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Abstract. We propose a novel, non-fluctuational signature of the QCD critical
point, originating from hydrodynamic trajectories that bend toward the maxi-
mum of the specific entropy per baryon along the chiral phase transition bound-
ary. Specifically, if the critical point lies sufficiently close to the freeze-out
points, the freeze-out chemical potential may exhibit a discontinuous jump as a
function of the collision energy.

1 Introduction

Understanding the phase structure of Quantum Chromodynamics (QCD) at finite tempera-
ture 7 and baryon chemical potential u is a central aim of the Relativistic Heavy Ion Collider
(RHIC). A key target is the QCD critical point, where the smooth crossover turns into the
first-order chiral phase boundary between hadron resonance gas (HRG) and the quark-gluon
plasma (QGP). The STAR Collaboration’s recent measurements of baryon-number fluctua-
tions in the Beam Energy Scan II (BES-II) program [1] qualitatively agree with expectations
for a critical point at 4 > 420MeV (see Ref. [2] for a review). To make a quantitative com-
parison between theory and experiment, one must understand how these fluctuations evolve
and freeze out during the hydrodynamic expansion of the fireball. The theoretical framework
for describing the time-evolution of (non-Gaussian) fluctuations has been developed using a
stochastic diffusion approach [3] together with a non-equilibrium effective field theory on the
Schwinger-Keldysh contour [4].

Ideal hydrodynamics provides the leading-order description of the fireball’s evolution.
In this approximation, the specific entropy per bayon number, § = s/n is conserved, so the
system evolves along isentropic curves on the (u, T) plane defined by §(u, T) = §y with §
determined by the initial state. Since the equation of state (EOS) near the QCD critical point
can be mapped onto that of the 3D Ising model, the shape of these isentropic trajectories may
encode universal features from the critical EOS, which we shall discuss below, along with
their consequences for the freeze-out points.
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2 Non-monotonic specific entropy and its geometric consequences
2.1 Non-monotonic specific entropy

In our previous work [5], we found a universal non-monotonic behavior of the specific en-
tropy along the first-order phase boundary as shown in Fig. 1(a). The maximum § = §p,x
(green point) emerges from the interplay between criticality and the third law of thermody-
namics (see Ref. [5] for details). It must occur on either the HRG or QGP side (as denoted
by phase 1), depending on the sign of the isochoric temperature derivative of the pressure at
the critical point, i.e., HRG phase if (0P/0T), > 0; QGP phase if (0P/0T), < 0.

2.2 Geometric consequences

This non-monotonic behavior leads to a new geometrical feature of isentropes in the vicinity
of the QCD critical point. Figure 1(b) shows representative crossover-type isentropes (pink
curves), labeled by different initial values of the specific entropy, §; > -+ > §5 > Spax. AS
§ decreases, each trajectory bends toward the maximum point (green marker), following the
characteristic magenta “ridge” curve.
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Figure 1. A schematic illustration of (a) the specific entropy (per baryon number) on the coexistence
line (first-order phase transition) and (b) the isentropes near the QCD critical point at (u, T.). Two
branches—phases 1 and 2—correspond to the HRG and QGP phases, or vice versa. Panel (b) depicts
the case in which phase 1 is the HRG phase, i.e., (O0P/9T),. > 0.

3 Freeze-out chemical potential jump

We investigate the impact of these hydrodynamic trajectories on experimental observables.
In Fig. 1(b), the gray curve shows the empirical freeze-out curve, obtained by fitting the avail-
able freeze-out data. The small circles—filled or open—mark its intersections with different
isentropes. If the critical point lies close to this curve, the bending of the isentropes can pro-
duce multiple intersections; however, during an adiabatic expansion, the first intersection in
time (filled circles) is physically realized. The remaining intersections (open circles) define a
region of the freeze-out curve that is inaccessible under isentropic processes. Consequently,
as the collision energy +/syy varies, the freeze-out chemical potential exhibits a sudden jump
Oljump, Offering a potential non-fluctuational signature of the critical point.

For demonstration, we employ §(u, T) near the critical point [5]; see that reference for its
derivation from the 3D Ising EOS. Throughout this work, we chose the mapping parameter
between QCD and Ising model as | = 4.7°, @, = -3°, w = 1.0, p = 2.0, p. = 430MeV,
and T, = 140.4 MeV. In addition, we adopt the parametrization of the freeze-out temperature
Ty and baryon chemical potential yy in Ref. [6]: Tr(+/syn) = Tro/[1 + exp(a — b1n /syn)]
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and e ( \/m) = up/(1 + C\/m), with Ty = 158.4MeV, up = 1307.5MeV, a = 2.60,
b =222, and ¢ = 0.288. Eliminating +/syy from these equations yields the freeze-out curve,
Tr(us) = Tro/{1 + expla — bIn(4L )]y,

We denote the 7 th intersections between a given isentrope §(u, T) = §y and the freeze-out
curve T = T¢(u) by Xi’:) = (;120’), T;:) ), where n = 1,2, ... is time-ordered so that the entropy
density decreases along the trajectory: s(Xg))) > s(Xé?) > ---. By scanning §y over the
range Somin < S0 < So.max» We obtain §o dependence of the first intersection, X(5y), which
may exibit a sudden jump at some value §o = $ojump (corresponding to the dark isentrope in
Fig. 1(b)). Focusing on the chemical potential, Fig. 2(a) shows u = uV(5y). Pink, purple,
and light-blue points classify trajectories that undergo (I) crossover, (II) HRG-HRG, and (III)
QGP-HRG transitions, respectively (using the same color notation as Fig. 8 of Ref. [5]).

To reparametrize Fig. 2(a) in terms of experimentally relevant +/syy, one might naively
employ the mapping determined by the first intersection points,

pe(sww) = pSo) = S0 = Se(Vsww) s (1

where its inverse map is shown by colored points in Fig. 2(b). However, this mapping leaves
the interval E| < +/syy < E; (red points) uncovered; since no valid initial states exist there,
this map is therefore inadequate for our purposes.

Instead, we introduce a mapping Sy = S$i(+/syy) that spans the full collision-energy
range while reproducing the experimental data. We assume that the initial states (triangles in
Fig. 1(b)) lie on a smooth curve parametrized by +/syy, Ti = Ti(v/syn) and ui = ui(Afsan),
as indicated by the gray dotted curve in Fig. 1(b). The function § = §i(+/syy) may be in-
terpreted as the specific entropy along this curve of initial states. Its inverse (+/snn)i(So) is
shown as the black curve in Fig. 2(b) and is defined by

(Vsan)i(80) = [1 = FS)I(Vsnn)5 (80) + f(80)(Vsnn)y (50) 5 )

where f(8o) = (1 + tanh[(8o — So jump — ASo1)/AS02])/2 is a swtiching function, and the inverse
maps (/s (80) and (/snn); (So) are defined on /sy < Ej and /sy 2 E», respectively.
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Figure 2. (a) Chemical potential 4 = u"(5y) and (b) the corresponding collision energy (/snn)5 (80)
for Sy < Sojump and (/syn)7 (80) for §o > 8o jump» €valuated at the intersection points between isentropes
of fixed specific entropy § = §y and the freeze-out curve. The red points indicate the jump at §, =~
Sojump = 24.7, where in panel (a) u changes from 375 MeV to 298 MeV, and in pannel (b), +/syy jumps
from E;, =~ 8.6 GeV to E, ~ 11.8 GeV. While the collision energy determined by the intersection points
are missing between the red points, we introduce a smooth function (black curve) given by (2) with
ASp; = 0.4 and ASy, = 0.5 that spans the entire collision-energy range. This function is used to translate
Sy variable in panel (a) to /syy. (c) Collision energy dependence of freeze-out chemical potential with
our theoretical calculation using the 3D Ising EOS mapped onto QCD (see a parameter choice in text).

Finally, by varying §,, we compute the pairs (i, \/syy) = (uV(50), vsSyni(50)) and obtain
the collision energy dependence of the freeze-out chemical potential as shown in Fig. 2(c).
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Here, we have overlaid the experimental measurements (orange and gray diamonds with error
bars) with the empirical freeze-out fit from Ref. [6]. Plots in the range E; < +/syy < E; is
produced by filling the gap between the red points in Fig. 2(b) in use of (2), thus model
dependent. Nevertheless, the presence and magnitude of the discontinuity (vertical jump)
originally shown in Fig. 2(a), remain topologically robust and model-independent.

The largest experimental gap in u occurs between 355MeV at +/syny = 9.2GeV and
287MeV at +/syy = 11.5GeV, implying Spjump < 70MeV, which limits the ranges of
the mapping parameters between QCD and 3D Ising model. We have chosen our map-
ping parameters to produce a jump within this bound. The corresponding temperature jump
0T jump = 7.5 MeV is comparable to current experimental error bars and therefore difficult to
distinguish. For this reason, we do not present any examples of the freeze-out temperature.
If any data at intermediate energies (9.2GeV < +fsyy < 11.5GeV) confirm such a vertical
jump in y, it would serve as a non-fluctuational signature of the QCD critical point.

4 Conclusion and Outlook

The QCD critical point significantly reshapes the hydrodynamic trajectories of the expand-
ing fireball in heavy-ion collisions, causing them to bend toward the point on the first-order
phase boundary where the specific entropy (per baryon) is maximized. We have shown that
this geometric feature becomes manifest in the freeze-out points: if the critical point lies close
to the freeze-out curve—as is often assumed—adiabatic expansion makes part of that curve
inaccessible. Consequently, the collision-energy parametrization of the freeze-out temper-
ature and chemical potential acquires a physical discontinuity. This jump provides a novel,
non-fluctuational signature of the critical point, requiring fewer events than conventional fluc-
tuation observables such as cumulants. We have demonstrated the chemical potential jump
using a simplified ideal-hydrodynamic model with a QCD equation of state mapped onto the
3D Ising model. While our analysis here focuses on crossover-type isentropes, trajectories
that cross the first-order phase boundary are currently under investigation.
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