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Abstract. We present the first set of fully-nonlinear, necessary and sufficient
conditions guaranteeing causal evolution of the initial data for the Israel-Stewart
hydrodynamic equations with shear and bulk viscosity coupled to a nonzero
baryon current. These constraints not only provide nonlinear causality: they
also (a) guarantee the existence of a locally well-posed evolution of the initial
data (they enforce strong hyperbolicity) when excluding the endpoints of the
bounds, (b) arise from purely algebraic constraints that make no underlying
symmetry assumptions on the degrees of freedom and (c) propagate the relevant
symmetries of the degrees of freedom over the entire evolution of the problem.
Our work enforces a mathematically rigorous foundation for future studies of
viscous relativistic hydrodynamics with baryon-rich matter including neutron
star mergers and heavy-ion collisions.

1 Introduction

Relativistic hydrodynamics is an effective description of a vast range of out-of-equilibrium
phenomena spanning sub-nuclear length-scales in relativistic heavy-ions to neutron star
mergers and accretion disks around supermassive black holes. Even so, a closer look at
these constitutive equations of motion from a mathematical perspective reveals highly non-
linear, coupled partial differential equations (PDEs) in terms of possibly dozens of dynamic
degrees of freedom. One such class of theories known as Israel-Stewart (IS) theory [1, 2] was
initially proposed in the late 1970’s to resolve the known acausality [3] and instability [4] of
the first-order viscous theories of Eckart [5] and Landau [6] by expanding the entropy current
up to second-order in dissipative currents instead of truncating at linear order. Though, to
this day, the entire region of nonlinear causality for IS-theory remains unknown, even though
linear causality and stability were established in the 1980’s [7, 8]. We remark that nonlinear
analyses are needed as they are able to constrain the viscous degrees of freedom directly, in
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contrast to linear analyses. Exact nonlinear constraints for causality [9] and strong hyperbol-
icity (local well-posedness) [10] have been derived for IS theory with only bulk1 [11] and
only shear when coupled to magnetic fields in the large-field limit [12]. Nonlinear causality
constraints were recently derived for IS-theory with number diffusion as well [13]. An even
more general extension including both bulk and shear viscosity in the zero baryon regime for
IS-like equations from kinetic theory2 [14] found two separate sets of conditions, with one
set necessary, and the other set sufficient for nonlinear causality [15].

In this work [13], we extend the results of [15] to allow for a non-zero baryon current
and establish a set of algebraic constraints that are simultaneously necessary and sufficient
for nonlinear causality. These conditions eliminate ambiguous regions where causality is
contested. In addition, we also provide a set of sufficient conditions for strong hyperbolicity.
Both constraints are algebraic and make no assumptions on the spacetime metric or equation
of state. Notation: We use a mostly-plus metric signature and natural units c = ℏ = kB = 1
where kB is the Boltzmann constant.

2 Equations of Motion

We consider a system described by a single fluid of baryons with number density n and aver-
age fluid four-velocity uµ with normalization uαuα = −1, along with bulk viscous pressure Π
and traceless and symmetric shear stress πµν (uαπαµ = 0µ). We assume a conserved energy-
momentum tensor T µν = εuµuν + (P + Π)∆µν + πµν and baryon current Jµ = nuµ where we
ascribe ε, P and ∆µν = gµν + uµuν to the energy density, equilibrium pressure and projection
tensor orthogonal to uµ, respectively. The IS-like equations from kinetic theory are provided
in [14] for bulk and shear stress as

τΠuα∇αΠ + Π = −ζ∇αuα − δΠΠΠ∇αuα − λΠππαβσαβ, (1a)
τπ∆

µν
βγu
α∇απβγ + πµν = −2ησµν − δπππµν∇αuα − τπππα⟨µσν⟩α − λπΠΠσµν. (1b)

Here, σµν = ∆µναβ∇αuβ is the shear tensor in terms of the traceless symmetric pro-

jection tensor orthogonal to uµ expressed as ∆µνρσ = 1
2

(
∆
µ
ρ∆
µ
σ + ∆

µ
σ∆
µ
ρ

)
− 1

3∆
µν∆ρσ.

The transport coefficients {ζ, η} govern first-order deviations from equilibrium, whereas
{δΠΠ, λΠπ, δππ, τππ, λπΠ} are the second-order contributions. Together with conservation of
energy uα∇βTαβ = 0, momentum ∆µα∇βTαβ = 0 and baryon number ∇αJα = 0, Eq. (1)
defines our equations of motion.

3 Nonlinear Causality and Strong Hyperbolicity

The IS equations in Eq. (1) and conservation laws may be uploaded into the matrix form

(Aα∂α + B)U = 0, (2)

where U = (uν, ε, n,Π, πν0, πν1, πν2, πν3)T ∈ R23 is the column vector of dynamic degrees
of freedom for the system and T denotes transposition. Here, Aµ ≡ Aµ(U) are the 23 × 23
matrices containing the coefficients of the highest (first) order derivative terms but not any
coordinate derivatives themselves, and B is a 23×23 matrix containing all zeroth-order terms
in coordinate derivatives. In this sense, the system is quasilinear. Thus, one can consider the
characteristic vector ϕµ = ∂µΦ(x) as the gradient of some characteristic hypersurface Φ of the

1Symmetric hyperbolicity was actually shown in this work, which is a more stringent condition.
2In fact, we allow the transport coefficients to depend on viscous fluxes e.g. ζ = ζ(ε, n,Π, παβπαβ), making the

class of theories we consider significantly more general.
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system and proceed by the method of characteristics, defined by the characteristic equation
det(Aαϕα) = 0 [16]. Let x = uαϕα and vµ = ∆µαϕα. We express the determinant as

det(Aαϕα)

v23
3

k=1
(E + Λk)

= EτΠτ16
π x̂15

x̂2 −
1
2 (2η + λπΠΠ) + 1

4τππΛv̂2

τπE

P3(x̂2, v̂2a), (3a)

P3(x̂2, v̂2a) = x̂6 −A2(v̂2a)x̂4 +A1(v̂2a)x̂2 −A0(v̂2a), (3b)

where we have let vA = (0, va) be the components of vµ in the basis of shear-stress eigenvectors
(which exists since πµν is symmetric), Λv̂2 ≡

3
a=1Λav̂

2
a and E = ε + P + Π for convenience.

Furthermore, we write the “normalized" characteristics as x̂2 ≡ x2/v2 and v̂2A ≡ v2A/v2. The
coefficients of the cubic polynomial P3, given byA0,A1,A2 are highly complicated nonlin-
ear functions of the dynamic variables in U and angles in v̂2A. Their exact form is suppressed
here for brevity.

Formally, a system of the form (Aα∂α + B)U = 0 is causal if, and only if (CI) the roots
of the characteristic equation det(Aαϕα) = 0, given by ϕ0 ≡ ϕ0(ϕi) are real, where ϕµ ≡ ∇µΦ,
and {Φ(x) = 0} are the characteristic hypersurfaces and (CII) ϕµ is non-timelike, i.e. ϕαϕα ≥ 0
[9]. Put together, condition (CI) states that the characteristic speeds must be real and exist,
and condition (CII) enforces that these speeds are causal. We state our final result as

Theorem 1. Let τΠ, τπ � 0, E + ΛA � 0 for A = 0, 1, 2, 3, and ∆(P3; χ2, κ2) be the discrimi-
nant of P3. If the following conditions hold simultaneously ∀χ2, κ2 ∈ [0, 1]:

0 ≤ ∆(P3; χ2, κ2), (4a)

0 ≤ A2(v̂2a)
3

≤ 1, 0 ≤ A1(v̂2a), 0 ≤ A0(v̂2a) (4b)

0 ≤ 1 −A2(v̂2a) +A1(v̂2a) −A0(v̂2a), (4c)

0 ≤ 1 − 2
3
A2(v̂2a) +

1
3
A1(v̂2a), (4d)

0 ≤
1
2 (2η + λπΠΠ) + 1

4τππΛv̂2

τπE
≤ 1. (4e)

Then the solutions of Eq. (2) propagate causally over their time of existence if and only if
Eq. (4a)–(4e) hold.

Proof. The proof will be provided shortly in a future publication. □

For a system of quasilinear PDEs, strong hyperbolicity [10] is a desirable trait that guar-
antees the existence and uniqueness of the Cauchy problem [9] over some finite time of
existence (i.e. the problem is locally well-posed). If instead, one replaces all inclusive lower
bounds ‘0 ≤ · · · ’ in Eq. (4a)–(4b) and (4e) with the strict conditions ‘0 < · · · ’, then Eq. (4a)–
(4e) provide a set of sufficient conditions for strong hyperbolicity. We present the proof for
this statement in a forthcoming work.

4 Conclusion

Our analysis presents the first general nonlinear bounds on causality for a very general class
of IS-like theories with bulk and shear contributions. This class allows for (i) all transport
coefficients to depend directly on Π and πµν themselves, (ii) extra terms obtained through
kinetic theory, and (iii) matter in which baryon number is non-zero (e.g. neutron star and
accretion physics). In particular, we make no assumptions about the spacetime metric or
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equation of state. Thus, our results encompass traditional IS in addition to a significantly 
more diverse class of both theories and physical systems. We also show that a large subset 
of the causality constraints imply the existence and uniqueness of solutions over some finite 
timescale for a very general class of functions (strong hyperbolicity). These results make 
significant headway in understanding the nonlinear validity of IS theories.
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