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Abstract. A recent proposal (Ref. [1]) suggested searching for the QCD criti-
cal point by studying contours of constant entropy density on the phase diagram.
In our recent work Ref. [2], we refine and extend this method. Our results ex-
clude, at the 2σ confidence level, the existence of a critical point at baryon
chemical potentials below µB ≈ 450 MeV along the transition line.

1 Introduction

The study of the QCD phase diagram remains a central goal of both theory and experiment.
Lattice QCD calculations have firmly established that, at vanishing baryon chemical poten-
tial, the transition is a smooth crossover occurring at temperatures of about 155–160 MeV.
At finite chemical potential, many effective models and functional methods predict that the
crossover turns into a first-order transition, ending in a critical point. Locating or excluding
such a point is therefore one of the key challenges in the field.

Recently, a novel method was proposed in Ref. [1] to constrain the critical point. The
approach is based on studying contours of constant entropy density: if such contours overlap
on the phase diagram, this signals the onset of a first-order regime, and their intersection can
be used to locate the critical endpoint. The analysis in Ref. [1] already demonstrated the
potential of this idea using existing lattice data, but was limited by statistical precision and
by the use of simplified conditions.

In Ref. [2], we extended and refined this method by combining a new high-precision,
continuum-extrapolated equation of state at µB = 0 with lattice simulations at imaginary
chemical potential under conditions of strangeness neutrality and including higher orders in
the extrapolation.
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Figure 1. Pressure (green), entropy (red), energy density
(yellow) and trace anomaly (cyan) as functions of the 
temperature. The gray bands show our previous results from 
Ref. [3], while the curves at low temperature are the HRG 
model results. The deviations between the two sets of data 
at high temperature are due to the inclusion of the charm 
quark in our new results, as opposed to the 2+1 flavor result 
from Ref. [3].

2 Improved precision equation of state at µB = 0

A central ingredient of our analysis is a new determination of the QCD equation of state (EoS)
at vanishing baryon chemical potential. We employ the 4stout staggered fermion action with
Nf = 2 + 1 + 1 flavors at physical quark masses, i.e. including the dynamical effects of the
charm quark. This extends our previous 2 + 1-flavor results [3] by providing both improved
precision and a broader range in temperature.

The pressure is obtained using the integral method [4], which reconstructs it from the
trace anomaly I(T ): p(T )

T 4 =
p(T0)

T 4
0
+
∫ T

T0

dT ′
T ′

I(T ′)
T ′4 , with the reference temperature set to

T0 = 185 MeV, which minimizes uncertainties in the transition region.
The trace anomaly itself is defined as I(T )

T 4 = −T N4
τ

dβ
dT

(
⟨−sG⟩ +

∑
f

dmf

dβ ⟨ψ̄ fψ f ⟩
)
, where

⟨−sG⟩ is the gauge action density and ⟨ψ̄ fψ f ⟩ are the chiral condensates. Both quantities re-
quire additive renormalization, which is carried out by subtracting the corresponding vacuum
expectation values at zero temperature. For the continuum extrapolation, we use lattices with
temporal extents Nτ = 8, 10, 12, 16. The finite-spacing data are extrapolated linearly in 1/N2

τ ,
combined with a spline interpolation in temperature. Systematic effects are controlled by
repeating the analysis with multiple scale-setting procedures, polynomial orders, and spline
parametrizations.

From the pressure and the trace anomaly, all other thermodynamic quantities follow di-
rectly. Our results for p/T 4, s/T 3, ϵ/T 4, and I/T 4 are shown in Fig. 1. Compared to our
previous work, the new results exhibit substantially reduced uncertainties, especially in the
transition region. At high temperatures T ≳ 250 MeV, the effect of the charm quark becomes
visible, leading to a deviation from the earlier 2 + 1-flavor EoS. At lower temperatures, our
results smoothly match the hadron resonance gas model predictions.

In summary, we have established a high-precision determination of the QCD equation of
state at µB = 0 in the range 120 ≲ T ≲ 300 MeV. This serves as the foundation for the
construction of entropy contours at imaginary chemical potential, which in turn are used to
constrain the location of the QCD critical point.

3 Contours of constant entropy for µB > 0

With the zero-density equation of state determined at high precision, we can proceed to in-
vestigate the QCD phase diagram at finite baryon chemical potential. Since direct lattice
simulations at real µB are obstructed by the sign problem, we rely on analytic continuation
from simulations performed at imaginary µB. The method we employ is based on the study
of contours of constant entropy density, an idea first proposed in Ref. [1] and extended in
our recent work [2]. The central observation is that the entropy density is a monotonic and
continuous function of the temperature in the absence of a first-order transition. If, at some
finite chemical potential, the entropy becomes multi-valued, this signals the appearance of a
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Figure 2. The QCD phase diagram with the 2σ
exclusion range. We also show the chiral transition
line from the continuum extrapolated lattice
simulations in a large volume [5], as well as a recent
result in a smaller system without continuum
extrapolation [6] and a prediction based on
Dyson-Schwinger equations [7]. Besides the STAR
result for chemical freeze-out parameters [8] and its
parametrization [9], we add a lower bound estimate
within the HRG framework [10].

spinodal region and the onset of a first-order phase transition. The point where monotonicity
breaks down corresponds to the critical endpoint. Thus, by following entropy contours from
µB = 0 into the (T, µB)-plane, one can identify whether and where they intersect, providing
constraints on the location of the critical point.

Construction of entropy contours: At finite µB, the entropy can be obtained by inte-
grating the derivative of the baryon density: s(T, µB) = s(T, 0) +

∫ µB

0 dµ′B
∂nB(T,µ′B)
∂T , where nB

is the baryon number density. To evaluate this expression, we perform lattice simulations at
imaginary baryon chemical potential, on lattices with temporal extent Nτ = 10, 12, 16. This
allows us to compute nB(T, µB) and its derivative with respect to T . A combined fit is then
carried out in temperature, chemical potential, and lattice spacing. From this, we construct
the entropy density at imaginary chemical potentials and determine the corresponding con-
tours of constant entropy. Each contour is defined by the condition that it crosses the µB = 0
axis at a given reference temperature T0. For each value of T0, we thus obtain a trajectory
Ts(µB, T0) representing the temperature at which the entropy density equals its µB = 0 value.

Analytic continuation: To continue the entropy contours to real chemical potential, we
fit the imaginary-µB results using a rational ansatz, Ts(µ2

B, T0) = T0+aµ2
B

1+bµ2
B
, where a and b are

fit parameters. This functional form accommodates the nearly linear dependence observed at
imaginary µ2

B < 0, while allowing for deviations at larger values.
Identifying the onset of a first-order regime: To detect the breakdown of monotonicity,

we study the slope of Ts(µ2
B, T0) with respect to T0 at fixed µB. In the absence of a first-

order transition,
(
∂Ts
∂T0

)
µB
> 0. At the critical point this derivative vanishes, while in the first-

order region it becomes negative. Thus, evaluating (∂Ts/∂T0)µB provides a diagnostic for the
presence of a critical endpoint. At larger chemical potentials, the data are consistent with a
vanishing or negative derivative within errors.

Statistical and systematic treatment: A crucial step in our analysis is the careful treat-
ment of uncertainties. In total, this yields 192 separate analyses, which are described in detail
in Ref. [2]. The final outcome is a probability map on the (T, µB) plane for the entropy con-
tours to exhibit a non-monotonic slope. From this, we determine the minimal µB at which
criticality cannot be excluded at a given confidence level.

Constraints on the critical point Our main result is summarized in Fig. 2. We find
that, at the 2σ confidence level, the existence of a critical point can be excluded below
µ2σ

B ≈ 450 MeV. This constitutes the first reliable lower bound on the critical chemical
potential from continuum-extrapolated lattice QCD. To connect with phenomenology, we
overlay our exclusion region with estimates of the chemical freeze-out curve from heavy-
ion collisions [8–10] and with predictions of the crossover line from functional methods
[7]. Our conservative choice is to compare with the lower bound on freeze-out temperatures
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given in Ref. [10]. In this way, we conclude that the experimentally relevant region up to 
µB ≈ 450 MeV is unlikely to host a critical point.
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