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Abstract. The phase structure of QCD remains an open fundamental problem
of standard model physics. In particular at finite density, our knowledge is
limited. Yet, numerous model studies point towards a rich and complex phase
diagram at large density. Functional methods like the functional renormaliza-
tion group and Dyson-Schwinger equations offer a way to study hot and dense
QCD matter directly from first principles. I will discuss the phase structure of
QCD and its experimental signatures through the lens of these methods.

1 Introduction
The direct calculation of the QCD phase diagram is an inherently challenging task for three
key reasons. First, phase transitions are associated with the formation of condensates through
resonant interactions. This is, in almost all cases, a strong coupling effect and hence nonper-
turbative. Weak-coupling results can only cover the "edges" of the phase diagram, while most
of the phenomenologically relevant regions, especially in the context of heavy-ion collisions
and neutrons stars, are nonperturbative. Based on models and exploratory QCD studies, nu-
merous exotic phases are possible here [1]. Second, different phases are dominated by differ-
ent effective degrees of freedom. The construction of an effective field theory that describes
the whole phase diagram is hence impossible, as this impedes systematic power counting.
Third, the phenomenologically relevant cases of, for example, nonzero baryon chemical po-
tential, µB, and real time lead to sign problems, severely limiting the applicability of any
importance sampling-based method like conventional lattice QCD.

However, owing to rapid progress in recent years, first direct results on the phase dia-
gram at nonzero µB from first principles are available from functional methods, i.e., Dyson
Schwinger equations (DSEs) and the functional renormalization group (FRG). In these pro-
ceedings, I highlight this progress in broad strokes.

2 Functional methods
Functional methods are, as the name suggests, based on the functional formulation of quan-
tum field theory (QFT). The basic object is the path integral (the vacuum amplitude),

Z[J] =
∫
DΦ eiS [Φ]+i

∫
x J(x)Φ(x) ,

〈
Φ(x1) · · ·Φ(xn)

〉 ∼ δ

δJ(x1)
· · · δ

δJ(xn)
Z[J]
∣∣∣∣∣
J=0
, (1)
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Figure 1. Complete set of pointlike
four-quark interaction channels for
two-flavor QCD as functions of the quark
chemical potential µ at temperatures T0(µ)
just above the transition temperature from
the FRG [7]. The dominance of the
(σ−π)-channel at small µ indicates chiral
symmetry breaking, while the dominance of
the (csc)-channel shows that QCD prefers to
be in a color-superconducting state at large µ.

where DΦ denotes an integral over all possible configurations of quantum fields Φ(x). One
may think of the exponential in the path integral as a distribution, and the correlation func-
tions, which are obtained from functional derivatives with respect to the sources J(x), as
moments of this distribution. Hence, solving a QFT is equivalent to knowing all correla-
tion functions. DSE and FRG provide exact relations for these correlation functions, and are
therefore exact, but usually more practical, reformulations of the original path integral. By
specifying the classical action S [Φ] in Eq. (1), one chooses the theory/model one wishes to
study. So for QCD one chooses the QCD action in terms of gluons and quarks, Φ = {Aµ, q, q̄}.

DSEs are the generalization of the classical Euler-Lagrange equations to QFT. FRG is
based on gradually including fluctuations of larger size by successively integrating out field
modes with increasingly small momenta. In both cases, Eq. (1) is converted into a set of
coupled differential equations. There are infinitely many correlations functions, giving rise to
infinite towers of these equations. Truncations are clearly necessary. This does not mean that
it is assumed that some of these correlations are zero, only that their feedback into the quanti-
ties of interest is small. Except for weak coupling and, in case of the FRG, near second-order
phase transitions [2], small parameters to guide these truncations are unknown. However,
a hierarchy from low to high-order correlations is typically observed, facilitating systematic
studies [3, 4]. Still, systematic error control is the biggest challenge for functional methods.
For QCD-related reviews, see [5, 6] and references therein.

In addition to the absence of sign problems, bound states and condensates naturally
emerge from the underlying elementary correlations of quarks and gluons in functional QCD.
These structures appear as resonances in quark and gluon scattering channels which, in turn,
can be constructed systematically from complete sets of basis tensors. This allows for an
unbiased determination of the phase structure. An example is shown in Fig. 1.

3 Phase transitions

A natural starting point for the investigation of the phase diagram is the extension of the
results from lattice QCD at zero µB [8, 9] to nonzero µB. To this end, truncated sets of
DSEs and FRG equations for the chiral condensate ⟨q̄q⟩ need to be solved. In this case, the
available lattice QCD results can serve as a benchmark for the quality of the underlying ap-
proximations at small µB. The first functional QCD result in line with this benchmark were
obtained from the FRG in [10] and DSEs in [11, 12]. The resulting phase diagram is shown
in Fig. 2. While the systematic error has originally been estimated to be potentially large
at µB/T ≳ 4 for the different functional QCD results, they show remarkable agreement in
particular regarding the location of the critical endpoint (CEP). Together with various pub-
lished (e.g., [13]) and forthcoming systematic improvements, this points at a CEP location
of (T, µB)CEP ≈ (110, 630) MeV with an estimated uncertainty of about 10% (based on the
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potentially large 
systematic error

QCD PHASE DIAGRAM & THE CEP 

• shows only QCD results that agree with 
lattice data at 

• need to improve/check systematics for 
 (work in progress/see backup), 

but good agreement between different 
methods and approximations 

μB = 0

μB/T → 4

CEP at (T, μB) 𝒟𝒟 (110, 630) MeV

• indications for a new feature: the moat 
regime (more on that later)

Results for the chiral transition from direct computations in QCD

[Fu, Pawlowski, FR, 1909.02991]
[Gao, Pawlowski, 2010.13705]
[Gunkel, Fischer, 2106.08356]
[Fu, Pawlowski, Pisarski, FR, Wen, Yin, 2412.15949]

not computed
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Figure 2. The QCD phase diagram from
functional methods. The broken lines are the
chiral crossovers obtained directly from
functional QCD. For comparison, the bands
show extrapolations from lattice QCD.
These lines end in a CEP and, within the
underlying approximations, continue as
first-order transitions. However, the
systematic error may be large in the gray
region, so this is not shown. The blue region
is the moat regime, see Sec. 4.

spread of results). This result is corroborated by subsequent extrapolations of lattice QCD
results based on Yang-Lee edge singularities [14, 15] and thermodynamic relations [16].

All these results come with a caveat: they were all obtained under the assumption of a
homogeneous phase, i.e., with a uniform order parameter. At this point, it can therefore not
be excluded that there is a, possibly inhomogeneous, state of QCD at µB ≳ 600 MeV with a
lower free energy than any of the homogeneous states that have been explored so far. This
is at least suggested also by the presence of the moat regime in this region, cf. Sec. 4. To
be more cautious, as of now, we can only say that the homogeneous chiral crossover is very
likely to end around (T, µB) ≈ (110, 630) MeV. Whether it ends in a CEP, some spatially
modulated phase, or both, is not certain yet.

It is imperative to support the theoretical search for the CEP and other exotic structures
with experiments such as heavy-ion collisions. A key feature of a CEP, and any second-order
phase transition, is that in its vicinity universal critical phenomena determine main features
of the system. This can, for example, lead to a characteristic nonmonotonic beam-energy
dependence of the kurtosis, RB

4,2 = χ
B
4 /χ

B
2 , of the net-baryon number distribution [17]. While

this observable can straightforwardly be computed from the pressure via χB
n = T n−4 ∂n p

∂µn
B
, there

are many subtleties specific to heavy-ion collisions that prevent a direct comparison between
first-principles QCD calculations and experiments [18]. Still, basic qualitative features can
be inferred directly from QCD. The QCD results from DSEs [13] and low-energy model
results from the FRG [19] on RB

42 at chemical freeze-out are confronted with the net-proton

Figure 3. Left: Kurtosis of the net-baryon distribution from functional methods [13, 19] together with
the kurtosis of net-protons measured by STAR [13]. Right: Determination of the size of the chiral O(4)
scaling region though the critical exponent δ [22].
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DSEs self-consistently to get the stable CDW solution.
On the contrary, it is much simpler and numerically

cheaper to determine the inhomogeneous chiral suscepti-
bility ω(εp, ϑp |q). Proceeding analogously to the NJL case
yields the following expression (in the symmetric phase)

ω(εp, ϑp |q) = ϖB

ϖm
= 1+4

3Z2
2

∑∫

k

ω(εk,ϑk |q)
(

A(εk,ϑk)2ϑk2 + C(εk,ϑk)2ε̃2
k → q2

)

(
A(εk,ϑk)2ϑk2 + C(εk,ϑk)2ε̃2

k + q2
)2

→ 4
(

A(εk,ϑk)ϑk · ϑq
)2 ↑4ϱ

(
ςL

(
(k → p)2)

+ 2ςT

(
(k → p)2))

(k → p)2 .

(14)

where ςT,L are the transverse and longitudinal compo-
nents of the e!ective running coupling of the Qin-Chang
model (see Ref. [36] for details). Again, a non-trivial
modulated chiral condensate is indicated if ω goes nega-
tive at finite q. Comparing Eq. (14) with the correspond-
ing one for the NJL-model, Eq. (9), we find the slight
complication that the susceptibility now depends on the
quark momentum pω = (εp, ϑp) and appears on both sides
such that the equation has to be solved self-consistently.
Note, however, that the quark dressing functions A(ε,ϑk)
and C(ε,ϑk) on the right hand side do not change un-
der the chiral rotation in the symmetric phase and are
therefore the same as those calculated without the ex-
tra φ5↼a/q term present in the theory. This is a subtle
and important point. In this analysis, we do not need to
solve the DSE with the extra term present. Instead, we
study whether the addition of φ5↼a/q induces the forma-
tion of a Dirac scalar term to the quark propagator. If so,
then the susceptibility diverges at the second-order phase
boundary and an inhomogeneous phase will be formed.

In Fig. 3 we show the lines where the susceptibility di-
verges for di!erent values of q. We confirm our finding
from Ref. [36] that near T = 85 MeV there is a “proto-
Lifschitz point” (pLP), i.e., a point where the stability
boundary of the symmetric phase w.r.t. inhomogeneous
fluctuations meets the left spinodal of the homogeneous
first-order transition. Below this point there is a region
where the symmetric phase is unstable against develop-
ing inhomogeneous structures. However, this instability
is without consequences as long as it occurs to the left of
the first-order homogeneous phase boundary (blue solid
line), since in this region the symmetric phase is also dis-
favored against the chiral broken phase. In Ref. [36] the
technical complexity of the applied test-function method
prevented us from moving away very far from the left
spinodal, and therefore we could only speculate about the
existence of an inhomogeneous phase at higher chemical
potential. Our new method, on the other hand, can be
applied at arbitrarily high chemical potential. Varying
the value of q we find a triple-point (3P) at T ↓ 60 MeV
where the instability line of the symmetric phase crosses
the homogeneous first-order phase boundary. In par-
ticular we establish that, while for temperatures above
60 MeV, the instability region does not extend beyond
the homogeneous first-order transition, at lower temper-
atures it does. Hence, in this regime the symmetric phase

FIG. 3. Equivalent of Fig. 2 for our rainbow-ladder QCD
model. Rather than showing a full heatmap of ω, we show the
lines in which ω diverges (dashed lines). The first-order chiral
homogeneous phase boundary is shown by the solid line. The
gray dashed line is the homogeneous chiral solution stability
boundary, i.e., the combination of the second-order transition
line with the left spinodal, which, as in Fig. 1, agrees with
the q = 0 result of Eq. (14). The highest point where the
instabilities cross the first-order transition is our triple-point
(3P) and the light shaded region shows where inhomogeneous
phases appear. The proto-Lifschitz Point (pLP) agrees per-
fectly with Ref. [36] All curves are shown with a width repre-
senting a systematic error (see Ref. [35]).

is unstable against inhomogeneous fluctuations in a re-
gion where it is favoured over the homogeneous chiral
broken solution. This is an unambiguous proof that, in
this truncation, a crystalline phase would surface.

Although this is very exciting, the main point of this
study is to demonstrate that we now have a methodology
where this analysis can be performed. Our ultimate goal
is to prioritize more realistic truncations as a direction for
future work, where our methodology can provide more
rigorous insights.

IV. CONCLUSIONS

In this work, we proposed a new method to analyse the
stability of a chirally symmetric phase against the forma-
tion of an inhomogeneous condensate via chiral symme-

Figure 4. Left: Static pion energy just outside (solid red line) and inside the moat regime [25], cf. Fig. 2.
Right: Phase diagram of a rainbow-ladder QCD model in the chiral limit, featuring an inhomogeneous
instability at small T and large µ (yellow region) [30].

kurtosis measured by STAR [20] in the left plot of Fig. 3. While functional methods find a
nonmonotonic beam-energy dependence, no sign of critical scaling is seen along the freeze-
out line. This behavior is a consequence of a sharp crossover transition, not necessarily a
CEP. Still, its location is encoded in the height of the peak [19]. In any case, the results
show that data for

√
s ≈ 4−8 GeV will be crucial to make progress towards the experimental

discovery of a chiral phase transition.
It is important the emphasize that the deviation from the noncritical baseline at

√
s =

19.6 GeV (corresponding to µB ≈ 200 MeV) reported in [20] lies in a region of the phase
diagram that is very well understood. Any relation between this deviation and a CEP is hence
highly unlikely.

Since up and down quarks are very light, one may also ask if the chiral critical O(4)
scaling of QCD in the limit of massless up an down quarks has an observable effect [21]. For
this to be possible, the chiral critical region needs to extend from zero to physical pion masses.
The FRG, as a renormalization group technique, is ideally suited to address this question. A
way to determine the size of the critical region is to assess where noncritical corrections to the
scaling of the chiral condensate, ⟨q̄q⟩ ∼ m2/δ

π fG(z), become relevant. It is shown in the right
plot of Fig. 3 that the critical exponent δ extracted from fits to the chiral condensate ceases to
follow its universal value for mπ ≳ 5 MeV at the chiral critical temperature Tc = 142.58 MeV
[22]. This implies that the critical region in mass-direction is very small. Even though its
extent into the T -direction remains to be explored with the same rigor, chiral critical scaling
seems to be unlikely for physical quark/pion masses.

4 The moat regime
Among the possible phases of dense QCD are those with spatial modulations. There are
various possibilities ranging from actual inhomogeneous phases with long-range order, over
liquid crystals with quasi–long-range order, to quantum pion liquids with no order at all
[23]. The large number of possibilities complicates direct searches for such phases. The
moat regime introduced in [24] is a superordinate feature common to all regimes with spatial
modulations. It is hence a compelling target in the search for exotic phases. In the moat
regime, the static energy of bosons is minimal at nonzero momentum. As shown in the blue
region in Fig. 2, strong evidence for its existence in QCD was found with the FRG [10]. In the
left plot of Fig. 4, we show the static (zero-frequency) dispersion of pions as the moat regime
is entered with increasing µB at fixed T [25]. The location of the minimum determines the
wavenumber of the underlying spatial modulation.
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Figure 5. Left: Entropy density from functional QCD in comparison to lattice results at low and
intermediate baryon density [13]. Right: Speed of sound squared at large density in comparison to
chiral effective field theory and weak-coupling results [34–36].

The moat regime is generated by spacelike particle-hole fluctuations of quarks at finite
density, giving rise to a characteristic peak at nonzero momentum in the spectral function
of pions and other mesons [25]. This can directly modify particle production at nonzero
momentum and therefore lead to possible signals in heavy-ion collisions [24], e.g., through
Hanbury-Brown–Twiss correlations [26] or dilepton yields [23]. The moat regime hence
opens up the possibility for the experimental discovery of spatially modulated phases.

In the moat regime in Fig. 2, the static energy of mesons is always greater than zero.
But it is possible that the energy becomes zero at the bottom of the moat somewhere in the
unexplored region of Fig. 2. This would indicate an instability of the system towards the
formation of an inhomogeneous phase. While an early DSE study assuming a very specific
inhomogeneous phase [27] does not meet the benchmarks mentioned above, techniques to
detect the more agnostic instabilities in QCD with state-of-the-art functional methods have
recently been developed [25, 28–30]. A first application to a rainbow-ladder QCD model
is shown in the right plot of Fig. 4. Together with numerous other model studies [31], this
demonstrates that inhomogeneous phases are a serious possibility also in full QCD.

5 EoS of dense QCD matter
We finally mention the rapid progress that functional methods have made in the determination
of the QCD equation of state (EoS) at finite density. Starting from the first results in [32],
systematic improvement have led to the determination of the EoS from first principles beyond
the range of validity of lattice extrapolations, see Fig. 5. The left plot shows, on the example
of the entropy density, that the EoS can by now be extended reliably to large µB/T using DSEs
[13]. The important technical advancement from earlier calculations is the self-consistent
treatment of the confining gluon background.

In addition, starting from exploratory DSE studies [33], the cold and dense, color-
superconducting region of the phase diagram is being studied systematically using the FRG
[7, 34, 35]. A sizable two-flavor superconducting (2SC) diquark gap, ∆2SC ≈ 150−300 MeV,
has been found at 5-10 times nuclear saturation density [34, 35]. Note that existing bounds
on the size of the gap based on astrophysical constraints only apply to color-flavor locked
superconductors [37, 38]. Interestingly, it has been demonstrated that the peak in the speed
of sound, where the conformal value of c2

s = 1/3 is exceeded, is tied to the formation of the
2SC gap [34], see the right plot of Fig. 5.
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