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Abstract. The effective kinetic theory (EKT) of QCD provides a possible pic-
ture of various non-equilibrium processes in heavy- and light-ion collisions.
While there have been substantial advances in simulating the EKT in simple
systems with enhanced symmetry, eventually, event-by-event simulations will
be required for a comprehensive phenomenological modeling. As of now, these
simulations are prohibitively expensive due to the numerical complexity of the
Monte Carlo evaluation of the collision kernels. In this talk, we show how
the evaluation of the collision kernels can be performed using neural networks
paving the way to full event-by-event simulations.

1 Introduction

Heavy-ion collisions at experiments at the LHC have been shown to produce one of the
most extreme states of matter: the Quark-Gluon Plasma. This extremely short-lived fluid
is believed to thermalize very quickly. A state-of-the-art description of this thermalization
process is given by the so-called Effective Kinetic Theory (EKT), which captures the leading-
order QCD scattering and splitting/merging processes [1].

In its most general form, the microscopic behaviour of the system is governed by the
leading order QCD Boltzmann equation,

(∂t + v · ∇x) f (x; p; t) = C1↔2[ f ] +C2↔2[ f ] . (1)

In this talk, we focus on the evolution of a pure gluon system; therefore, f is the gluonic
distribution function. Eq. (1) describes the time evolution of an out-of-equilibrium system,
where 1 ↔ 2 and 2 ↔ 2 processes are the underlying interactions of the partons that form
the plasma.

Solving Eq. (1) involves a numerical implementation in 3+3+1D, which is impractical
from the computational point of view due to the large time required to compute the collision
kernels. For this reason, different approximations have been used to study the thermaliza-
tion of the Quark-Gluon Plasma. For instance, a longitudinal boost-invariant system with
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infinite transverse size [2, 3], the diffusion approximation of the 2 ↔ 2 kernel [4], or Re-
laxation Time Approximation (RTA) [5] are some examples that have been used to perform
phenomenological studies of the hydrodynamization process.

We propose a novel approach based on Artificial Neural Networks (ANNs) to overcome
the bottleneck of computing the collision kernels in less symmetric systems. Our approach
exploits the fact that the QCD Boltzmann equation is local in space and, therefore, obtaining
the collision kernels in each spatial cell requires doing a very similar calculation in each of
them. Thus, this problem is suitable to be dealt with by training a neural network that fits the
collision kernel for a given distribution function at every given spatial point. The locality will
allow the application of the same ANN to each spatial cell. A more detailed explanation of
the method we present here can be found in our recent paper [6].

2 Training data

The first thing we need to take care of is which data we use to train our neural network. Since
we want to create a map of a distribution function to its corresponding collision kernel, it
is clear that both of them must be the input and output of the ANN, respectively. The cal-
culation of the collision kernels is done by the well-known Monte Carlo solver of the EKT.
We should restrict ourselves to physically sensible distributions, relevant for the thermaliza-
tion process. Thus, we generate pairs of data with distribution functions corresponding to
the kinetic evolution starting from initial conditions inspired by the CGC framework [3] and
their respective collision kernels. Additionally, we will also include perturbations over the
equilibrium distribution, which helps the network to approximate the collision kernels around
thermal equilibrium.

To reduce the size of the data needed, we also exploit symmetries preserved by the Boltz-
mann equation. First, we take advantage of the conformal symmetry to fix the energy density
of the distribution functions used in the training dataset. If we want to input a distribution
with a different energy density, we can apply the corresponding conformal transformation
such that the distribution has the required energy density. Then, after calculating the colli-
sion kernel, we perform the inverse transformation. Similarly, in the case of a 3D distribution
function in momentum space, we establish a hierarchy for the anisotropies, such that the pres-
sures are ordered Pz > Py > Px. Then, as before, if this is not true for the input distribution
function, we perform a rotation before passing it to the ANN and rotate back the output.

This dataset needs to be preprocessed to improve the convergence of the subsequent train-
ing. Here, we enumerate the transformations we apply to the dataset:

• Instead of using f and C, we use the energy distributions, p3 f and p3C. This helps the
network to have a good energy density conservation, which is a feature implemented in the
Monte Carlo solver.

• We subtract the thermal equilibrium from the input since we observe that then the network
reproduces better the thermal fixed point. Then, the mapping we fit is p3 f − p3 feq → p3C.

• We standardize the training data, that is, we normalize the data such that each feature has a
standard deviation equal to unity.

In total, we generate of the order of 100000 training pairs for both 1D system (∼ 100 MB)
and 3D system (∼ 50 GB).

3 Choosing the ANN architecture

The choice of the architecture of the neural network is, in principle, arbitrary. In our case,
we restrict to neural networks with linear hidden layers and an arbitrary number of nodes per
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Figure 1. Number (left) and energy (right) densities time evolutions for different initial conditions in
the isotropic/1D case. Solid lines with error bars correspond to the neural network predictions, while
the dashed lines are computed with the Monte Carlo algorithm. Figure obtained from [6].

layer that use ReLU as activation function. To choose the optimal number of both internal
layers and nodes, as well as the learning rate, we use RayTune [7]. This tool trains several
networks in parallel and compares their performance to identify the better-performing ones.

We perform this procedure for C1↔2 and C2↔2 independently, such that we have two
different networks to compute the collision kernels separately. Besides, we keep the 10
best-performing networks and not just the best one, so we can compare their output when
presenting the results.

4 Results

The results we show here are obtained with the ten best fitted neural networks for each colli-
sion kernel. To compute the time evolution of a given initial distribution function, we produce
ten independent evolutions with a fourth-order Runge-Kutta algorithm, one for each of the
networks. Then, we show the mean value of the ten independent evolutions and estimate the
error bands with the Jackknife method,

δ f (tn) =

√
M − 1

M

∑
m

(
f(m)(tn) − ⟨ f (tn)⟩)2 . (2)

The trained neural networks, as well as the training dataset used for the 1D case, are publicly
available in [8]. In the following, let us briefly comment on the results we have obtained.

First, let us focus on the results for the 1D scenario. In Fig. 1 we display the number and
energy density for different evolutions. In all cases, the energy density is nicely conserved,
and the number density approaches its thermal equilibrium value following the same trend
as the Monte Carlo calculation. It is relevant to mention that when the system is close to
equilibrium, the error bars start to grow and the evolution is not fully stable.

Regarding the 3D scenario, we show moments of the distribution, defined as

Mnlm =
1

T n+2

∫
d3p

(2π)3 pn−1Ym
l
∗(θ, ϕ) f (p), (3)
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Figure 2. Different moments of the distribution defined in Eq. (3) as a function of time for two different
initial conditions. Figure obtained from [6].

in Fig. 2. In this expression, Ym
l (θ, ϕ) are the spherical harmonics. As in the previous case,

the curves follow the same trend as the results obtained in the Monte Carlo approach. The
energy density, given by the M200 moment, is conserved, and at later times, the error bars
grow, indicating that the network has challenges in capturing the thermal fixed point.

A detailed benchmark comparison between the Monte Carlo and the novel neural network
approaches is subtle and depends a lot on the chosen grid and the desired accuracy. However,
as an estimate, we observe a systematic speed-up of roughly three orders of magnitude in
the calculation of the full evolution, making it an extremely attractive method despite its
challenges near equilibrium.
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