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Abstract. In this study, we analyse and compute the local growth rate of parametric decay instabilities of
helicon waves under typical scrape-off layer conditions. Our findings are consistent with previous work
[Porkolab et al., AIP Conference Proceedings 2984, 070004 (2023)], confirming that the dominant decay
channels are ion cyclotron quasi-modes and their harmonics. While the parametric instability can be excited
at extremely low input power, it can be suppressed by a higher electron temperature. Conversely, higher
plasma densities increase the local growth rate, suggesting that helicon waves may face challenges in high-
density plasmas.

1 Introduction
Helicon waves, the fast wave branch in the lower hybrid
frequency range, have been employed in tokamak
devices [1,2] and attracted growing interest as
candidates for non-inductive current drive method [3–6].
They are predicted by simulations to offer several
advantages, including better accessibility and strong
single-pass damping in high 𝛽𝑒 tokamaks [7]. However,
although it is predicted that helicon waves may undergo
less nonlinear parametric decay instabilities (PDIs) due
to their lower effective electric field [3], experimental
observations still reveal traces of PDIs [1], raising
concerns about potential unanticipated power loss in the
scrape-off layer (SOL).

In the DIII-D experiment [1], spectral broadening
and enhancement at sidebands were observed, which
were interpreted as parametric decay instabilities, and
no clear threshold for PDI excitation was observed. A
subsequent theoretical analysis by Porkolab et al. [8]
calculated the PDI spectrum and proposed ion cyclotron
quasi-modes as the dominant decay channels.
     A recently developed kinetic theory-based
framework for PDIs [9] features a simplified kinetic-
fluid hybrid approach, which is capable of modeling the
decay of a pump wave into two quasi-electrostatic
waves. Unlike the model in [8], this approach retains the
full electromagnetic dispersion relation of the pump
wave and can derive nonlinear coupling effects through
an iterative procedure. This framework can also be
extended to future nonlocal analyses, providing a more
versatile foundation for studying PDI saturation.
 In this work, we revisit the problem using this
kinetic-fluid hybrid method to benchmark Porkolab’s
results and analyse the parameter dependence of the
local PDI growth rate. Section 2 briefly outlined the
kinetic-fluid hybrid model used in this study. Section 3
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presents the typical PDI spectra and analyses the
parameter dependence of the PDI local growth rate.
Section 4 gives the discussion, addressing the future
challenges of helicon wave applications in tokamaks.

2 Theoretical Model
A homogeneous plasma system with a background
magnetic field 𝑩0 along the 𝑧 -direction is adopted. The
pump helicon wave is the fast wave branch of lower
hybrid frequency with linear dispersion relation [7]
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plasma frequency, 𝜔𝑐𝑠  is the cyclotron frequency,
where the subscript 𝑠 denotes the particle species. And
the 𝑁 = 𝑐

𝜔0
𝑘 means the wave vector normalized by the

pump frequency 𝜔0.
We consider a pump helicon wave (𝜔0,𝒌0) decay

into a lower hybrid wave as sidemode (𝜔1,𝒌1) and an
ion wave as low-frequency mode (𝜔LF,𝒌LF) . The
frequency and wave vector satisfy the phase matching
conditions,

𝜔LF = 𝜔0 + 𝜔1,
𝒌LF = 𝒌0 + 𝒌1. (1.2)

 The linear behaviour of the wave is described by the
kinetic model and the linear perturbed density is [9]
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Here, the 𝑗 = LF，0, 1 represents the pump, sideband or
the low-frequency wave. 𝜒𝑠,𝑗 is the linear susceptibility
under potential 𝜙𝑗 = 𝑒𝑥𝑝ൣ−𝑖൫𝜔𝑗𝑡 − 𝒌𝑗 ⋅ 𝒙൯൧,
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𝑙=−∞ ൨, (1.4)
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where the 𝑣𝑠 = ඥ2𝑇𝑠/𝑚𝑠 is the thermal velocity, 𝑍(𝜉𝑙)
is the plasma dispersion function with
𝜉𝑙 = ൫𝜔𝑗 − 𝑙|𝜔𝑐𝑠|൯/𝑘𝑗𝑧𝑣𝑠 , and 𝐼𝑙൫𝑏𝑠𝑗൯  is the modified
Bessel function with 𝑏𝑠𝑗 = 𝑘𝑗⊥2 𝑣𝑠2/2𝜔𝑐𝑠2 .

While the linear response is derived from kinetic
theory, the nonlinear response can be approximated by
the fluid theory. The nonlinear electron density arises
from the ponderomotive force, and the resulting
ponderomotive potential is given by [9],
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The nonlinear coupling equation for the low-frequency
mode is easily obtained by using Poisson’s equation,
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Here, 𝜀LF

𝐿 = 1 + 𝜒𝑒,LF
𝐿 + 𝜒𝑖,LF

𝐿  is the dielectric function
of the low-frequency mode.
     For the sideband, the coupling equation can be
obtained through fluid continuity equation,
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The dispersion relation of PDI driven by helicon wave
is obtained by coupling and solving Eqs.(1.6) and (1.7),

𝜀(𝜔LF,𝒌LF) − 𝜇1
𝜀1(𝜔LF−𝜔0,𝒌LF−𝒌0)

= 0, (1.8)

where 𝜇1 is the coupling coefficient of PDI process,
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 Here the 𝜉LF = 𝜔LF/𝑘𝑧𝑣𝑒 , 𝑢0 = 𝑘0⊥𝜙0/𝐵0  is the drift
velocity, 𝑐𝑠 = ඥ𝑇𝑒/𝑚𝑖 is the ion sound speed, 𝛿 is the
angle between 𝒌0⊥ and 𝒌1⊥. By solving Eq. (1.8), we
can compute the frequency-wavenumber relationship of
the low-frequency mode, which then allow us to get the
growth rate and frequency of the low-frequency mode.

3 Decay channel analysis and
parameter dependence

3.1  Decay channel analysis

The parameters are chosen the same as in [8], where
𝐵0 = 1.4 T , 𝑛𝑒 = 3 × 1018 m−3 , 𝑓0 = 476 MHz ,
𝑁0𝑧 = 3 , 𝑇𝑒 = 50 eV , 𝑇𝑖 = 200 eV , 𝑁1𝑧 = 8  and
𝑃0 = 0.3 MW. For numerical computation, the angle 
between 𝒌0⊥ and 𝒌1⊥ also needs to be fixed. Here, we
have selected a representative value of 90°  for
illustrative purposes. By calculating the growth rate and
real frequency of the low-frequency mode while

changing the perpendicular wavenumber 𝑁LF,⊥, the PDI
spectrum is obtained and shown in Fig. 1.

Clearly, the maxima of the growth rate arise near the
ion cyclotron frequency and its harmonics, with the peak
growth rate occurring at the third harmonic
( 𝜔LF,𝑟 = 3𝜔ci ). These computational results show
agreement with [8], confirming ion cyclotron quasi-
modes (ICQM) as the dominant decay channel.
However, the results also show that the low-frequency
ion sound quasi-mode (ISQM) can exist as a decay
channel, which is seen from the lower left of Fig. 1. The
growth rate of the ISQM decay is significantly weaker
than that of ICQMs, making its contribution to overall
parametric decay negligible. This might explain why
strong sidebands appear in the experimental RF
spectrum, while the pump wave exhibits only a slight
broadening.

Moreover, our calculation of PDI spectrum under
low pump power conditions demonstrates that the local
growth rate persists even at significantly reduced power
levels (0.01 MW, Fig. 2). Although the ICQMs remain
the primary decay channel, their local growth rate shows
significant reduction.

Fig. 1. The real part of frequency 𝜔LF,r (the red curve) and the
temporal growth rate 𝛾LF  (the blue curve) are shown as
functions of the frequency 𝜔LF,r.

Fig. 2 The real part of frequency 𝜔LF,r (the red curve) and the
temporal growth rate 𝛾LF  (the blue curve) are shown as
functions of the wavenumber 𝑁LF，⊥ . The pump power is
changed to 0.01 MW.
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3.2 Scattering angle 𝜹 dependence

In the preceding subsection, the scattering angle 𝛿 was
fixed at 90° to demonstrate a typical condition.
However, a careful scan is required to determine
appropriate representative value for 𝛿.

We evaluate the PDI strength using the maximum
value 𝛾𝑚𝑎𝑥  across the entire growth rate curve, and
then calculate its variation with 𝛿.  As shown in Fig. 3,
𝛾𝑚𝑎𝑥   increases monotonically with 𝛿, peaking at 90 .
This trend can be derived from the coupling coefficient
Eq.(1.9), where 𝛿 is primarily manifested in the 𝑠𝑖𝑛2 𝛿
term while slightly affect the value of 𝑘0⊥ and 𝑘LF，⊥
through the phase matching condition.

3.3 Plasma temperature 𝑻𝒆 dependence

Consistent with previous findings for LHWs [10,11],
our results of helicon waves demonstrate that electron
temperature suppresses the PDI.

Fig. 3. The growth rate 𝛾/𝜔ci   dependence on 𝛿 , when
𝐵0 = 1.4 T , 𝑛𝑒 = 3 × 1018 m−3 , 𝑓0 = 476 MHz , 𝑁0𝑧 = 3 ,
𝑇𝑒 = 50 eV, 𝑇𝑖 = 200 eV, 𝑁1𝑧 = 8 and 𝑃0 = 0.3 MW. Here,
𝛾𝑚𝑎𝑥 is taken as the maximum value across the entire PDI
growth rate spectrum.

Fig. 4. The dependence of the maximum growth rate 𝛾𝑚𝑎𝑥
on electron temperature, when 𝐵0 = 1.4 T ,
𝑛𝑒 = 3 × 1018 m−3 , 𝑓0 = 476 MHz , 𝑁0𝑧 = 3, 𝑇𝑖 = 200 eV,
𝑁1𝑧 = 8, 𝑃0 = 0.3 MW and 𝛿 = 90°. Here, 𝛾𝑚𝑎𝑥 is taken as
the maximum value across the entire PDI growth rate
spectrum.

 Fig. 4 reveals a clear reduction in the maximum
growth rate 𝛾𝑚𝑎𝑥  with increasing SOL electron
temperature. This stabilizing effect arises because

higher temperatures weaken the wave coupling process
by increasing the 𝑐𝑠 term in Eq. (1.9).

3.4 Plasma density 𝒏𝒆 dependence

The plasma density dependence is presented in Fig.5.
The local growth rate increases with increasing density,
which mirrors the trend observed in ICQM calculations
for LHWs [11]. This agreement further confirms that the
helicon-driven PDIs are also dominated by ISQMs.
Moreover, the observed density dependence suggests
that helicon waves might encounter a similar density
limit problem as LHWs due to the enhanced boundary
losses at high densities.

Fig. 5. The dependence of the maximum growth 𝛾𝑚𝑎𝑥  rate
on electron density 𝑛𝑒 , when 𝐵0 = 1.4 T , 𝑓0 = 476 MHz ,
𝑁0𝑧 = 3 , 𝑇𝑒 = 50 eV , 𝑇𝑖 = 200 eV , 𝑁1𝑧 = 8  and
𝑃0 = 0.3MW  and 𝛿 = 90° . Here, 𝛾𝑚𝑎𝑥 is taken as the
maximum value across the entire PDI growth rate spectrum.

4 Discussion
This work elucidates the dominant decay channels of
helicon wave-driven PDI. The analysis reveals that
pump helicon waves primarily decay into lower hybrid
waves and ion cyclotron quasi-modes, in agreement
with both DIII-D experimental observations [1] and
Porkolab’s theoretical calculations [8].

Parameter dependence analysis demonstrates that
the maximum PDI growth rate occurs under
perpendicular scattering conditions. While a higher
electron temperature exhibits a stabilizing effect by
suppressing PDI intensity, an increased plasma density
enhances the PDI growth rate. This density dependence
reveals that the density limit problem may also happen
during helicon wave injection.

The emergence of low-threshold PDI also provides
partial validation that PDIs are common phenomena in
helicon current drive experiments. However, the precise
threshold for this instability requires further
investigation through non-local simulations
incorporating additional damping mechanisms [12–14],
which will be presented in our future work.
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