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Abstract. The spectrum of coherent gluon radiation from a quark-anti-quark
pair experiencing multiple scatterings within a coloured medium is central for
understanding in-medium parton cascades. Despite its foundational importance,
current results are limited by reliance on simplified scattering rates, such as the
harmonic oscillator approximation, valid only in restricted phase-space regions.
Using the formalism introduced in [1], we express the gluon emission spectrum
as a set of differential equations that can be solved numerically, circumventing
conventional approximations. We present the transverse momentum and energy
distributions of emitted gluons for realistic interaction models, illustrating the
breakdown of colour coherence across the entire accessible phase-space, and
consequently enabling a higher-precision description of jet observables.

1 Introduction and Derivation

Recent progress on jet quenching phenomenology [2] has revealed the versatility of jet ob-
servables as tools to study different stages of heavy ion collisions [3-5], and highlighted the
importance of precision calculations of in-medium radiative processes. In this work, we re-
visit the emission of soft medium-induced gluons with light-cone and transverse momentum
(w, k) from an antenna consisting of a quark and anti-quark with momenta (p*, p) and (p*, p)
respectively. The emission spectrum, first calculated in [6, 7], can be expressed in terms of
the gluon transverse momenta relative to the quark (anti-quark) xk = k — 1% pk=k- 1% p):

© d’1 o ay
dwd?k = (2n)2w?

def

(CrRang + CaT) . where Rang(k, &) = R(k) + R(&) - 2T (K, &), (1)

with R(k) = J (k, k). As such, this calculation reduces to the interference term ., expressed
in terms of the gluon momentum broadening #, the medium-induced emission kernel K, and
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a decoherence factor Speq = 1 — Apeg, Written as a function of the antenna opening angle
on=(k-K/w:

J(k,K) =Re f“’ dt fm dt_f eit(%&'zf‘ll"s”)% - (g, — wbn)
0 ! 09 )
X Pk — qp;00,1) K(gs, T g1, 1) [1 = Amea(D] + (K & &)

This formalism requires as modelling choices the medium density n(f) and a momentum
transfer rate V(g?), entering into the dipole cross-section o(q) = —V(g*)+(27)*6%(q) ft, V(£?).
These quantities determine the evolution of the gluon broadening and emission kernel by
means of propagator equations' for G = {P, K} with initial conditions Gy = {Py, Ko}:

Gl 71, 1) = Goldn 7 41,1) — f ds f Go(ar 209" 27" G s q00, ()

Ko(qa T 41,0 = 2n)*6%(g> — q1) € - V. PogrTiqr,0) = 206 - q), (D)

Since including the full momentum range of V(g?) complicates the evaluation of K, typ-
ical approaches consider regimes where it has an analytical closed form, such as multiple
soft and single hard momentum transfers. The former considers momentum exchanges be-
low a thermal scale g> < u?, according to the harmonic oscillator approximation n(t)o(x) ~
§(t)x? /2, while the latter employs an opacity expansion in powers of y = n(f)L, with L as the
medium length. The first order in this expansion is known as the GLV approximation [9].

As neither approach covers the entire phase-space’, this work aims to generalise the
methods first suggested in [11] and implemented in [1] to compute the spectrum of soft
medium-induced gluons emitted by a g7 antenna. We begin by subtracting the vacuum result
TV (k, K) = 4:"221_:‘2"—‘ , as well as using eqgs. (3) and (4) to reorganise eq. (2) into:

Tk, k) — T"*(k, k) = A(k, k) + B(k, k) + lC(K, K) + lC(l_(, K),

A(k,®) =R f 45" 8 eas) f Plx— b L ol - e 5 [Jv“(t’ H-9(4.9),

B(x,R) = f ds? P Lot =g [7D - 7. 2], ®

n(s) W= (w0
C(k, k) = Re—f j(jqufdtsmed(t)e e (ﬁ_[_z)q

X Pk - L, s)o( —u)Ku,s;q,1),

where ‘barred’ integration variables denote v = v — wdn.

From egs. (5) we note how A and B are symmetric under k < k; and A(k, k) + B(k, k) = 0
All this suggests a separation of Ry in eq. (1) into quark and anti-quark assigned pieces,
with the following azimuthal averages:

d(pk dQDK
J FeRa= | 5

"Amed obeys a similar equation, but also admits a closed form: 1 — Apeq = eXp{—* fo dén(&é)o(é6n)}, where the
coordinate space dipole cross-section is computed for realistic rates in [8].
2A hybrid approach, the Improved Opacity Expansion [8], has been used to compute this process [10].

_ . . de;
— C(k. &) — A(k.®) - B(k,®)| + f — (6)
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where the left-hand averages over the azimuthal angle of the gluon momentum k, while
those on the right-hand side are relative to « (k) i.e., about the axis defined by the ¢ (g) 3-
momentum. Since C has the same structure as single-quark emissions, its numerical evalua-
tion has been described in [1]. Therefore we focus on B as an example, isolating its integrand:

ef d K
usi =k 2= [ L [ pa- a0 Llgeh -7 aa]. 0
tq
which, according to the differential form of eqs. (3) and (4), obeys the initial value problem

d
0y gk, T, 8) = —n(7) f % Mok, q; 1) [Yp(k; T, 8) — ¥ p(q; T, 5)] (8)

Yplk;T =5) = 40 f dzq—qMo(K, 1) [@(K —;u on) B B(gq —2w 6n)] ’
s K g

€))

where My(k, q; ,u) f V(lk — ql; ) with ¢ as the angle between k and q.

We proceed as follows. evaluate the initial condition for ¥5(7 = s) in (s, k, w) space and
evolve it to 7 = L. The B contribution is then [ dg,B(k,k)/(27) = fOL dsn(s)yp(k; L, s), and
the same method holds for A, albeit with different initial conditions.

2 Numerical Results

This section presents preliminary results for the Yukawa interaction rate V(g*) = 8mu?®/(q* +
1#*)? and constant medium density n(f) = ng@®(L~t). The relevant parameters are then given by
the opacity y = nyL, the characteristic energy @, = u>L/2, and decoherence angle 6, = 1/uL.
Following the formulation in the previous section we focus on the ‘Quark Assigned Con-
tribution’, averaged about the axis defined by the quark’s 3-momentum, for which fig. 1 (left)
presents the double differential emission rate in (w/@,, 6/6,) phase-space, where 6 = «/w.
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Figure 1. (Left) Medium-induced gluon spectrum for a constant density medium with noL = 5 and a
Yukawa scattering rate. The horizontal axis represents a rescaled emission angle and the vertical axis
a rescaled energy. The gg antenna opening is 6n = 56,.. (Right) Constant angle cuts of the gluon
emission spectrum, for 6/, = {1, 5, 10} in black, green, and red respectively.

Qualitatively, the gluon emission spectrum shows the expected behaviour, with a constant
emission spectrum in the collinear region (6 < ¢6n) due to the dominance of the C(k, k) term.
In contrast, out-of-cone radiation (§ > dn) is strongly enhanced up to « < u, as expected
[12] from the opening of an anti-angular ordered region of phase-space. In this anti-angular
ordered region soft emissions are particularly enhanced as shown in the right panel of fig. 1,
where distributions become more peaked for low w/@,. with increasing values of 6/6..
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3 Summary

We generalised a method first introduced in [1] in the context of gluon radiation from a single
quark to the case of coherent radiation from a ¢g pair. By casting the spectrum as the solu-
tion to propagator equations, it can be computed numerically for any realistic scattering rate
outside of typical approximations. We presented preliminary results for a Yukawa potential
and constant density medium, in the form of the (w, ) medium-induced gluon spectrum.

In future, these techniques can be applied to the Hard Thermal Loop scattering rate and
compared with the harmonic oscillator, GLV, and Improved Opacity Expansion, to better
classify their accuracy in different phase-space regions. Further, different observables can be
explored by including the quark and anti-quark contributions. In the longer term, this work
paves the way for precision calculations of jet substructure in heavy ion collisions.
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