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Abstract. As discussed in Ref. [1], recent theoretical and numerical treatments [2, 3] have sought to express
the plasma radiofrequency (RF) response as a nonlocal integral operator formulated in configuration space.
Analytical expressions of the integral kernels are available for Maxwellian particle species. This approach
enables(i) direct use of the finite element method (FEM) to model wave propagation and absorption in hot
inhomogeneous fusion plasmas,(ii) local mesh-refinement,(iii) provides RF field representations suited to
address tokamak geometry, and(iv) allows straightforward connection between plasma and antenna models.
The present contribution focuses on the concrete application of this method, in an incremental way, developing
codes and exploiting finite element codes/libraries.

1 Introduction

Waves in the ion cyclotron range of frequencies (ICRF)
are an integral part of auxiliary heating systems, plasma
startup as well as wall conditioning in magnetic con-
finement fusion plasmas, both tokamaks and stellarators
[4]. Modelling ICRF heating poses challenges because its
wavelength is on the typical order of the gradients length
scales of the plasma, and this precludes the applicabil-
ity of ray tracing methods. Therefore, accurate descrip-
tion of the anisotropic plasma response, including strong
refractive index variation (at resonances, cut-offs, near
the edge), requires a full-wave approach. Several codes
have been devised which solve Maxwell’s equations in
the presence of a hot plasma as a boundary value prob-
lem, subject to the antennas excitations. They rest on
a variety of formulations: spectral (AORSA [5]), mixed
spectral-finite-element (TORIC [6], CYRANO [7], EVE
[8], LEMan [9]), finite element (FEMIC [10], PETRA-
M [11], NGSolve [12]), and all aim at finding a balance
between physics fidelity and numerical cost. Theoretical
progress in the analytical expression of the nonlocal di-
electric response of Maxwellian plasmas in configuration
space has been ongoing with the work of Ref. [13], per-
pendicular to the local magnetic field, with stratified pro-
files (r B0 � B0 = 0). More recently, the homogeneous
Maxwellian plasma response, both perpendicular and par-
allel to a uniform magnetic field has been derived [2], and
was anticipated in the full guiding-center picture for gen-
eral magnetic field equilibria [1, 3], see also [14, 15]. This
approach allows to introduce the parallel magnetic field
gradients. The parallel response to the absorbing part has
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also been investigated nonlocally by means of Fast Fourier
Transform evaluation of the(k; k) component of the hot
dielectric tensor [16, 17]. An overview of the different
methods to incorporate the plasma response in full-wave
modelling is given in Ref. [18]. The nonlocal descrip-
tion allows especially to use a FEM formulation, which
captures the full antenna spectrum at once, provided it is
suitably discretised, as well as to retain finite plasma tem-
perature effects (warmTk > 0, hotTk > 0 andT? > 0).
It should enable local mesh refinement techniques that are
ruled out with spectral approaches. While the current work
seeks to exploit analytical expressions to ease the numeri-
cal workload, alternative approaches determine the dielec-
tric plasma responses, for arbitrary distributions [19–21],
by integrating the particles trajectories along the unper-
turbed orbits, as part of the full-wave equation solution. In
addition to the theoretical results [2], the method was il-
lustrated with the solution of the full finite Larmor radius
(FLR) wave equation in configuration space, in one spatial
dimension for the 3 components of the fields, retaining a
Fourier mode expansion along the magnetic field. We ex-
plore, in a complementary way, the warm plasma effects
along the magnetic field using the nonlocal formulation, in
the limit of vanishing Larmor radius, in 2 dimensional slab
geometry, as a first step, which allows to simulate minority
heating scenarios. We describe the different avenues taken
so far in the next sections, namely the development of a
novel code in section2, the exploitation of GMSH-FEM
in section3 and of PSYDAC in section4, respectively.
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2 PLIKES a Plasma Linear Integral Kernel
E�eld Solver

The model currently implemented in our PLIKES code,
rests on a 2.5D straight-magnetic field lines (nor kB0) so-
lution of the weak-form of the linearised Maxwell-Vlasov
system using the new nonlocal dielectric kernels [15], to
lowest order in finite Larmor radius as a first step, i.e. with
focus on wave dispersion effects along the equilibrium
magnetic field and the associated fundamental cyclotron
and Landau dampings. The polarisationsL = +; � ; k are
associated with the indicesL = 1; � 1;0. The symbol�
labels the plasma species,! � p, ! � c andv� T, their plasma
frequency, cyclotron frequency and thermal speed respec-
tively, jS is the antenna current,! its angular frequency,
� � p =

(
! � p! � c

)
=2v� T. The functionsF and E are the

test and trial functions, respectively,� denotes the complex
conjugate, and the weak formulation eventually reads
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The expressions are free fromkk dependence, and one no-
tices instead the appearance of integrals connecting nonlo-
cally pointsy, y0along the magnetic field. The symbol� L;0
is the Kronecker-delta symbol, which yields� = 2 when
L = 0, corresponding to the Landau interaction and� = 0
for L = � 1;1, the cyclotronic interactions. The mixed
Landau-TTMP, corresponding to� = 1, is not retained in
the present study since it is a FLR effect. The functions
Υ0, Υ1 andΥ2 stem from the generalised definition

Υ� (� ) =
1
�
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; �
{

even
odd

}
;

(2)
and Im(� ) > 0 shown in Fig. 1, with Zf� g, the plasma
dispersion functions

Zf� g(� ) =
1

p
�

∫ 1

�1

x� e� x2

x � �
dx: (3)

In Eq. 2, when � is evenZ� is multiplied by cos(t)
and when the index� is oddZ� is multiplied by i sin(t).
The Υ� preserve the causality prescription and are con-
nected to the functionsS of [2], S 1 (j� j y; � � ) = Υ0 (� jyj),
S 2 (j� j y; � � ) = � 2� yΥ1 (� jyj) and S 3 (� jyj ; � � ) =

� 2Υ2 (� jyj), � v = sign(v). They are further presented
and studied in details in [22], in particular their mathe-
matical properties and recurrence relations are established,
the convergent series and asymptotic expansions are de-
termined, together with a representation highlighting the
logarithmic singularity of the imaginary part ofΥ0. This
requires due care at resonance and wheny = y0.

2.1 Model

As introduced, the model is 2 dimensional in space and
retains the 3 components of the electromagnetic fields, so-
called 2.5D, in slab geometry. We now choose the con-
fining magnetic field to be in thêy direction, while the
stratified profile varies in thêx direction. In tokamak ge-
ometry, x̂ would correspond to the radial direction andŷ
to the toroidal direction. The curl operatorr� is set with
r =

(
@x; @y; ikz

)
, andkz, thought of as a poloidal mode

number. The circularly polarised components

e� =
ez � iexp

2
; ek = ey (4)

provide
EL = e�

L � E; L = +; � ; k : (5)

The antenna is represented as an arbitrary number of in-
finitely narrow straps

jS = jS (x; y) exp(ikzz) = jS � (x � x0) s (y) exp(ikzz) (6)

and s (y) = H (y � y0 + w) � H (y � y0 � w), H (y) being
the Heaviside function,w the strap half width. In some
tests, the functions (y) can be set to a desired profile, for
example, a sine function which allows to simulate a single
kk spectrum.

2.2 General implementation

The PLIKES code is written in C and is so far hosted
on a private Gitlab page. It uses complex numbers from
the standard library, uses Gauss-Legendre quadrature of
arbitrary orders (up to 16), as well as quadratures that
adequately integrate log functions. This allows to treat
the logarithmic singularity of ImΥ0. The matrix is con-
structed on a per element basis which introduces repeti-
tions of global degrees of freedom (DoFs) entries in the
system matrix. They can be gathered by means of a
hash function [23]. The nonlocal coupling lengths are
defined for each species and each polarisation, at each
radial positionx, based on the truncation constraint that
� �; p(x) jy � y0j < 20, the argument beyond which the ker-
nels are smaller than 10� 6, for a stratified, homogeneous
magnetic fieldB0 = ŷB0 (x). Boundary conditions are
introduced with Lagrange multipliers. The MUMPS li-
brary [24, 25] is used to solve the linear system and the
results are written using the hdf5 library [26, 27] for post-
processing. The curl-conforming first-kind Nédélec ele-
ments are used in the planar simulation domain [28] for
the radial and "toroidal" components of the fields, and the
"poloidal" components are described using the second or-
der nodal Lagrange elements, resulting in an overall 21
DoFs per element. The power balance is obtained on a per
species and/or per position basis by substitutingF = E in
the weak form, withE the solution.

2.3 Kernel evaluation, numerical quadratures,
matrix construction

Our simulation necessarily truncates the kernel to� max,
since it decays quickly which allows to tabulate it for fast

         ! !  ! 

, 01019 (2026)EPJ Web of Conferences https://doi.org/10.1051/epjconf/202634601019346
RFPPC2025

2



Figure 1. The real and imaginary parts of theΥ� functions. The fundamental cyclotron damping is governed byΥ0 whileΥ2 represents
the Landau interaction. TheΥ1 function corresponds to mixed Landau-TTMP and intervenes for finite Larmor radius effects and will
be exploited in the future.

evaluation as well as to limit the range of the nonlocal in-
tegrations. For each radial locationx, species� and polar-
isation p, the quantity� �; p (x) is evaluated. This implies
that the kernel argument

� �; p (x)
∣∣∣y � y0

∣∣∣ � � max: (7)

In turn, the nonlocal coupling lengths cannot be larger than
Lmax = jy � y0jmax = � max=� �; p, as a result of this trunca-
tion criterion. At the cyclotron resonance,� �; + (xres) ! 0
and thereforeLmax ! 1 . We further require that the non-
local coupling length be smaller than the domain length
Lmax � ny∆y, with ny and∆y, the number of elements and
their (common) size along the magnetic field direction, re-
spectively. In addition, away from resonance or when the
temperature decreases,� �; p (x) becomes large, such that
Lmax = � max=� �; p (x) ! 0 and can then be smaller than
∆y. This implies that the kernel support is contained over
a single element which becomes challenging to integrate
with a few number of Gauss points. However, the coupling
being nonlocal, we should ideally also haveLmax � ∆y
to couple at least two elements. IfLmax � ∆y, the cou-
pling becomes local. In this case, one can revert to the
cold plasma dielectric tensor elements instead. Eventually
∆y � Lmax � ny∆y. Therefore, the numerical quadrature
should be accurate enough to integrate the support of the
kernel over 1-2 elements. Since the number of quadrature
points is fixed over an element, the greaterLmax, the larger
the number of integration points for the kernel support.
The numerical integration rules have therefore been eval-
uated onΥ0, the most challenging due to its logarithmic
divergence. Strategies to get around this are discussed in
section2.5. The result of the numerical evaluation of the
indefinite integrals ofΥ0 using Gauss quadrature is com-
pared against a dedicated quadrature that deals with the
logarithmic singularity [29, 30]. The Gauss-quadrature
struggles to correctly capture the integral over the whole
support (truncated at� max = 20) as seen on the left panel
of Fig. 2, even with an order 20 integration rule, while
starting from order 9, see rightmost panel, the log quadra-
ture gives very good results, and higher orders are almost
indistinguishable from the true values, central panel. This
test can be thought of as integrating the kernel with the
constant basis function forF andE while non constant ba-
sis functions will result in multiplication by polynomials

in y andy0 that will smooth the logarithmic divergence.
The elements have been numbered with fastest index vary-
ing along the magnetic field direction such that the band-
width of the sparse matrix will still be limited with the
non-locally coupled elements. As a result, the matrix ap-
pears to be block sparse and the size of the block is related
to the nonlocal coupling length, that is essentially related
to the temperature for the sparsity patterns in the left and
central panels in Fig.3, and to both temperatures and mag-
netic field values for the right panel. In addition one sees
the transition from the vacuum region to the plasma region.

2.4 Results

Ion cyclotron damping has been validated with PLIKES
using the nonlocal kernel, setting uniform densities, tem-
peratures and magnetic field. This allows direct com-
parison with the warm analytical dispersion relation, re-
sulting in good agreement, see Fig.4. Integral dielec-
tric kernel to JET H-minority heating in D with the ide-
alised sinewave antenna and with a JET-like 4-strap an-
tenna in dipole phasing(0; �; 0; � ) are presented in Fig.5,
? -stratified geometry, radialx, toroidaly, f = 52:56MHz,
B0 = 3:45T, ne;0 = 3 � 1019m� 3, Te = TD = TH = 2:0
keV, � D = nD=ne = 0:95. We note that a spectral approach
would need to sum the Fourier-modes of the 4-strap an-
tenna, while the nonlocal kernel captures its spectrum at
once.

2.5 Prospects

The present is a snapshot of ongoing work and subse-
quent development will ensue. The quadrature for the
logarithmically-singular kernels are treated for the nearest-
neighbour elements wherey = y0 is allowed and proper
treatment at the cyclotron resonance� �; p=1 = 0, namely for
the dx integration, is pending [29]. Indeed, the logarith-
mic singular parts of theΥ� have been isolated. We have
used the identity log

(
� �; p (x) jy � y0j

)
= log

(
� �; p (x)

)
+

log(jy � y0j) to apply the dedicated log-quadrature on the
latter term, and are working to apply it to the former. The
recent discovery of closed expressions for the primitives of
Υ� [22] will be highly beneficial on the numerical aspects
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Gauss quadratures Log quadratures Log quadratures

Figure 2. Comparison of Gauss quadratures with quadratures suited to treat logarithmic-singular integrand in the integration of the
kernel functionΥ0.

TH = 0keV, homogeneous plasma TH = 4keV, homogeneous plasma Sparsity,? -stratified plasma

Figure 3. Indexing elements along the magnetic field retains sparsity by block, the size of which changes when moving from vacuum
to plasma, left and middle panels, and with inclusion of profile temperature, as shown on the rightmost panel. The insets on the first
2 panels zoom in the main diagonal, clockwise, starting from the top. The top left structure on the rightmost panel corresponds to the
vacuum region.

Figure 4. Cyclotron damping test case, homogeneous plasma, cold electrons and deuteronsnD = 0:95ne, 2keV protonsnH = 0:05ne,
ΩH=2� = 52:56MHz, uniform magnetic field, sinewave antennakk = 2� , fant = 51:8MHz. From left to right: modulus of the left-
circularly polarised component ofE, analytical solution to warm dispersion relation, numericalEx spectrum obtained in the radial
direction, yielding Rek? , and cyclotron damping from the simulation matching with analytical results Imk? .

and will be exploited in next code development, because
it allows to integrate directlyΥ� (t) tn, in particular prod-
ucts of FEM basis functions with the kernels. The strategy
currently adopted presets a non local coupling length in
units of element along the magnetic field at each radial
position, and this for each species and each polarisation,
such that the outer loops are over species and polarisa-
tions. Therefore pairs of elements, and hence of DoFs,
can be visited several times. This leads to repeated entries
stored as Coordinate list. While this allows flexibility in
terms of physics description, duplicate pairs quickly be-
come a memory issue. Indeed revisiting the order of the

loops, further use the hash functions or identify nonlocally
coupled DoFs prior to calculation could be beneficial.
The near to mid-term goals are the investigation of phys-
ical scenario for which the background equilibrium mag-
netic field is inhomogeneous, namely has a parallel gra-
dient, such as in a magnetic mirror [19]. A field-aligned
coordinate system could be devised by transforming the
curl-conforming Nédélec elements using curvilinear trans-
formation map together with the transformation of the curl
operator [31, 32]. The mid to long-term endeavour will
be dedicated to mesh-refinement, and eventually exten-
sion to 3D tokamak and stellarator geometries. In GMSH-
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Figure 5. Minority heating simulations with JET-like profiles, and associated ion-ion hybrid resonance layer for a sinewave antenna
characterised bykk = 2� and fant = 52:56MHz, first row, and whose results appear in the second row showing enhancement ofE+ at the
ion-ion hybrid layer and spatial profile of the wave-power absorption by the minority-H (species 3). Minority-heating using a 4 strap
JET-like antenna in dipole phasing(0; �; 0; � ) is obtained in the last row, whose spectrum is captured at once thanks to the new nonlocal
dielectric kernel formulation.

FEM, of which results appear in the next section, we plan
especially to couple our solvers with distributed domain
decomposition preconditionners such as Overlapping Re-
stricting Additive Schwarz (ORAS) [33, 34].

3 GMSH-FEM

Results obtained with PLIKES using the spectral plasma
dielectric response and a sinewave antenna have been
cross-validated with the open-source finite element solvers
GetDP [35] and GMSH-FEM [36], which can further be
used to simulate more complex geometrical configura-
tions. As an example, Fig.6 shows simulations with the
same ionic species parameters as insubsection 2.4, in an
annular configuration with the same dimensions as JET.
Fourth order nodal and edge finite elements are used, and
results are displayed for both cold and warm plasma cases,
with constant and spatially varying applied static magnetic
field, with singlekk as an intermediate step toward full
tokamak geometry and inclusion of nonlocal kernels.

4 PSYDAC

PSYDAC [37] is a numerical Python library developed at
IPP Garching which enables PDE formulation in FEM us-
ing tensor-product B-Spline elements [38]. The assembly
of the symbolic expressions of the weak-form runs at For-
tran/C speed [37, 39]. Complex domains are simulated
through deformation of reference cube. The cold plasma
dielectric tensor has been successfully implemented in
3D geometry, and validated against dispersion relation
through FFT as shown in Fig.7. The kernel implemen-
tation will follow suit.

5 Conclusions

The advantages of the method promisei) the use of the
FE method to model wave propagation in warm inhomo-
geneous fusion plasmas,ii) the application of local mesh
refinement, not possible in spectral methods,iii) to pro-
vide RF field representations suited to address tokamak
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4.41e-07

52.2

104

157

209

261

jE+j

a) Cold plasma (TH = 0 keV, Bstat= 3:45 T)

1.08e-08

2.3

4.6

6.91

9.21

11.5

jE+j

b) Warm plasma (Bstat= 3:45 T)

0.00108

20.2

40.4

60.7

80.9

101

jE+j

c) Warm plasma (Bstat= f (R))

Figure 6. Plasma simulation atf = 51:8 MHz with: Electrons
(0 keV, nelec = 3 � 1019 m� 3); Hydrogen (H+) (5 % � nelec); deu-
terium (0 keV, 95 %� nelec). Two thin rings of vacuum surround
the plasma at the inside and outside. At the inside and outside
boundaries, the electric field is set to zero. The antenna makes a
complete turn in the outer ring to guarantee a physical excitation
mode ofkk = 2� . a) TH = 0 keV, azimuthal static field with con-
stant amplitudeB�

stat = 3:45 T. b) TH = 2 keV, azimuthal static
field with constant amplitudeB�

stat = 3:45 T. c) TH = 2 keV, az-
imuthal static fieldB�

stat=
B0�R0
R0+r =

3:45
1+r=2:97 T.

geometry,iv) to allow straightforward connection between
plasma and antenna models, directly applicable to the
study of minority heating in realistic geometry. While the
present efforts are dedicated to enhance the description of
the parallel dynamics, they should at a later stage be com-
plemented by ongoing efforts focusing on the perpendicu-
lar one, as with NGSolve [2, 12, 18].
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