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Abstract. We derive a relativistic magnetohydrodynamics (RMHD) theory for
a dilute electron—ion gas governed by the Boltzmann—Vlasov equation, using
the method of moments. This yields an extended MHD framework beyond stan-
dard astrophysical formulations, which typically include only the shear-stress
component parallel to the magnetic field. We analyze our framework in the lin-
ear regime and show that it leads to the firehose instability when the background
longitudinal pressure becomes large. In these extreme scenario, the transverse
and semi-transverse shear-stress components become large and may play a role
in accretion disk dynamics.

1 Introduction

Relativistic magnetohydrodynamics (RMHD) provides a theoretical framework for under-
standing the dynamics of relativistic fluids in the presence of strong magnetic fields. This
framework is pivotal in various astrophysical contexts as well as in the high-energy heavy-
ion collisions [1]. During the early stages of these collisions, intense magnetic fields are
generated, reaching peak values of 10'° Gauss at the Relativistic Heavy Ion Collider (RHIC)
and 10?° Gauss at the Large Hadron Collider (LHC). Similarly, in astrophysical scenarios,
such as around magnetars and accretion disks, magnetic fields can reach strengths as high as
10" Gauss [2].

Theories derived to model the dynamics of accretion disks in the presence of strong mag-
netic fields assume that the longitudinal component of the shear stress tensor (with respect
to the magnetic field’s direction) becomes dominant, with the transverse components being
considered negligible [3—-6]. On the other hand, for simulations of heavy-ion collision, re-
cent calculations have shown that the transverse components of the shear-stress tensor are as
important as the longitudinal ones and may play a role in the evolution of the plasma [7].
Motivated by this distinction, we derive the equations of motion for the shear-stress tensor in
the context of accretion disks, modeling the system as a binary mixture of ions and electrons.
In doing so, we consider all components of the shear stress tensor with respect to the mag-
netic field, and explore the validity of the "longitudinal-only" assumption. By examining the
contributions of the transverse components, we assess whether they play a significant role in
the system dynamics.
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2 Equations of motion

The evolution dynamics of the hydrodynamical system is governed by the conservation of
energy-momentum tensor, 0, 7" = 0. For plasmas in the presence of strong magnetic fields,
TH can be written as [8, 9]
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where € is the energy density, #* is the fluid four-velocity, P is the thermodynamic pressure,

n* is the total shear-stress tensor, B* is magnetic field four-vector such that B> = —B“B,,.

We have used the notation A% = AYA™, with A% = (AhAy + AN, - 2/30" Agg) /2,
=g¢" — v, and ¢" = diag (1,-1,-1,-1).

2.1 Boltzmann equation

We consider a relativistic locally electrically neutral fluid composed of two classical particle
species namely ions with charge +¢ and electrons with charges —q. Both species are assumed
to have vanishing dipole moment and spin. The state of each species is described by its
single-particle distribution function, f*, where the upper sign (+) refers to ions and the lower
sign (-) to electrons. Their charges are denoted as g* = +g. We also assume constant
electric charge chemical potential, y,, and baryon chemical potential, ug. The dynamics of
the distribution functions is governed by the Boltzmann-Vlasov equation,

RS + g P g = O, @
where we consider only binary elastic collisions'. The electromagnetic field contribution
enters through the Faraday tensor F*”, which in the absence of an electric field, can be written
as F* = é""Pu, Bg.

2.2 Exact equations of motion

For a fluid consisting of two particle species, we directly calculate the time derivative of the
total shear stress tensor, 7#” = 7" + 7", and the relative shear stress tensor of the system,
o = 2t — ", where n',” denotes the individual shear stress tensor for each particle species.
We employ the 14-moment approximation, along with the assumption that ions are massive,
z=m,/T > 1, and electrons are ultra-relativistic, m./T ~ 0, to compute the collision term
[10]. Here, m, is the mass of the ion, m, is the mass of the electron, and T is the local
temperature of the plasma. The resulting equations of motion are:
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Above, we defined the electron charge density, n,, the shear tensor, o*" = V¥ u” | the ex-
pansion scalar, 6 = V,u and the vorticity tensor, ' = (V'u" — V'u")/2, with V,, = A0,

IFor the explicit form of the collision term, see [7].



EPJ Web of Conferences 364, 14002 (2026) https://doi.org/10.1051/epjconf/202636414002
Quark Matter 2025

being the spatial projected gradient. The brackets denotes the double, symmetric and trace-
less projection of the tensor orthogonal to u¥. In addition, »*” = €”Pu,bg is a dimensionless
antisymmetric tensor where b* = B*/B specifies the direction of the magnetic field. Further,
we have defined the following transport coefficients:

n (3 16 . n 16 o3
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Here O'iTj denotes the cross section for interactions between species i and j, with 7, j € {+, —}.
In the limit of asymptotically large z, we can also approximate J, ~ By (1 - %) and J, ~

ﬂo (1 + ?:)

3 Linear Stability and the Firehose Instability

To assess the stability properties of the system in the presence of a significant longitudinal
pressure, we perform the following linear stability analysis around a dissipative state. We
consider the following perturbations, hereafter denoted as A,

g =gy + Acg, n=An, w' =y + Au,
1 =7 + AP, B = Bobl' + B'AB + ByAb® @)

where we assume the following unperturbed shear-stress tensor

THY
= m(7) (bgbg + “7) 3)
Here, m(7) denotes the longitudinal component of shear stress tensor along the magnetic field
and varies in time. The projection tensor, 2 = A*” + b*b” represents the projection onto the
space orthogonal to both the velocity and the magnetic field. We now restrict our analyses
to perturbations parallel to the magnetic field. In the limit of asymptotically large magnetic
fields, the transverse components of the shear stress tensor simplifies considerably and its
transverse components become proportional to the longitudinal component of the shear-stress
tensor. In Fourier space, one finds the following simple relation:

3 - 3 .
Afl’bk = Eﬂ”Abk, Aﬁ'bq = Eﬂ'“Abq, (6)

where the tilde denotes the Fourier transform of the corresponding field and the indices b, k,
q denote, respectively, the direction along the magnetic field, along the perturbation wave-
vector, and the direction orthogonal to both — the magnetic field and the perturbations. Thus,
Afty, and A7y, represent the transverse perturbations of the shear stress tensor in Fourier space
while Ab and ABq represent the transverse components of the perturbation of the magnetic
field in the Fourier space. Substituting these asymptotic values into the conservation laws and
combining them with the linearized Maxwell equations, we obtain

3
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Here, Ail; (Ait,) represents the perturbation in four-velocity in the k direction (and in the ¢
direction) in Fourier space. Both equations lead to the same dispersion relation,

ky 9
e+P+B -2 ®
which reduces to the usual Alfvén mode when m; = 0. A physical instability arises when
Ww? <0, ie.,
, 3
BO - zﬂ'” <0. (10)

This is a well-known inequality, referred to as the Firehose Instability, where the anisotropic
stress (or parallel pressure) exceeds the magnetic pressure. This reduces the effective mag-
netic tension thus causing the plasma to decouple from the magnetic field and whip apart.
In this regime, field lines become unstable and perturbations grow exponentially. This em-
phasizes that the perpendicular components of the shear stress-tensor induced by 7, are not
necessarily small when this instability sets in.

4 Conclusion

We derived relativistic magnetohydrodynamics equations for dilute plasmas present in accre-
tion disks, in the presence of strong magnetic fields, modeled as a binary mixture of ions and
electrons within the framework of the Boltzmann-Vlasov equation. The resulting dissipative
MHD equations cannot be captured by an Israel-Stewart-like formalism due to intrinsic cou-
pling between the total shear stress tensor and the relative shear stress tensor. We analyzed
the linearized equations and found that in strongly magnetized plasmas with a sufficiently
large longitudinal shear component, the system develops the firehose instability, in which the
anisotropic stress overcomes the magnetic pressure, reducing magnetic tension and driving
exponential growth of the perturbations. In this regime, our novel framework suggests that
the transverse components of the shear stress tensor may be important for correctly describing
the plasma’s dynamics. It is worth emphasizing that the present analysis concerns a micro-
scopic electro—ion plasma. A full accretion disk treatment further requires magnetorotational
instability physics and resistive effects, which will be addressed in forthcoming work.
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