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Abstract. We compute the pressure, chiral condensate and strange quark num-
ber susceptibility from perturbative QCD up to two-loop order at finite tem-
perature and very high magnetic fields with physical quark masses. We also
discuss the case of cold and dense quark matter in the presence of a very strong
magnetic field and constraints for quark magnetars.

1 Introduction

Magnetic quantum chromodynamics (QCD) is relevant in different scenarios, from magnetars
[1] to non-central heavy-ion collisions [2] and the early universe [3]. Lattice QCD calcula-
tions can be performed at zero density, where there is no sign problem [4]. For large enough
values of the running scale one can also rely on perturbation theory. In Ref. [5] the two-loop
expression of the pressure was calculated in the lowest Landau level (LLL) approximation,
and its dependence on the current quark mass was studied for fixed values of temperature,
scale, and coupling. Ten years later, we revisited this problem in the case of zero density
[6], providing a more compact and numerically convenient expression, and using a running
scale, Λ =

√
(2πT )2 + eB, for the coupling and strange quark mass. We computed the pres-

sure, quark number susceptibility, and renormalized quark condensate at very high magnetic
fields comparing them to recent lattice results [7]. We also extended the results to the case
of cold and dense quark matter, computing properties of quark magnetars [8]. Recently, we
calculated Taylor coefficients of the pressure [9] and compared them to lattice data [10].

2 Hot pQCD

At very high magnetic fields, where ms ≪ T ≪
√

eB, one finds that only the LLL contributes.
Using this approximation, the free (one-loop) pressure reads

PLLL
free

Nc
= −
∑

f

(q f B)2

2π2

[
x f ln

√
x f

]
+ T
∑

f

q f B
2π

∫
dpz

2π

{
ln
(
1 + e−β[E(pz)−µ f ]

)
+ ln
(
1 + e−β[E(pz)+µ f ]

) }
,

(1)
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where E2 = p2
z +m2

f , x ≡ m2
f /(2q f B), q f is the electric charge of the quark of flavor f , mf its

respective current mass, T = 1/β is the temperature, and µ f is the quark chemical potential.
The thermal exchange pressure can be conveniently written as [6]
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1
2
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N2
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2Nc

)
T 2
∑
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m2
f

(
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∫
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) ,

(2)

where Eℓ =
√
ω2
ℓ
+ m2

k , En1 =
√

(ωn2 + ωℓ)2 + m2
f , En2 =

√
ω2

n2
+ m2

f , ωℓ = 2πℓT and
ωn2 = (2n2 + 1)πT . In Figure 1, we plot the ratio Ps

exch/P
s
free of the strange pressure as

a function of temperature for eB = 9 GeV2 and for different expressions of the running
coupling, namely: αs = 0.0336; the B-dependent expression of Ref. [11] with a constant scale
Λ = 1.5 GeV; the same expression with Λ = 2πT ; usual 2L expression for the coupling with
Λ = 2πT ; and two-loop coupling with Λ =

√
(2πT )2 + eB. The quark mass ms(Λ) runs with

the usual two-loop expression. We can see in figure 1 that the exchange contribution to the
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Figure 1. Ps
exch/P

s
free as functions of the temperature for eB = 9 GeV2.

pressure is negligible at high T , and with the exception of the case with the coupling from Ref
[11], the exchange pressure contributes very little at low T , suggesting a better convergence
than pQCD at eB = 0. This results constrain the behavior at high density and very large
magnetic field. In figure 2, we show the normalized light quark condensate (left) and the
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Figure 2. Normalized light quark condensate (left) and strange quark number susceptibility (right).
The bands correspond to changes in the central scale by a factor of 2. Lattice data from Ref. [7].

strange quark number susceptibility (right) for eB = 9 GeV2. Our results are compared with
lattice data from Ref. [7]. Even though the temperature range is rather limited, our results are
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in the same ballpark as the lattice at higher values of temperature (with the exception of the
running Λ̄ = 2πT whose uncertainty is too large in this range of temperature).

3 Cold and dense pQCD

Taking the limit T → 0 in cold and dense perturbative QCD at high magnetic fields simplifies
the expressions from Ref. [5], yielding the result [8].
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As in the previous case, the exchange contribution is negligible compared with the free
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Figure 3. Ps
exch/P

s
free as a function of the chemical potential for eB = 9 GeV2.

pressure, as shown in Fig. 3. This allows for the construction of a simple analytic model in
which the pressure is given by the “free” pressure with running mass [8].

3.1 Quark magnetars

We can now compute the mass-radius diagram of quark magnetars, with the total pressure of
the system given by P = Peff +W − B2/2+ Pe. Here, Peff denotes the free quark pressure Eq.
(3), −B2/2 represents the purely magnetic contribution, Pe is the free electron pressure, and
W is a function that ensures thermodynamic consistency [12].

Figure 4 shows the mass-radius relation (left) and the maximum mass (right) of quark
magnetars. We show results from pQCD with and without a bag constant, B, and compare
them with a simple bag model, Pbag = ϵ − 2B + B, where ϵ is the energy density. Our results
predict slightly smaller maximum masses than those of the bag model. Increasing B steeply
reduces the maximum mass values.
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Figure 4. Mass-radius of quark magnetars (left) and their total mass as a function of B (right).
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