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Abstract.In this paper, a mathematical, alignment-free framework is proposed
for quantifying similarity and dissimilarity among protein sequences using their
physicochemical characteristics. The primary structure — the sequences of
amino acids is modelled numerically by mapping each amino acid to a vector in
a real-valued feature space determined by physicochemical properties, namely
the hydropathy index (hl), first dissociation constant (pkal), and second
dissociation constant (pka2). The considered properties play a key part in
protein folding, stability, and function, and hence forms a meaningful basis for
comparative analysis. The protein sequences are represented as discrete
distributions using this numerical representation in a multidimensional
parameter space. A Relative Distance Entropy measure is employed to compare
the proteins independent of sequence alignment and length, thereby overcoming
the limitations inherited in conventional homology-based methods. This
enablessimilarity-measurement even in cases of low sequence identity while
preserving functional characteristics. The proposed approach provides a
computationally efficient and mathematically sound alternative for large-scale
protein similarity analysis and functional classification. This method produces
similarity values from 47%-100% providing a comparable trend with BLAST
sequence identity percentage values for tested protein pairs. The proposed
method emphasizes mathematical modelling and computational efficiency,
making it suitable for large scale data.

1 Introduction

Protein Structure Comparison (PSC) is the key problem in structural biology and drug
discovery; it allows researchers, for instance, to infer protein evolution (to understand better the
relationship between protein structure and function) and to transfer knowledge about known
proteins to a novel protein.

Graphical representation provides not only visual qualitative inspection of gene data but
also mathematical characterizations through objects such as matrices. An important problem in
bioinformatics is the analysis and comparison of DNA and protein sequences efficiently to
depict their evolutionary relationship. The principal objective of evolutionary studies is to
follow the state of the system through long periods of time. However, it is impractical to repeat
these evolutionary events in the laboratory. Therefore, the approaches for comparing biological
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sequences are mainly based on computational and statistical methods.

The pioneering work by Hamori and Ruskin [1] in 1983 established that the graphical
techniques for DNA sequences are a powerful tool for visualizing and analysing sequence data.
It has been subsequently used by other researchers [2-14] for DNA and protein sequences [15-
,24] incorporating the algorithmic and computational statistics. However, the center of attention
of these problems is the consideration of the sequence as a string. Hence, all four nucleotide
bases in DNA sequences and twenty amino acids in protein sequences are equally treated. In
fact, the physicochemical properties of amino acids are found to have strong effects on amino
acid substitution rates [25]. Hence these properties directly determine the estimation of distance
between two amino acid sequences.

In most of these existing methods, the main drawbacks are that the higher the dimension of the
protein sequence graphs, the heavier the computation complexity of the methods or the lower
the recognition degree of the protein sequence graphs. For example, in the methods proposed in
[27, 29], the main drawback is that the lines will cross each other, which will decrease the
visibility of the graphics. Protein sequence comparison approach called PVC is explained in
[31]. This is done by encoding sequence data and physicochemical properties of the amino
acids. In [32], the sequence comparison study is done by fuzzy integral. The parameters of
Markov chain are estimated by considering the frequencies of occurrence of all possible amino
acid pairs. In [26], new embedding based sequence alignment approach is explained in detail.
This method refines residue level embedding similarity using K-means clustering and double
dynamic programming(DDP).

The pioneering graphical and numerical representations of sequences [1-5] have laid the
foundation for such comparison methods. In this work, the focus is on using the
physicochemical features of amino acids to transform protein sequences into a form suitable for
entropy-based analysis.

In this paper, a novel framework lies in the integration of three physicochemical properties into
a unified entropy similarity measure. The properties considered are the hydropathy index, first
dissociation constant and second dissociation constant. These properties are chosen because
they play the key roles in determining protein structure and function. These properties act as
biologically meaningful descriptors, as the Hydropathy index represents the hydrophobic or
hydrophilic properties of side chain of amino acids, Dissociation constants represents the
ionization behaviors of amino acids [33]. Protein embedding based alignment is developed in
[30],this uses dynamic programming algorithm. The matching score of amino acid is purely
based on embedding from protein language model. The numerical values of these properties are
obtained from standard biochemistry property tables in biochemistry literature. Existing
alignment-free methods rely on amino acid composition, single property descriptor whereas this
method models protein using normalized physicochemical values and compares using a
symmetric relative entropy measure. This offers a mathematically rigorous and biologically
interpretable alternative to existing protein similarity measures.This work primarily presents a
mathematical framework for protein sequence comparison purely based on information-
theoretic principles. The contribution consistently lies in development of a computational and
entropy-based model rather than biochemical experimentation.

i.e This study explores a property-based method neglecting the limitations of high dimension
and computational complexity. This is done by applying information theory concepts to
numerical representations of amino acid sequences.

2 METHOD
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The proposed method is the formulation of mathematical model that transforms biological
sequences into numerical representation for quantitative analysis.
Procedure for Analysis of Protein Sequences.
In this section, the mathematical formulation and computational steps for analysing protein
sequences are presented.
Let P1 and P2 be protein sequence of length m and n. The numerical value of physicochemical
properties hydropathy index, pkal, pka2 of amino acids are used to represent each amino acid
in the sequence. Each amino acid is mapped to a real valued three dimensional vector as below.
v; = (hl;, pkal;, pka2;)

Thus each amino acid is transformed into a three dimensional vector.
The protein sequence P1 and P2 are represented as
Pl =(v,vay...n... vy) and P2 = (wy,wy,...... W)
vi=w=(X;, ¥, z) where x = hl value of amino acid

y = pkal value of amino acid

z = pka2 value of amino acid
To apply entropy, the 3-D vector is converted into a single positive scalar weight as given

below.
so=+x2+yl+a? (M
ie. s; = \/hliz + pkal;% + pka2,” )
Then the protein sequences P1 and P2 are represented as P1 = (' sy,s,........ s,) and P2 = (
tt,.e... tm). The numerical representation is then normalised to probability distribution to

ensure length-independent comparison and to satisfy the mathematical conditions of relative
entropy. By transforming the vectors using Euclidean magnitude, the combined
physicochemical properties are preserved. This captures the overall physicochemical
characteristic of amino acids on entropy computation. Then the normalised values are

represented as discrete probability distribution using the formula
si , ti

pi =3~ qi =5 3)
J J
Since entropy measures require non-negative values, the protein sequences are represented as P
=(pupz,.......pn) and Q = (q1,q2,-..... qn)- “
where Y p; = Xgq; =1 (5)

To remove the effect of sequence length and sequence alignment limitations the normalised
values are used on comparing proteins

Based on normalised representation of protein sequence the symmetric relative entropy measure
derived from Kullback-Leibler divergence is calculated.

D(P,Q) = ;X [pi log (%) +qilog (%) (6)

As the classical KL divergence is asymmetric, this symmetric KL divergence is preferred as it
provides a reliable metric irrespective of the order of comparison satisfying the key aspect for
similarity analysis.

This distance considers all selected physicochemical properties and is independent of sequence
alignment and length of protein sequence.

To have an easy interpretation of similarity measured, the entropy distance value is transformed
into similarity percentage using the formula below

D) 100 7

This makes the comparison with BLASTP much meaningful and easier, similarity analysis is
performed to validate the entropy measure. The result reported by BLASTp is used as BLAST
similarity score for comparison with entropy method.

Similarity (%) =
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The overall procedure for computing protein similarity mathematically is summarised in the
following algorithm.
Algorithm- Entropy-Based Protein Similarity Measure
Input: PDB ID of protein P1, P2
Output: Similarity percentage
1. Protein sequence corresponding to the given PDB IDs are retrieved.
Assign physicochemical properties (hydropathy index, pkal,pka2) to each amino acid.
Amino acids are represented as three dimensional physicochemical vector
Convert each 3D vectorinto scalar value using Euclidean distance.
The normalised scalar sequence is then converted to probability distribution.
Symmetric relative entropy distance between the distribution is computed.
The relative entropy measure is then converted into a similarity percentage.

Noawnkwb

The proposed method is implemented in python to measure the applicability of the
mathematical model and to generate the similarity score. Protein data are retrieved from Protein
Data Bank using Biopython. Details of numerical values of physicochemical properties are
obtained from standard bio literature. Using Numpy scalar transformation, probability,
normalisation and symmetric relative entropy computations were calculated. This
implementation proves to be computationally efficient and suitable for large scale protein
similarity study.

3 Result and Discussion

Based on the symmetric relative entropy distance obtained, the similarity is measured using the
following criteria

1 If the distance is zero or very small then there exist high similarity

2. If the distance is larger, then there exist greater dissimilarity.

To have a concept proof demonstration the proposed method is performed on limited datasets.
Future work can be extended to large scale protein datasets.

Table 1. Symmetric relative entropy % value and blast value

Protein 1 (PDB||Protein 2 (PDB||Entropy-based BLASTP Percent
D) D) Similarity (%) Identity (%)

[INBL |[1IXx 99.67 100 |
[INBL |l 1CBN 199.67 l96.7 |
[INBL |[1IXW 199.67 |[98.48 |
[INBL 19Xy 99.67 [[98.48 |
[INBL l2vGH 147.54 |l53 |
[1IXX |[1ICBN |[100 |[96.2 |
[1IXX [1IXW 100 |98.46 |
[1IXX [1IXY |[100 |[98.46 |
[1IXX |2vGH |l48.11 |l50 |
[1ICBN |[1IXW 100 195.45 |
[1CBN [1IXY |[100 |[85.45 |
[1CBN l2vGH 148.6 |l50 |
[1IXW [1IXY |[100 |[96.97 |
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Protein 1 (PDB||Protein 2 (PDB||Entropy-based BLASTP Percent
ID) ID) Similarity (%) Identity (%)

[1IXW [2vGH 48.11 58 |
[1IXY |2vGH 148 |58 |

From the results, several protein pairs show similarity values close to 100%. This is because the
entropy measure is calculated based on physicochemical property distributions rather than
sequence alignment. Proteins belonging to closely related families may exhibit similar
physicochemical distributions, resulting in similarity values close to 100%.

4 Conclusion

In this work, a mathematical and information- theoretic framework for protein sequence
comparison is presented. The proposed entropy-based similarity method for protein sequences
are presented in this paper. Three physicochemical properties are integrated into a unified
entropy measure. The method proves to be a biologically meaningful and a simpler
mathematical alternate to traditional alignment based technique. The methodshows that the
similarity trend is consistent with alignment-based approaches. This method shows a similarity
trend comparable with BLASTP results. The simplicity, scalability, interpretability of the
method makes it suitable for large protein datasets and functional classification task.
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