫ ∞

1
ρ

(
ρ−m−1P(m,0)

n−1

(
1 −

2
ρ2

))2

dρ

=

∫ 1
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n−1 (χ)2dχ .
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d
dχ
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n−1 (χ)2

+ (1 − χ)m2P(m,0)
n−1 (χ)

d
dχ

P(m,0)
n−1 (χ) .

After integrating both sides, the second term in the rhs.
vanishes due to the Jacobi polynomials’ orthogonality un-
der the weight (1 − χ)m, and we get

−2mP(m,0)
n−1 (−1)2 = −

∫ 1

−1
m(1 − χ)m−1P(m,0)

n−1 (χ)2dχ . (12)

Now, P(m,0)
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1
2m
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which proves (11).
Returning to (7), the Laurent series which defines the

integrand in the annulus is the product of (9), (10), and
−i/γ. This product converges where all its factors con-
verge, i.e. in the annulus ra < |γ| < Ra. To evaluate the
countour integral, we only need the 1/γ term in the Lau-
rent series, which we get from the termwise product of (9)
and (10), so (7) becomes (noting |

√
−s2 − 1|2 = |s − i|2)∮
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Returning to the ρ integral, using (11),∫ ∞
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So the 2D integral outside the source circle is∫ π

−π

∫ ∞

1
ρ
∣∣∣F′−m (ρ(cos(θ) + s sin(θ)))

∣∣∣2 dρdθ =
πm
ℑ(s)
,

(15)

which is surprisingly independent of ℜ(s). We have
checked (15) against numerical integration in table 1.

Finally inserting (15) back in (4), the coupled power is

ωϵ0
2
|A|2(|s|2ℑ(P) + ℑ(S ))

πm
ℑ(s)

. (16)

For the collisionless limit, it will be convenient to formu-
late the denominator in terms ofℑ(s2). Sinceℑ(s) = ℑ(s2)

2ℜ(s) ,
the coupled power (16) equals

ωϵ0
2
|A|2(|s|2ℑ(P) + ℑ(S ))

2πmℜ(s)
ℑ(s2)

. (17)

Note that the coupled power (17) is valid for all collision-
alities, from very high collisions all the way down to the
collisionless limit. Let us now consider that limit. Let
S = S 0 + ai and P = P0 + abi, with S 0 > 0, P0 < 0, a > 0
and b > 0. S 0 and P0 are the collisionless (real) values of
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m s πm/ℑ(s) Numerical
1 1 + i π 3.14159
2 1 + 2i π 3.14159
2 1 + i 2π 6.28319
3 1 + i 3π 9.42478
1 1 + 2i π/2 1.5708
3 1 + 4i 3π/4 2.35619
1 3 + i π 3.14159
1 1 + i/100 100π 314.159
2 1 + i/100 200π 628.319

Table 1. The 2D integral (15): exact result πm/ℑ(s) compared
with numerical integration using Mathematica’s NIntegrate

function. Note the result’s independence onℜ(s).

the Stix parameters. We intend to take the a → 0 limit,
and expect that limit to be independent of b (i.e. indepen-
dent of the direction along which we approach the limit in
(ℑ(S ),ℑ(P)) space). Note

|s|2ℑ(P) + ℑ(S ) = a
(
1 − b

S 0

P0

)
+ O(a2) (18)

and

s2 = −
S 0

P0
−

ia
(
1 − b S 0

P0

)
P0

+ O(a2) . (19)

So the b-dependence in |s|2ℑ(P) + ℑ(S ) cancels the b-
dependence in ℑ(s2): we can indeed take the ℑ(S ) →
0,ℑ(P) → 0 collisionless limit of (17), and that limit is
indeed independent of the direction of approach. The limit
is

lim
a→0

ωϵ0
2
|A|2a

(
1 − b

S 0

P0

)
2πmℜ(s)

−
a
(
1−b S 0

P0

)
P0

= ωϵ0|A|2πm
√
−S 0P0 .

(20)

Expression (20) is the total power dissipated by the reso-
nance cone, in the cold collisionless limit. It is interesting
to note that the power (whether collisional or collisionless)
scales with the mode number m, which suggests that, in
order to couple a finite amount of power, the fourier coef-
ficients that define the potential on the surface must decay
at least as m−2, which confirms that the potential along the
surface must be continuous, as expected.

3 Conclusion

We have calculated the power dissipated in the plasma by
a 2D cylindrical source emitting a resonance cone, as pre-
dicted by the cold plasma theory (using the electrostatic
approximation for the resonance cone), for any collisional-
ity and any mode number. This power remains finite even
in the collisionless limit, even as the field strength itself is
singular in that limit. The power in the collisionless limit
is independent of the details of the collision mechanism,
i.e. independent of the direction along which we approach

the limit in (ℑ(S ),ℑ(P)) space. This completes the con-
nection between the resonance cone and the lower hybrid
resonance [8]: in both cases, the cold plasma theory pre-
dicts singular wave fields and a finite coupled power in the
collisionless limit.

In the collisionless limit, the power coupled to the res-
onance cone scales with

√
−PS . For any collisionality,

the power scales with the wave frequency and with the az-
imuthal mode number m. The power is independent of the
source radius rs.

We are grateful to an anonymous reviewer of [3],
for drawing our attention to this topic and for predict-
ing the result’s independence on rs, by noting that the r-
dependence in (4) cancels after switching to the dimen-
sionless radius ρ = r/rs as integration variable.
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