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Abstract. Understanding the applicability of fluid-dynamical models to de-
scribe the hot and dense matter produced in the early stages of hadronic colli-
sions is a fundamental problem in the field. In particular, it is not clear to what
degree this hydrodynamization process requires proximity to a local equilibrium
state. In this contribution, we study this problem in kinetic theory consider-
ing an ultrarelativistic gas undergoing strong longitudinal expansion, assuming
Bjorken flow. We solve the Boltzmann equation and verify that the system dis-
plays considerable deviations from local equilibrium, even though the energy-
momentum tensor is well described by fluid dynamics. We further quantify this
effect computing the emission of photons in the quark-gluon plasma and verify
whether this deviation from equilibrium can be observed.

1 Introduction

The main goal of ultrarelativistic heavy-ion collisions is to study the thermodynamic and
transport properties of quantum chromodynamics in a controlled environment. After the two
nuclei collide, the resulting system evolves into a plasma of asymptotically free quarks and
gluons, the quark-gluon plasma (QGP), whose evolution is governed by relativistic dissipative
fluid dynamics. However, if and how this system thermalizes – and, in particular, how this
thermalization process occurs so fast – is still an open question. In particular, it is not trivial to
understand how the competition between the system’s violent expansion and the interactions
between the particles ultimately lead it to a hydrodynamic regime. We approach this problem
considering a classical ultrarelativistic gas undergoing a boost-invariant longitudinal expan-
sion, i.e. Bjorken flow. We determine how well the hydrodynamic approximation for the
single-particle distribution function captures the exact solution of the Boltzmann equation.
We then estimate how these discrepancies affect thermal photon emissions at early stages of
heavy-ion collisions [1], which can be computed in the context of relativistic kinetic theory
using the resummation techniques developed in Ref. [2].
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2 Kinetic Theory in Bjorken flow
In this work, we consider a system of massless classical particles undergoing a longitudinal
expansion, assuming Bjorken flow. In this case, the Boltzmann equation assumes a rather
simple form – in particular, employing the relaxation time approximation for the collision
term, it becomes

∂τ fk +
1
τR

fk =
1
τR

f0k, (1)

where τR is the relaxation time, f0k = exp(α−k0/T ) is the Boltzmann equilibrium distribution
function, with α being the thermal potential, T being the temperature and k0 the particle’s
energy. For the sake of simplicity, in what follows, we assume a constant relaxation time,
τR = 1 fm.

Following the method of moments [3], the Boltzmann equation is solved by reconstruct-
ing the single-particle distribution from its moments,
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where cosΘ = kηs/(τk0) and with Pℓ and L(m)

n denoting the Legendre and associated Laguerre
polynomials, respectively. Furthermore, we have defined the irreducible moments of the
single-particle distribution function, ϱn,ℓ,

ϱn,ℓ =


dK kn

0 P2ℓ(cosΘ) fk, (3)

with dK = d3k/[(2π)3k0] being the Lorentz invariant volume element in momentum space.
The moments ϱn,ℓ satisfy the following set of coupled differential equations1,
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where we have introduced the following coefficients,
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.

In the context of the method of moments, the Boltzmann equation is solved by recon-
structing the single-particle distribution function from its moments, by solving Eqs. (4) and
substituting the results into Eq. (2). In particular, a fluid-dynamical limit for the single-
particle distribution function can be obtained through a coarse graining in which it is com-
pletely described in terms of the 14 independent degrees of freedom that appear in the con-
served currents. Within this truncation – commonly referred to as 14-moment approximation
– the moment expansion (2) reduces to

f 14 moment
k = f0k
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1The relaxation time approximation requires the imposition of Landau matching conditions, in which the values
of the temperature and chemical potential out of equilibrium are defined so that the particle and energy densities are
fixed to their equilibrium values, thus ϱ1,0 ≡ ϱeq

1,0 and ϱ2,0 ≡ ϱeq
2,0.
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Figure 1. Left panel: Shear-stress rescaled by the energy density as a function of time. Right panel:
nonequilibrium single-particle momentum distribution as function of k0/T .

An exact solution, on the other hand, is obtained when including an infinite number of
moments in the expansion for the single-particle distribution function – that is, taking the
sums in Eq. (2) to infinity. In practice, this is achieved by including a sufficiently large
number of moments such that the solutions do not change appreciably, i.e., truncating the
sums over n and ℓ at finite values N and L. However, it was shown that the moment expansion
is, in fact, divergent and physically meaningful results can only be achieved by the means of
resummation schemes [2].

Here we solve the moment equations for N = 20 and L = 10, considering an system that
is in thermodynamic equilibrium at an initial time τ0 = 0.1 fm, with a temperature T (τ0) = 10
GeV, and a thermal potential α(τ0) = 0. In Fig. 1, we compare the exact and hydrodynamic
(14-moment) solutions of the Boltzmann equation at time τ = 0.5 fm. In the left panel, we
display the shear-stress over energy density, π/ε, and observe that, even though the system is
considerably out of equilibrium, fluid-dynamical solutions provide a good description of the
shear-stress tensor. Thus, one might expect that the single-particle distribution function itself
is also well described by a fluid-dynamical solution. In order to verify this, in the right panel,
we portray the exact (solid curves) and hydrodynamic (dashed curves) solutions for δ fk as
function of k0/T considering different values of cosΘ and observe that these two solutions
are significantly different. As a matter of fact, the 14-moment approximation considerably
underestimates the exact solution.

We thus conclude that the energy-momentum tensor is well captured by hydrodynamics
even at the early stages of the collision, whereas the single-particle distribution function is
not. In the following, we investigate the impact of this effect in the context of heavy-ion
collisions by estimating the emission rate of thermal photons.

3 Results and discussion

We consider the two main two-to-two processes involved in the emission of thermal photons
in the quark-gluon plasma, namely quark–anti-quark annihilation (qq̄ → γg) and Compton
scattering of quarks and anti-quarks (qg → γq, q̄g → γq̄) [4]. In the forward scattering
approximation, the emission rate of photons with momentum k and energy k0 is given by [5]

k0
dN
d3k
=
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k T 2 ln

(
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g2
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)
, (7)
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Figure 2. Photon momentum anisotropy as function of k0/T at time τ = 0.8 fm.

where f (q)
k is the quark distribution function, αe is the electromagnetic fine-structure constant

and αs is related to the strong coupling, gs, through αs = g
2
s/(4π). Here, we take gs such

that αs = 0.3. Furthermore, we approximate f (q)
k as the distribution calculated in the previous

section.
The far from equilibrium momentum distribution function can be quantified by the photon

momentum anisotropy, defined as,

ϵ2,k =

∫
d cosΘ cos(2Θ) k0

dN
d3k∫

d cosΘ k0
dN
d3k

. (8)

Indeed, we see in Fig. 2 that, for small energies, the 14-moment approximation underesti-
mates the exact solution, and later increases with respect to the exact solution for larger values
of energy. This happens despite the fact that the energy-momentum is well described by fluid
dynamics. Thus, the early time photon emission may be able to tell us if the quark-gluon
plasma is indeed close to local equilibrium.
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