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Abstract. I review recent results on phase structure and equation of state
of strong interaction matter from lattice QCD. Particular emphasis is given to
the axes where direct simulations are possible and results are obtained with
sufficient control over systematic effects. I also discuss the status of approaching
the region of non-zero baryochemical potentials using indirect methods.

1 Introduction

Ultrarelativistic collisions of heavy ions (HICs) allow to investigate strong interaction matter
under extreme conditions, such as high temperatures and/or large densities. Ab initio the-
oretical studies play a pivotal role for being able to interpret the experimental results. At
the temperatures and densities achieved, quantum chromodynamics (QCD), the theory of the
strong interactions, remains strongly coupled so that non-perturbative methods are needed to
obtain reliable results. The two available non-perturbative ab initio methods are functional
methods and numerical simulations of lattice QCD. While full QCD functional results with
increased control over systematic effects start to become available, lattice QCD remains the
only method which can be improved systematically. Results at vanishing chemical potentials
can be obtained directly using Monte-Carlo methods, but the region of non-zero chemical
potentials is plagued by the infamous sign problem and most regions can only be accessed
indirectly. This includes the phase diagram in the temperature-baryon chemical potential
plane, (T, up), see figure 1, and the detection of a possible critical endpoint (CEP). I review
recent lattice results for the QCD phase structure and the equation of state (EoS), the main
input for a hydrodynamical description of the fireball created in the collisions.

2 Predictions from lattice QCD
2.1 Relevant parameter space

Of direct relevance for the QCD phase structure are the contributions of the three lightest
quarks (u, d and s), whereas heavier quarks only influence the EoS at larger temperatures 7.
In the grand canonical ensemble the relevant parameters are the quark chemical potentials,
Mg, Which can be conveniently expressed in the “physical” basis,
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via baryon (B), charge (Q) and strangeness (S) chemical potentials. Most relevant for HIC
physics is ug, for which the conjectured phase diagram is shown in figure 1. In HICs, the
average relative net densities (ng)/{np) and {ng)/{(np) are dictated by the relative densities of
the respective ions in the collision region. For instance for Pb-Pb collisions (ng)/{ng) ~ 0.4
and (ng) = 0, corresponding to trajectories with non-zero uy and s in parameter space. For
theoretical studies it is often more convenient to use the “isospin” basis,
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where pp has been traded for the isospin chemical potential x;' and baryon ug and
strangeness us generically differ from the ones in the physical basis. Lattice simulations
suffer from the sign problem when ug # 0 # pus and are sign problem free at pure isospin
asymmetry, u; # 0, ug = us = 0, with degenerate light quarks. A number of physical sys-
tems, such as off-central HICs, potentially also feature magnetic fields B on the order of the
QCD scale, which strongly influence the physical properties of the theory. The extension of
the phase diagram in the direction of non-zero u; and external B-fields is shown in figure 2.

2.2 Direct results on the phase structure and the equation of state

The temperature axis has been investigated thoroughly in the past three decades from lattice
QCD. The transition is found to be a crossover [1] at a pseudocritical temperature T, ~
158 MeV [2, 3]. The EoS has been computed with high accuracy up to T < 2 GeV [4-6] and
has recently been extended using novel step scaling methods up to 7 < 165 GeV [7].

After the first pioneering studies [8, 9], the continuum phase diagram of isospin asymmet-
ric QCD, y; # 0, has been mapped out at physical quark masses up to y; < 325 MeV [10, 11]
in the past decade. A sketch of the phase diagram is shown in the left panel of figure 2,
featuring a phase with a Bose-Einstein condensate (BEC) of charged pions for y; > m,/2,
as predicted by chiral perturbation theory [12]. The shape of the associated 2nd order phase
boundary is almost rectangular and the critical temperature remains below 170 MeV even for
ur =~ 325 MeV. Perturbation theory predicts the existence of a BCS superconducting phase
at large p; [12], which is actively searched for [13]. T, decreases until it hits the 2nd order
phase boundary in a pseudo-tricritical point at (7, u;) = (151(7), 70(5)) MeV [10]. The EoS
at vanishing [14—17] and non-zero temperature [16] has been computed. Novel features are
a speed of sound exceeding the conformal value [18] and a negative interaction measure at
small temperatures and large y;.> This supports a similar excess in agnostic modelling of the
neutron star EoS.

I Different definitions for u; exist in the literature. For the one of eq. (2) charged pions have isospin +2.
2For similar results in a related two-color QCD setting see [19].
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Figure 2. Phase diagram extensions in directions of y; (left) and magnetic fields (right). The y; phase
diagram features a phase with a BEC of charged pions and a possible BCS phase. The phase diagram
at B # 0 includes a critical endpoint [24].

Simulations are also possible for non-zero homogeneous and even spatially modu-
lated [20] B-fields (see [21] for a review). The latter are a first step towards a more realistic
setting for HICs. For homogeneous external magnetic fields the continuum phase diagram
has been determined in Refs. [22-24], shown schematically in the right panel of figure 2.
T, decreases monotonically and the crossover becomes sharper until a critical endpoint is
reached [23], located between |eB| = 4 and 9 GeV? [24]. The computation of the EoS at
B # 0 is more complex due to flux quantization and the additional breaking of rotational in-
variance (for details and references see chapter 6 in Ref. [21]). Results for the full EoS have
been obtained in Ref. [25].

3 Towards the multi-dimensional parameter space

To describe physical systems knowledge about the full parameter space is necessary. Cur-
rently this can only be achieved using indirect methods starting from the axes discussed
above. The two most commonly used methods are Taylor expansion [26] and analytic con-
tinuation [27]. In the former, the pressure is expanded as a Taylor series in px/7 and the
expansion coefficients, Xﬁfs, can be computed at uy = 0. The latter uses simulations at
imaginary px, where the sign problem is absent, and subsequent extrapolations.

3.1 Results for the equation of state

The current state-of-the-art for the computation of Taylor expansion coefficients at N; = 8
are 10th order coefficients [28] in a small volume with LT = 2 and 8th order coefficients
with LT = 4 [29]. Similar results for the coefficients in ug-direction have also been extracted
from imaginary up simulations [30, 31]. So far continuum results are only available for
the fourth order coefficients, e.g. [29, 32], and the 6th order coefficient at LT = 2 [33].
Note that there is currently a tension between the 6th and 8th order coeflicients on coarse
lattices, see [33], which might be resolved in the continuum limit. The Taylor coefficients
and their temperature dependence give direct access to the EoS. From the newest set of Taylor
expansion coefficients at 8th order the EoS has been computed for the (ng) = 0 setting and
o = 0in Ref. [34] and is estimated to be applicable up to ug/T < 2.5 [29]. This agrees
with the bound ug/T < 3.0 found in [35]. At 10th order the range of applicability is expected
to be significantly higher. From analytic continuation the most recent result for the equation
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Figure 3. Left: Extension of the chiral crossover to up # at {(ng) = 0 from Ref. [2]. Right: Exclusion
region for the CEP location from Ref. [52].

of state along the (ng) = 0 and (np)/{ng) = 0.4 line has been computed in Ref. [36] using
an improved extrapolation scheme, the T’-expansion [37]. The T’-expansion leads to an
enhanced applicability range up to ug/T = 3.5 or even beyond. The restriction to (ng) = 0
is relaxed by the extrapolation of the leading order Taylor coefficient in ug-direction to real
up. Recently the T -expansion has also been combined with a 4th order Taylor expansion to
obtain the EoS valid for all chemical potential directions [32].

To include the effect of B-fields on the finite density EoS, a similar expansion is per-
formed from simulations at [B| # 0. Results have been obtained from a 2nd order Taylor ex-
pansion [38—41] and analytic continuation with up = us = 0 [42] and {(ns) = 0, {(ng)/{(np) =
0.4 [43, 44]. A prominent effect developing at large B are non-monotonicity of the up mod-
ification of thermodynamic observables with 7. Furthermore, the Taylor coefficient X?IQOS
shows a particularly strong sensitivity to [B| # 0 and has been proposed as a magnetometer
for HICs [39]. Access to the up dependence in the BEC phase at y; # 0, can be obtained by
a similar Taylor expansion around the simulations at y; # 0 [45].

3.2 Indirect determination of the phase structure

Indirect methods can also provide information on the phase structure. The extension of the
chiral crossover to non-zero px can be computed from the Taylor expansion of the chiral
condensate, for instance. The pseudocritical temperature in ug-direction can be expanded as

Tpe(up) = Tpe(O)[1 = ko{utp/ Tpe(up)Y = kalpin/ Tpe(up))' — ... 1, 3)

where the coefficients «, and x4 depend on the direction in parameter space. Continuum
results for «; for the direction with g = 0 and (ng) = 0 or u, = 0 from Taylor expansion [2,
46] or analytic continuation [3, 47, 48] agree well and give «, = 0.015. At the current level
of accuracy k4 is consistent with zero [2, 3]. The crossover extension with the coefficients of
Ref. [2] is shown in the left panel of figure 3.

Detecting and locating the elusive CEP at non-zero up is currently one of the main goals
in HIC physics. Its detection using indirect methods is possible in principle, but challenging
in practice. Two novel methods for this, which I will briefly discuss here, are (entropy) spin-
odals [49] and temperature scaling of Lee-Yang edge (LYE) singularities [S0]. As discussed
below, controlling systematic effects is challenging for both methods and future studies will
be needed to obtain robust results.

The first method to detect the CEP employs observables which jump at the 1st order phase
transition, as the entropy density. Lines of constant observables will cross in the 1st order re-
gion and are thus attracted to the CEP, so-called “critical lensing” [S1]. The CEP can then be
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located from Taylor expansion or analytic continuation by determining the spinodal and tem-
perature where (9T /ds) = (0*T /ds*) = 0. While a first analysis employing a 2nd order expan-
sion and entropy spinodals found the CEP at [T<FP, 1/SFP] = [114.3(6.9), 602(62)] MeV [49],
a subsequent analysis with improved control over systematic effects could only exclude the
existence of the CEP up to ug = 450 MeV [52], as shown in the right panel of figure 3.

The second method utilizes the scaling of real and imaginary part of the (complex) up-
location of the LYE singularity (see [53]), the partition function zero closest to ug = 0,
typically obtained from Padé approximants for the pp-dependence of suitable observables.
TCFP is then given by the point where the imaginary part of the LYE singularity location
vanishes, where the real part determines ugEP. First analyses, using the 8th order Taylor ex-
pansion of Ref. [2] at N, = 8 [54] or a [4,4] Padé approximation of the first and second order
up cummulants at imaginary ug [55], respectively, both observed a CEP signal at similar lo-
cations. At [T<FP, 1CFP] = [10573, | 422*39] MeV for the latter study, for instance. However,
the high-accuracy study of Ref. [28] highlighted the difficulty to control systematic effects
and could only provide an upper bound of T < 103 MeV for the CEP location.

4 Conclusions

In the past decades simulations of lattice QCD have lead to predictions for the QCD
phase structure and the EoS in several relevant parts of parameter space, in particular
where direct simulations are possible, i.e., at non-zero yu; and B-fields (discussed in
section 2.2). For a full description of HICs, however, knowledge about the full parameter
space is necessary. Indirect methods are still the state-of-the-art to compute the EoS and
to extract information on the phase structure in this region. In the past few years the
accuracy and range of applicability of these methods have been increased (see section
3.1) and new methods to extract information about the possible existence of a CEP have
been developed (section 3.2). The main task for the comming years will be to improve the
control over systematic effects and to push the limits further into the chemical potential plane.
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