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Abstract. Finite density lattice QCD usually relies on extrapolations in baryon
chemical potential (up), be it Taylor expansion, T” expansion ([1]) or analyti-
cal continuation. However, their range of validity is difficult to control. In the
canonical formulation, the baryon density is the parameter of the system, not
pp. Here we demonstrate that we can access finite density QCD in the canoni-
cal formulation with physical quark masses. We present first results with both
the strangeness (ns) and baryon () densities as parameters. Specifically, we
compute the QCD pressure and chemical potentials as functions of np and ng.
Our computations rely on high-statistics simulations with 2+1 4HEX-staggered
fermions.

1 Introduction

The canonical formulation of QCD at finite density plays an important role in the phenomeno-
logical modelling of heavy-ion collisions. Writing the partition function in the canonical en-
semble (CE) is interesting in lattice QCD (LQCD) also for theoretical reasons. The partition
function in the grand canonical ensemble (GCE) Zg¢(T, V, up) can be simulated with LQCD
methods only at zero or imaginary up because of the sign problem; analytical continuation,
Taylor or reweighting methods are then used to reach the real up region. With the first two
methods an extrapolation in up is needed and we cannot escape a systematic error. Reweight-
ing from ug = 0 does not imply any extrapolation, but it is affected by an overlap problem. If
staggered fermions are used in the lattice action, there is also an additional problem caused
by rooting, that gives rise to non-analyticities in the free energy [2, 3]. Canonical results at
fixed number of particles N have by definition no systematics in up.

The canonical partition function Z(T, V, N) can be obtained from the grand canonical parti-
tion function Zgc(T, V, up) via a Fourier transform [4, 5]:

21

Zo(T,V,N) = 5 | Zoc(T, V,up) cos(Ngp)dps g = igpT. (1

We compute the grand canonical partition function Zgc(T, V, up) via reweighting from zero
and imaginary values of up. The baryochemical potential is now a derived observable and it
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Figure 1. Left plot: baryon particle density n = N/V in terms of the baryochemical potential up in
the grand canonical ensemble and in the canonical ensemble for 7 = 140, 170 MeV, corresponding
respectively to the simulation volumes V ~ 22, 13fm’. n is computed in the GCE with a Taylor
expansion. up is computed in the CE as a finite difference. Analogously we compute Ns as a function
of ug (right plot). For one flavour only it is easier to compute a higher number of Fourier coefficients.

is defined as a discrete derivative of the canonical thermodynamical potential F(7, V, N):
F(T,V,N) = -T'log Z(T, V,N) us(T,V,N) = F(T,V,N)- F(T,V,.N-1)  (2)

We compare the GCE and CE relation between the density and baryochemical potential in

figure 1.

2 Results

In the following we show results computed with 2+1 flavors at physical quark masses, on a
163 x 8 lattice. We used a 4HEX staggered fermionic action in the simulations ( [6, 7]).

2.1 Volume effects in the CE

The pressure is the volume derivative of the canonical free energy. In our plots we show its
difference with respect to the grand canonical pressure at ug = 0:

Ap _ pc(T.V,N) pocup=0) _ 1 1 dZ(T, V,N)

T T T4 T T3ZoT,V,N) 4V
(T . Zye (i)
{ 2 Iy Zacign) log | a7 | cos(Np)dpp

VI3 LT V0 i) cos(Nes)dd

3)

Zgc is computed at one fixed simulation volume V), so we introduced a volume rescaling
factor V/Vj in Zgc to make the derivative. That is also useful to compute Ap/T* at different
volumes other than the simulated one, as in figure 2. Canonical and grand canonical results
agree only in the thermodynamic limit.
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Figure 2. Ap/T* as a function of uj for several volumes V, see eq.(3). The simulation volume Vj is
~ 13fm® for the left plot (T = 170 MeV) and ~ 25fm? for the right plot (T = 135 MeV). GCE lines and
CE datapoints tend to agree at higher volumes.

2.2 Comparison with HRG

In figure 3 we look at the comparison with Hadron Resonance Gas results in the temperature
range T = [120,200] MeV [8]. In the left plot we show Ap/T* at different fixed baryon
numbers B = 0,...,4. As expected, for higher B the results agree with the non-interacting
case only for small temperatures.

All these results were actually computed in a mixed setup, canonical in B but still grand
canonical in ¢y, following the previous references on the topic [4, 5]. We now make one
step forward and we compute Z¢ both in baryon B and strangeness S numbers with a two
dimensional Fourier transform:

1 2 2 ) )
Zps = —— f des f dpp Zc (P, ¢s) e P55 e P, “
@m)* Jo 0

The electric charge Q is still out of the picture. We then compute Ap/T* at fixed B, S and we
compare them with HRG in the right plot of figure 3.

2.3 Conclusions

A canonical formulation of lattice QCD is employed at physical quark masses on a 16> x 8
lattice volume. We have results both in a mixed approach (canonical in B, grand canonical in
¢s) as well asin a B, S formulation. The electric charge Q is still not taken into consideration.
Although the errors on Ap/T* are still big at higher B, they have the advantage to be only
statistical, since canonical results are by definition not affected by sistematic errors due to up
extrapolations.
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Figure 3. Comparison with HRG. Left plot: Ap/T* at fixed B = 0, ..., 4. Right plot: Ap/T*at B = 1,
S =0,1,-1. Also the case B=0, S = 0 is shown.
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