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Abstract. Utilizing the Zubarev non-equilibrium density operator method and
a first-order gradient expansion, we provide a comprehensive classification of
all possible spin polarization effects. A key finding is that, with the unique
exception of those induced by the gradient of the spin potential, all first-order
dissipative corrections are chiral, implying their dependence on parity-breaking
interactions or chiral imbalance. The work also introduces new non-dissipative
phenomena akin to the Spin Hall Effect, including the Chiral Spin Hall Effect,
which offers a novel observable to probe QCD topological configurations.

1 Introduction

Spin polarization measurements in relativistic heavy-ion collisions offer crucial insights into
the properties of the quark-gluon plasma (QGP) [1]. Initial theoretical predictions [1, 2],
based on the assumption of local thermodynamic equilibrium for spin degrees of freedom,
indicated that thermal vorticity (fluid rotation and acceleration fields) should induce spin
polarization. Measurements of global spin polarization of Λ and Λ̄ hyperons confirmed these
predictions [3].

However, subsequent measurements of local spin polarization (momentum-dependent po-
larization) [4, 5] presented significant discrepancies with theoretical predictions, particularly
an opposite sign for the longitudinal component, i.e. along the beam direction. This led to
theoretical investigations incorporating other hydrodynamic fields, such as the thermal shear
tensor [6, 7] and gradients of chemical potential [8], which improved agreement with experi-
mental data. These observations also raised the question of whether spin degrees of freedom
in the QGP are fully equilibrated [9, 10]. Addressing this necessitates the development of
spin hydrodynamics [11, 12], a framework that includes the evolution of a spin tensor and
potentially a spin potential. This work focuses on comprehensively classifying all possible
contributions to spin polarization in a dissipative fluid, up to the first order in a gradient
expansion.

2 Theoretical Framework

Our analysis is grounded in relativistic quantum statistical mechanics, employing the Zubarev
method [13, 14] to describe an out-of-equilibrium system that reaches local thermal equilib-
rium on a spacelike hypersurface. The system’s state is characterized by fundamental oper-
ators: the energy-momentum tensor T̂ µν, spin tensor Ŝ λ,µν, conserved current ĵµ, and axial
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current ĵµA. By maximizing entropy under these fundamental constraints, a statistical operator
is derived:

ρ̂ =
1
Z

exp
{
−
∫
Σ

dΣµ(y)
(
T̂ µν(y)βν(y) − ζ(y) ĵµ(y) − ζA(y) ĵµA(y) − 1

2
Sλν(y)Ŝ µλν(y)

)

+

∫
Ω

dΩ
[
T̂ µνS ξµν + T̂ µνA

(
Sµν −ϖµν

)
− ĵµ∇µζ − ∇µ

(
ζA ĵµA
)
− 1

2
Ŝ µλν∇µSλν

] }
, (1)

where Σ is a 3D hypersurface where the particle hadronize, Ω is the four-volume encompass-
ing Σ and the initial time hypersurface, and T̂ µνS and T̂ µνA denote respectively the symmetric
and anti-symmetric part of the energy momentum tensor. We then apply a gradient expan-
sion to this operator, focusing on terms up to the first order in derivatives of hydrodynamic
fields, including the four-temperature vector βµ = uµ/T , the chemical potentials ζ = µ/T
and ζA = µA/T , and the spin potential Sµν. These hydrodynamic fields and their gradients
are decomposed into their irreducible components under SO(3) symmetry respect to the fluid
velocity u to systematically identify all possible contributions.

The spin polarization S µ of fermions of definite momentum k is directly derived from the
axial (Aµ) and scalar (F ) parts of the Wigner function W [1]:

S µ(k) =
1
2

∫
Σ

dΣ · k Aµ+(x, k)∫
Σ

dΣ · k F+(x, k)
=

1
2

∫
Σ

dΣ · k Tr4

[
γµγ5W+(x, k)

]
∫
Σ

dΣ · k Tr4 [W+(x, k)]
, (2)

where the subscript + denote the particle part of the Wigner function. Linear response theory
is employed to systematically account for corrections to the mean value of an observable, in
this context, the Wigner operator Ŵ(x, k). A distinguishing feature of our methodology is
the derivation of momentum-dependent Kubo formulas [6, 8, 15], which precisely define the
thermal and transport coefficients associated with these induced effects. These coefficients
are rigorously classified based on their transformation properties under discrete symmetries:
parity (P), time-reversal (T), and charge conjugation (C), allowing for a clear distinction
between non-dissipative and dissipative, and non-chiral and chiral contributions.

3 Results and Discussion

We have comprehensively classified all first-order gradient contributions to the axial part of
the Wigner function. These contributions are categorized into non-dissipative and dissipa-
tive components, further subdivided into non-chiral and chiral categories. We introduce the
notation: ∆µν = ηµν − uµuν, kρ⊥ = ∆

ρ
λk
λ, Qµν = ∆

µν

3 −
kµ⊥kν⊥

k2
⊥
.

Non chiral non-dissipative contributions include previously identified effects such as
spin polarization induced by the thermal shear, a chiral imbalance and the spin Hall ef-
fect originating from gradients of the vector chemical potential. The thermal vorticity
ϖµν = αµuν − ανuµ + ϵµνρσwρuσ induces a polarization that persist even at global thermal
equilibrium, and our findings indicate that interactions can break the degeneracies observed
in free fields, where awu = aw∆, aαϵ = aw∆ and awk = 0 in

∆LTE,ϖAµ+ = −aϖ
2ϖ̃µνkν
(2π)3 − (awu − aw∆)

(k · w)uµ

(k · u)
+ (aαϵ − aw∆)

ϵµνρσk⊥ν uσαρ
(k · u)

+ awkQµρwρ, (3)

thereby leading to additional contributions beyond what is seen in non-interacting systems.
The coefficients given above can be obtained from the following Kubo fomulas:

a = c
(
X̂, Ŷ
)

LTE
= c
∫ |β|

0

dτ
|β(x)|

〈
Ŷτ/|β|(0) X̂(x)

〉
c,β(x),ζ(x)

, (4)
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where the subscript τ/|β| denotes imaginary time translation by that amount and c, β(x), ζ(x)
the connected thermal average with the homogeneous canonical ensemble with temperature
and chemical potential given by β(x) and ζ(x). The coefficients aϖ, awu, aαϵ , and awk are given
respectively by c = (2π)3/(6k·u), (k·u)/k2

⊥, −(k·u)/(2k2
⊥) and −3Qµρ/2, and (X̂, Ŷ) = (Âµ, Ĵµ),

(uµÂµ, k⊥ρ Ĵρ), (Âµ, uλϵλµτρkτ⊥K̂ρ) and (Âµ, Ĵρ) with Ĵ and K̂ the rotation and boost generators;
and aϖ = (2π)3aw∆/(2k ·u). Chiral non-dissipative contributions arise from the spin potential
and gradients of the axial chemical potential and are detailed in [15].

For the dissipative contributions, our work identifies these effects for the first time in such
a comprehensive manner. A pivotal finding is that all dissipative effects contributing to spin
polarization, apart from those specifically arising from the gradients of the spin potential,
fundamentally require the presence of a chiral imbalance or parity-violating interactions to
be non-zero. This implies that many dissipative effects might be negligible in heavy-ion
collisions. However, if the spin degrees of freedom are not fully equilibrated, the gradients of
the spin potential could play a significant role in observed phenomena. It is important to note
that many of these effects, with the exceptions of those derived from thermal vorticity and
gradients of vector and axial chemical potential, exhibit dependence on the chosen pseudo-
gauge.

This analysis also reveals the presence of new non-dissipative contributions:

∆SHEAµ+(x, k) = ϵµνρσ
k⊥ν uσ
(k · u)

[
ac

rϵ(k)∂ρζ + arAϵ(k)∂ρζA
]
, (5)

identifying and detailing a chiral version of the Spin Hall Effect (CSHE) ac
rϵ , that is a non-

dissipative, non-chiral effect where spin polarization is induced by gradients of the chemical
potential ∂ρζ. Instead, the Chiral Spin Hall Effect (CSHE) arAϵ is a new non-dissipative, chiral
effect where spin polarization is induced by gradients of axial chemical potential ∂ρζA. These
“Hall-like” effects are local phenomena; they appear only in local spin polarization and do
not generate a net axial or vector current, meaning they are not detectable in global spin
polarization. Similarly, in the vector part of the Wigner function:

∆SHEVµ+(x, k) = ϵµνρσ
k⊥ν uσ
(k · u)

[
vrϵ(k)∂ρζ + vcrAϵ

(k)∂ρζA
]
, (6)

the gradients of the (vector) chemical potential induce a non-dissipative chiral effect, the
Chiral Electrical Effect (CEE) vrϵ , and the axial chemical potential induce a non-dissipative
non-chiral effect in the vector part of the Wigner function: the Axial Hall Effect (AHE) vcrAϵ

.

4 Phenomenological Implications and Outlook

The findings (see [15] for the complete results) have direct implications for understanding
spin phenomena in various collision systems. In heavy-ion collision at lower energies, the
longer spin relaxation time suggests that spin degrees of freedom may not fully equilibrate.
The inclusion of the spin potential and its gradients, as explored in this work, provides a
framework for more accurate spin polarization predictions beyond local thermal equilibrium
descriptions. Moreover, dissipative effects are expected to be more prominent in p-Pb colli-
sions due to the inherently more out-of-equilibrium nature of the medium. Finally, the Chiral
Spin Hall Effect offers a novel observable to probe the topological configurations of Quantum
Chromodynamics (QCD). This effect, induced by gradients of temperature and axial chemical
potential in a direction orthogonal to both the particle’s momentum and the gradients, pro-
vides a direct link between macroscopic spin observables and underlying topological charge
fluctuations, especially in the presence of chiral imbalance from sphaleron transitions.
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Future work will focus on estimating the phenomenological impact of these dissipative
contributions by computing the transport coefficients. The presence of interactions could also
lead to additional contributions even at local thermal equilibrium.
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