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Abstract. Simulating magnetically confined fusion plasmas presents a uniquely challenging problem due to
the nonlinear anisotropic heat conduction. We introduce the MAPS (MFEM Anisotropic Plasma Solver) tool,
which uses a high-order finite element method to compute transport solutions on unstructured meshes. We show
results for a set of three 2-D verification tests, two of which demonstrate the expected convergence properties
for various mesh resolutions and polynomial degrees. We then discuss the convergence rate for the third test.

1 Introduction

A new finite element fluid plasma transport solver is being
developed to provide plasma solutions in the boundary of
magnetic confinement devices near radio frequency (RF)
actuators with high geometric fidelity. Heat conduction in
a magnetized plasma is highly anisotropic due to the gyro-
motion of charged particles and the strong scaling of par-
allel conductivity with temperature. The numerical chal-
lenge of solving nonlinear anisotropic transport equations
can be addressed by projecting them onto separate paral-
lel and perpendicular (to the background magnetic field
B) coordinates and using a mesh aligned with the mag-
netic field. However special treatment is then required at
the boundaries where the grid intersects the plasma facing
components (PFCs).

This is a particularly relevant challenge in the field of
radio-frequency (RF) heating to understand how the RF
power can affect plasma transport the far Scrape Off Layer
(far-SOL). To investigate this phenomenon, we need to re-
solve the antenna and accurately describe far-SOL plasma
transport, which requires a method to provide solutions
on a combination of field aligned and geometry conform-
ing meshes. Boundary plasma transport codes approach
the far-SOL plasma calculations by using cut cells (e.g.,
EMC3 [1, 2], EDGE2D [3]), using unaligned cells in the
far-SOL only (SOLPS-ITER extended grid [4], or flexible
field aligned coordinates BOUT++ [5]).

An alternate approach is to employ a finite element solver.
With appropriate preconditioning to avoid poor condi-
tion numbers, the finite element method is well suited
to address this problem, as it can handle both structured
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and unstructured meshes, and has been demonstrated to
handle anisotropic plasma transport with high order ele-
ments (e.g., SolEdge-HDG [6], M3D-C1 [7]). Here we
present the MAPS (MFEM [8, 9] Anisotropic Plasma
Solver) code, which implements a discontinuous Galerkin
(DG) high order finite element method to solve nonlinear
anisotropic heat conduction in 2D. Recent progress in de-
veloping a hybrid DG FEM plasma solver [6, 10-14] indi-
cates that this approach is suitable for developing a toka-
mak SOL transport solver. As a first result, we present im-
portant verification tests of MAPS including multiple 2D
benchmarks. The fluid transport model will be coupled
with the cold plasma full-wave code Stix [15, 16], a fre-
quency domain wave solver developed for the far-SOL and
RF antenna region, including a non-linear sheath boundary
condition. Coupling MAPS and Stix will self-consistently
evaluate how RF waves and far-SOL plasma profiles can
impact each other via RF sheath enhanced E X B flows
[17-21] and the ponderomotive force [22-28].

2 General physics model

The physics model for MAPS is developed following a
similar approach to codes like SOLPS-ITER [29, 30],
EMC3-EIRENE, UEDGE [31], and EDGE2D [3]: plasma
turbulence is not resolved; cross-field transport is repre-
sented with user-defined diffusivities; and B is considered
static. Using the definitions b = B/B, B=||B||, V| =b-V,

V., =(1-bb)-V,Vf =bV,f+V,f, we solve the follow-
ing set of equations for a Braginskii-like model [32, 33]
for continuity, ion parallel momentum, and both ion and
electron total energies,
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where we assume quasi-neutrality and a single hydrogenic
ion species such that n; = n, = n. The subscripts i, e refer
to the ion and electron quantities. The L, || subscripts in-
dicate values perpendicular and parallel to the background
magnetic field: D, u, and y are the coefficients (m?/s) for
particle diffusion, viscosity, and heat diffusion for the den-
sity, momentum, and energy equations respectively, where
the parallel components are calculated using the usual ex-
pressions (see e.g., [32]) and we use ad-hoc values for
the cross field components; v;, are the collision frequen-
cies; the source terms, S™™E, contain any contributions
from plasma-neutral interactions; and S, Eext are the exter-
nal heat sources (e.g., from RF heatmg) For simplicity in
initial development and testing, cross-field drifts, impurity
ions, and plasma currents are currently neglected. How-
ever, these can be included in further development.

The system of equations is nonlinear with multiple time
and length scales, with regions of strong spatial and tem-
poral gradients that may change in location during the
course of the simulation. To meet these challenges we will
make use of adaptive time stepping, and discuss adaptive
mesh refinement (AMR) in Section 4.

3 Anisotropic diffusion in two
dimensions

While the MAPS code currently includes the full set of
equations given in Eqs 2.1-2.4, for initial benchmarking
purposes we consider a subset of these equations focused
on the anisotropic heat diffusion problem,

a(%nT)+V-q= 0, 3.1

4= L. —bb) + y bb] - VT (32)

with constant n. Systems of partial differential equations
of the type modeled in this project require a set of nested
solution methods. First there is an ordinary differential
equation (ODE) solver used to advance the solution in
time. The ODE solver involves the solution of a nonlinear
operator for which we employ a Newton solver. The New-
ton solver must invert a linear gradient operator which we
approximate using an iterative linear solver. Finally, the
iterative solver can be accelerated using a preconditioner
to compute an approximate inverse. Each of these steps
will be described below but first we will briefly describe
the choice of spatial discretization.

3.1 Spatial Discretization

Equations 2.1 through 2.4 resemble the scalar advection-
diffusion-reaction problem studied in [34]. In this model-
ing effort we make use of the symmetric interior penalty
Galerkin (SIPG) method (Eq. 3.8 in [34]) for the diffusive
terms and the local Lax Friedrichs flux for the advective
terms. The SIPG scheme includes a tunable parameter, «,
which provides control over the degree of upwinding that
can be independently applied across each edge.

3.2 Time Integration

Time step selection can have broad impact on a tran-
sient simulation. Unnecessarily small time steps can in-
cur significant computational costs and introduce large ac-
cumulated errors. Inordinately large time steps can in-
crease computational costs by producing poorly condi-
tioned linear systems; miss short timescale transient phe-
nomena which may be significant; and cause stability is-
sues inherent in advection dominated flows. We employ
a Proportional-Integral-Derivative (PID) controller for se-
lecting the time step. The approach has been studied in
[35] for a coupled viscous flow and heat transfer systems
and more fully in [36] and [37]. A PID controller adjusts
a control variable, c(?), in an attempt to maintain a process
variable, p(t), near some set point, s. The deviation from
the set point is called the error, e(f) = s — p(?),

e(t)
dt

o) = kpe(t) + % f (D)t + Atky

The three parameters are the gains for the proportional, in-
tegral, and derivative terms that define the PID controller
(4t is used only to produce unitless values for k; and kp).
At each time step the process variable, p(f), is measured
and this is used to determine Ac(t), the change in the con-
trol variable, c(f). The integral gain k; controls how ag-
gressively the PID controller will attempt to restrict the
error, e(t), below some tolerance, the proportional gain kp
reduces or enhances the integral factor according to the
current slope of the error, dZ(,’) and the derivative gain kp
reduces or enhances the previous factors based on the sec-

P d?e(1)
ond derivative of the error, yrut

We can use the same techniques to control the error in
a numerical simulation by using the logarithms of the
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timestep and relative error as the control and process vari-
ables, respectively. This leads to time step adjustments
made according to

dtyy1 = min(6y,, Opax)dty,

k
9 - (til)kl (rnl )kP ( r571 ] D
n — b
'n In TnFp-2
with 6,,,, being a limiting factor, fol the desired error tol-

erance, and 7, an approximation to the relative error in the
solution at time ¢,.

where

A common means to approximate the relative error is
to use the local truncation error estimate from the ODE

solver
( leil )
ry = max ,
i \lwl+n

where i7 is the solution, € is the local truncation error esti-
mate, and 7 > 0 is used to avoid division by zero.

To obtain these error estimates we use an Embed-
ded Singly-Diagonally Implicit Runge-Kutta (SDIRK)
method. This method simultaneously computes the ap-
proximate time derivative of the ODE using two different
orders of accuracy. The difference between these two so-
lutions approximates the local truncation error. A further
advantage of SDIRK methods over other implicit Runge-
Kutta methods is that they contain a single value on the
diagonal of their Butcher table. This means that each
sub-iteration uses the same fractional time step when con-
structing the linear system which greatly reduces the com-
putational effort needed to build and solve the implicit por-
tion of the ODE.

A simple backward Euler time integration method with a
fixed time step is also available. This is mainly for test-
ing purposes but there are also certain classes of problems
where a fixed time step may be desirable.

The non-linear system presented to the ODE solver is ad-
dressed with a standard Newton solver. The solution of the
global linearized system is produced using GMRES with
a block diagonal preconditioner. The block precondition-
ers applied to the different equations in the system may be
chosen differently. Options for these preconditioners in-
clude sparse direct solvers such as SuperLU(_Dist) [38],
or MUMPS [39] as well as multigrid preconditioners from
the hypre [40] library.

3.3 Benchmarks
3.3.1 NIMROD benchmark

A benchmark developed as part of the NIMROD code [41]
tests anisotropic heat conduction at varying degrees of
anisotropy, polynomial basis function degree p, and grid
resolution. To test the convergence of MAPS, we solved
Eq. 3.1 over a unit square domain [0, 1]%, on a grid with
1/4 < Ax < 1/128, A4y = Ax, and using 1 < p < 5. We
considered anisotropies relevant to the far-SOL plasma,
Xi/x. € {10%,10%,10%}. We set Q = A sin (zx) sin (7ry)

with A; = 272, which, if we assume 3n/2 = 1 and y, = 1
for simplicity, gives the exact solution

Texaer = Ao + (1 —exp[—A;7]) sin (7x) sin (my),  (3.3)

with A9 = 0. For B(x,y) = sin(mx)cos(my)X —
cos (mx) sin (ry)y, B - VT = 0 so that the solution does
not depend on yj, i.e., we set y, = 1.0 in the numeri-
cal simulations such that the solution in an isotropic case
is analogous to the anisotropic case [41]. A similar set
of results were presented in [42], but given the extensive
changes made to MAPS since this previous publication,
we believed it appropriate to repeat the benchmark.

Figures 1(a) - (c) show the benchmark results for y;/x. €
{103, 10°, 10%}, respectively. The black lines show the L?
error between the exact and numerical solutions, where
the markers indicate the polynomial degree. The dashed
red lines indicate the expected error trend, given by
O(4xP*D). We observe in Fig. 1 that MAPS exhibits sat-
isfactory convergence.

L? Error

10-10 P

Figure 1. Results for (a) y;/x. = 10°, (b) xy/x. = 105,
and (c) xy/x. = 10°. The black lines indicate the L?* er-
ror and the polynomial degree is indicated by the markers.
The expected error trend, O(4xP*D), is shown with the red
dashed lines.

3.3.2 Umansky benchmark

In addition to misalignment of the mesh to the magnetic
field near the antenna and other PFCs, the solution can
have strong spatial gradients. These occur around topo-
logical changes in the magnetic field (e.g., across the
separatrix), and in the boundary layers that occur near
PFCs. This is addressed using the verification test reported
in [43]. Referring to Fig. 2, the magnetic field is aligned
with the diagonal AC while the numerical mesh is not, and
the degree of misalignment is given by tan6 = (1.0/L)
where L is the distance AB. This leads to a steady-state
profile for 7 with a finite transition region described by
the width w, defined as the distance between the contours
T=025and T =0.75 taken at x = L/2. As y/x. — o,
w — 0. However, w # O for finite values of y;/x.. As 8
increases, w will broaden in the simulation compared with
an “exact” solution. For the purpose of this benchmark,
for the “exact” solution we compare with the semi-analytic
solution derived in the Appendix of [43].

As in [43] we consider the domain x € [0,L], y € [0, 1]
with the values L = 1,10, 100, and Dirichlet boundary
conditions T(AD,DC) = 0 and T(AB,BC) = 1. We set
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Figure 2. Solution for 7; with L = 1, N = 40X40, and
Xi/x. = 1.0 at r = 1.37s. The boundary conditions are
T=0onABCand T =1 on ADC, and the length AB = L
and BC = 1. The width is measured along w. Plotted with
Vislt [44]
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Figure 3. Absolute width error for (a) L = 1, (b) L = 10,
and (c) L = 100. The markers indicate y/y . values, with
Xi/xL < 10% not included as it is not of interest. The dot
dash and dash red lines correspond to errors O(4x)> and
O(4x)? respectively. For cases not shown the error was
either flat or equal to zero.

p = 2and N = 20X20, N = 30X30, and N = 40X40
for N number of points. Figure 3 shows the absolute
difference between the semi-analytic (w), and numerical
(Wnum) widths. For p = 2 we expect the convergence rate
O(4x?). Acceptable convergence is observed in Fig. 3(a)
for all but the higher anisotropies at the larger pitch an-
gle, which only show a small deviation from the expected
trend.

3.3.3 Realistic magnetic field configuration

Here we use a single and double null magnetic field ge-
ometry to test a more realistic tokamak plasma scenario,
based on the benchmark presented in [45]. Each bench-
mark solves Eq 3.1 over a unit square domain with y /x. €
{10%,10%,10°}.

The single null magnetic flux profile is given by

AL(x) = log(Ix — xq][x — Xa), G4

and the double null magnetic field flux profile is

0.020 0.014
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& 000 0.0035
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Figure 4. Reference temperature profiles for (a) y/y. =
102, and (b) x;/x. = 10*. The bottom figures are the cor-
responding 1D slices shown by the black line in each con-
tour figure, illustrating how the resolution requirements
change at the LCFS as the anisotropy increases.

1 , 1yl 2
Ay = (0= x0) +§[Zsm(2n<y—yo>)]. (3.5)

‘We use the source term

0Gey.1) = exp[— 1((x— 1/2)2 . (y— 1/2)2)] 56)

2 1/8 1/8

for both the single and double null cases. Additionally,
T(x,0,t) = T(x,1,1) = T(0,y,1t) = T(1,y,t) = 0, and
T(x,y,0) = 0. The poloidal magnetic field is then calcu-
lated by B, = V X [A,(x, y)Z].

By including the source term within the last closed flux
surface (LCFS), we observe the formation of a region of
rapid temperature change of width oc [y, /) close to the
separatrix [45]. The large temperature gradient in this re-
gion requires higher resolution to accurately capture as the
anisotropy increases.

The single and double null benchmark results are shown
in Figs. 5(a) and 5(b), respectively. The expected conver-
gence rate is given by O(4x?*V) such that, with p = 3, we
expect to observe a trend following (4x)*. For the single
null case, we observe the L? error approaching the con-
vergence for yj/xy. € { 102, 10*}. However, for the double
null case, the L? error approaches O(4x?) as 4x is reduced.
These results agree with the uniform refinement trend in
Fig. 8 of [45]. We give a more in-depth discussion of
these results in Section 4.

4 Conclusion and discussion

We have presented the MAPS code as a tool to solve
anisotropic plasma diffusion problems of interest to mag-
netically confined fusion scenarios. The benchmark re-
sults in Figs 1 and 3 show that MAPS converges satisfac-
torily and can provide reliable solutions.

The results shown in Fig. 5 highlight the critical need
for AMR that was originally reported in [45]: as the
anisotropy increases, the temperature gradient increases at
the LCFS (Fig. 4). When restricted to a uniformly spaced
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Figure 5. Black lines are the L? error for (a) the single null
magnetic field, and (b) the double null magnetic field. The
markers indicate different anisotropy ratios. The dash and
dot dash red lines indicate orders of convergence oUx?)
and O(4x*) respectively.

grid, the DOFs required to resolve the boundary layer at
Xi/x. € {10%10% led to a problem that exceeded the
available memory limits in the time-dependent solver: an
additional steady state solver was developed to comple-
ment the MAPS code by computing the solutions at high
anisotropy. The error floor observed in Fig. 5 can likely be
explained by different tolerance definitions and thresholds
between MAPS and the supplementary steady state solver.
We next aim to include a preconditioner specialized for
highly anisotropic problems [46] to relax the memory con-
straints.
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